CCS HOCHSCHULE ™

Contor for Signal Analysis of Comlax Syctams ANSBACH

Dynamical Component Analysis:
Updated and improved algorithm, applications, and limitations

Monika Warmuth?!, Philipp Romberger!, Knut Hiiper?, and Christian Uhl*

1Center for Signal Analysis of Complex Systems, University of Applied Sciences Ansbach, 91522 Ansbach, Germany
2Julius-Maximilians-Universitat Wiirzburg, 97074 Wiirzburg

*CORRESPONDING AUTHOR, e-mail: christian.uhl@hs-ansbach.de

This work was supported in part by the German Federal Ministry of Education and Research (BMBF, Funding number:
05M20WBA) and in part by the European Regional Development Fund (ERDF, Project: TZM).

ITISE 2022 1



CCS HOCHSCHULE -

Gontor or Signal Ana Iyei of Complax Systams ANSBACH

Goal: Low-dimensional decomposition of high-dimensional signal

e Data

— vector notation q(t) € RY with ¢t =¢,...

— matrix notation @ € RV*7
e Goal: Decomposition

— vector notation q(t) =) ", w;z,(1)
— matrix notation Q = WX with W € RV*", X € R™*7

with n < N similar to

— PCA (Principal Component Analysis), focusing on fast converging signal representation

— ICA (Independent Component Analysis), goal: statistically independent amplitudes z;(t)
e New algorithm, focusing on dynamics: DyCA (Dynamical Component Analysis)
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DyCA - Dynamical Component Analysis: Assumptions
Full rank (N) dataset @)

Q =W X + ¥ = 4+ R

NxT Nxn nxT Nxp pxT N =T
e low rank (n) deterministic signal WX
e low or high rank (p) stochastic components V=
e with independent 1 and W
e small full rank residual noise R?
The deterministic amplitudes X = [X; X ;| obey a set of differential equations with
e m linear differential equations X = AX and
e 1 — m non-linear equations XNL = F(X)
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DyCA - Dynamical Component Analysis: Algorithm

e Introducing

— U,V e RV*" with X; =UTQ and AX = VT(Q
— and correlation matrices Cy = QQ7, €1, = QQT, Cy = QQ7,

e mimizing _ +
X, — AX|[ = |[UTQ = VTQ|[% 5. t. diag(UTCoU) = I,
with respect to U and V

e leads to the generalized eigenvalue problem

Ay 0 00

o r 0 A2 -+ 0
Ci6y CU=CGUA,  A=1 . . .,
0 0 - Ay

e and V = C,'CTU.

e The generalized eigenvalues )\, measure the quality of fit: A\, = 1: perfect fit, \; = 0: no fit.
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Obtained Estimations (if assumptions are fulfilled)

e # of lin. eq. m by threshold a: m = |{\;|\; > o}

e subspace of deterministic amplitudes X by singular value decomposition of [U7Q, V()]
e # of deterministic components n by thresholding singular values (o;): n = |{o;|0; > 3}
e deterministic part of the signal W7 'TX - after additional optimization

e coefficients of matrix A of linear differential equation X; = AX
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Signal of one channel
: -

o _svd@
Simulated Example £ o
Full rank (N = 20,7 = 10000) dataset () with o me ae ama ow
e low rank (n = 3) deterministic signal W .X: Rdssler attractor ” |
e low or high rank (p = 4) stochastic components V= (SNR: 0dB) orinr o

e small full rank residual noise R (SNR: 50dB) “-

e m = 2 linear differential equations i, = —(xy + x3), @9 = x1 + ars

e n —m = 1 non-linear equations i3 = b+ (1; — ¢)3
generalized eigenvalues \, SVD([UHI-Q VTQ])
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DyCA — Application: A Intracranial EEG (icEEG) data (from (2))

* Focal eplileptic seizure, 165 sensors, 1024 samples per second
* Two DyCA eigenvalues close to 1: A,=0.88, A,=0.86
* 3-dim dynamics

220

Mz o X

time (s

200

(b) PCA
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DyCA — Application: B Motion sense dataset (from (2))

* Recording during some activities, 11 sensors, 25 samples per second
* E.g.jogging

(b) ICA (c) PCA
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DyCA — Application: C ECG data (from (2))

* 12 lead ECG, 500 samples per second
* One DyCA eigenvalue close to 1

X3

(b) ICA (c) PCA
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Extension: Robust DyCA

* 1n the case of high full rank additional noise
* joint variational signal denoising and dimensionality reduction approach

* minimization of

argmin - —Itﬂl‘ — s(t7)llz + —Iﬁ’ttf Dz

q,uq, vy RN

||'MF-1

Y T PTHE
+ 3 3 Ia(t)T—att) Tl
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Robust DyCA: application example (from (3))

(a) Rossler attractor (b) DyCA of noisy and undersampled data

£ - »y z

(e) DyCA after joint L2-denoising and
dimensionality reduction o

o

[

[

(c) DyCA after multivariate wavelet denoising (d) DyCA after standard L*-denoising

=
M
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Conclusion: DyCA ...

1s a method to decompose a multivariate signal into time-dependent amplitudes and
corresponding multivariate modes
is useful for multivariate signals obeying a specific set of coupled ODEs
can remove noise components and detect the relevant subspace
can be applied in many fields
— to obtain low-dimensional trajectories in phase space (dimension reduction)
— