Introduction

The discrete time model

Final model in discrete time and dynamical study
The model forecasts returns?

Heterogeneous agent model of multi-assets
in discrete-time

Serena Brianzoni
(with G. Campisi, G. Pacelli, F. Petroni)

Department of Management, Marche Polytechnic University

s.brianzoni@univpm.it

8th International conference on Time Series and
Forecasting (ITISE)
27th—30th June, 2022

Serena Brianzoni (with G. Campisi, G. Pacelli, F. Petroni) Heterogeneous agent model of multi-assets in discrete-time



Introduction
The discrete time model
Final model in discrete time and dynamical study

The model forecasts returns?
Ouitline

@ Introduction
@ The discrete time model
@ Benchmark model
@ Nearly Exact Discretization Scheme (NEDS)
e Final model in discrete time and dynamical study
@ Dynamical system

@ Analytical and numerical results

@ The model forecasts returns?

Serena Brianzoni (with G. Campisi, G. Pacelli, F. Petroni) Heterogeneous agent model of multi-assets in discrete-time



Introduction

The discrete time model

Final model in discrete time and dynamical study
The model forecasts returns?

= Continuous-time heterogeneous agent financial market of
multi-assets traded by fundamental and momentum investors

@ We discretize the benchmark model: this offers new
opportunities of investigation because of different tools of
analysis

@ Our results contribute to the literature on heterogeneous
agent models of multi-assets, since it mainly focuses on
stylized models

@ In fact, the analysis in discrete time is often limited to an
estimation of the resulting system
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Financial market of He et al. (2018) with two risky assets A,B
Vi,j=A,B (/#/):P’(t)_@_

= [a’}tanh [Bf (/_-" _ P/(t)ﬂ + ol tanh [53 (P( £) — Pi(t — T))} n
B B S

where excess demands of investors are:

o Dtl;,t = tanh [ﬁf(Fti — P;)]
° D}, = tanh [8a(P{ — P{_,)]
° (long position in one asset

and short position in the other)
DAt = tanh {B¢[( [(PA—PA )~ (PB— PET]} and
DB, = tann {5l(PP — ) - (P~ AL
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@ F/ and P} are the (log) fundamental and the (log) price of
market / at time t

@ [ > 0 measures the mean-reverting of the market price to
the fundamental price

@ 85> 0and 5. > 0 are extrapolation rates on future price
trend of absolute and cross-sectional momentum traders

@ of,ab,al € (0,1) are the market—i fractions of traders

@ 1/ > 0 speed of the price adjustment by market maker

® v} = plal B, vh = pakBa, 7L = p'alB: measure the
activities of the three types of agents
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We expand the tanh by using Taylor series stopping at the
second order and we discretize the model by using

@ After same algebra and ignoring third order terms we get'
G = (vh+ k= APPL— (Vb + b Py = ALPL AP
WF — WPIF + B3PI
@ The left-hand side of the ODE is discretized as:
aX Xyt — Xt
dt o)

where h is the step-size and ¢(h) = h+ O(h?) ash — 0+
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@ The resulting discretized equation can be written as:

X1 — Xt

¢(h)

where r > 0 and g(x) a function which takes as input only

= Xt + g(Xe)Xt + b

real values
@ We define r' =~} +~L — ~i — u/83(F")? and apply to our
ODE:
. iny — )
Sy =21 4o
° Pl =(r'¢/(h)+1)Pl +

o'(h) |—(va+ 5P —VQP{JF%P{A +6F + 1 B3 (P2
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Dynamical system

Analytical and numerical results

Define deviations from fundamental prices: x{ = p} — F/
4

Xti+1 =

¢’(h)p€'/8?F"(x;')2 + [rigf(h) + 1+ 2¢/ (M) B3 (F')?] x| —

& () { (v + Xy + 90 = XLy) = F (W B3(F12 = 4k 4 )}

_ Heterogeneous agent model of multi-assets in discrete-time
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Definition
The is defined by (x2, x8) = (0,0)
or, equivalently, (P2, PB) = (FA, FB)

The fundamental price vector (x£, xE) = (0,0) is a fixed point if
andonly ify, =t Vi=A,B

4
X1 = SBIF () + [/ (h) + 1+ 26/ (M)l B3(FTY2) f
M)k + 9y — (M0 = x_)

Measures of activities are the same for absolute momentum
and fundamental investors
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The system admits up to four fixed points

@ The equilibrium: (x2, x8) = (0, 0), for any
range of the parameter values
@ The equilibrium:
(A xB) = (0.~F8 + 25 ) i FB 7\ |28,
@ The equilibrium:
A B A i A
(x{, xg) = (—F +Mg7w,0) if FA £ Aﬁfs
@ The equihbnum:

. A
(vax*B) ( FA+ AﬁSFA’ FB+ B,BSFB> If FA7£ MZ%:;

B 18
and F* # B3
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: we introduce the auxiliary variables y{
for obtaining a system T of first-order difference equations

T(x{ 7Xt57ytA>th) = (FA(XtA»XFanqJP)»FB(Xt aXt 7Yt Vi ) GA(Xt) GB(XtB))

Xty = oAMEAB FAE)? + [v8eA(h) + 1+ ¢A(h)MAﬁ?(FA)2] Xt
MM (V8 + 8 — AME(E — yP)

XG4 = oB(MuPBIFB(xE)? + [ coB(h )+1 +¢B(h)uBﬁf’(FB)2] Xt
_¢B( )(’Ya +7 )yt (h)'Yc( — Vi )

A _ LA
Yipr =X
B _ B
Yirr =%
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Let Tr(xa, xg) and Det(xga, xg) be trace and determinant of the
Jacobian matrix at a f.p. (x4, Xg) = :

1-— TI’(XA,XB) + Det(xA,xB) >0
1+ Tr(xa, xg) + Det(xa, xg) > 0
1 — Det(xa, xg) > 0

A occurs when one of them is violated
(qualitative change in the number of equilibria or in their
stability when parameters pass certain values)

In our case determinant is constant and does not depend on
the coordinates of the fixed point
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About the

e for Fl = \/H?gthe Jj—fundamental equilibrium collapses
f

with the fundamental one, while the non-fundamental
equilibrium collapses with the i—fundamental, Vi, j = A, B
and i #j

o for F/ = u7é3 Vi = A, B the fundamental steady state is
f

unique (four coincident fixed points)

when the value F/ = ,/H7é3 is passed, the number of
f

steady states returns as before
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About the of fixed points:

The fundamental steady state (0, 0) satisfies:
@ If 1 — Det > 0then1— Tr(0,0) + Det < 0
Q If1—Tr(0,0) + Det > 0then 1 — Det < 0

= it is unstable for any set of the parameter values

Coexisting locally stable fixed points
Q ! <Tr(0,0)72 +7‘;> < (,_-;)2 < <Tr(o,0)+2 +7;>

up? \ 24/(h) wp? \ 26/(h)
Vi=AB
Q@ 1-Det>0

= i—fundamental equilibria are both locally stable
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Figure: Attractor in the plane (x{*, x?)
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Figure: Coexisting attractors in the plane (x/, x?)
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Figure: Bifurcation diagram of x{* w.r.t. o7, initial condition close to
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Figure: Time series of prices with i.c. close to B— and
A—fundamental, respectively

Serena Brianzoni (with G. Campisi, G. Pacelli, F. Petroni) Heterogeneous agent model of multi-assets in discrete-time



Introduction

The discrete time model

Final model in discrete time and dynamical study
The model forecasts returns?

Dynamical system
Analytical and numerical results

e 1030

60 70 80 90 100

Figure: Time series of prices
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show:

@ The amplitude of fluctuations is different, depending on i.c.

@ Time series are aperiodic

@ Fluctuations are larger in market B than in A: this is
justified by the low B—fundamental value and the high
value of the reaction parameter of fundamentalists in
market B = in market B they believe that the fundamental
value is undervalued and buy assets

@ Last figure: when in one market the trajectory is increasing
then it is decreasing in the other = an important delay in
the flow of information between two markets
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We are working in order to:

@ further investigate the capability of the model to replicate
the main

(volatility clustering, fat tails and long memory effects)

@ test our model relying on a
machine learning technique
— we rely on which is able to capture

the non-linearity of the model appropriately

Thank you for the attention!
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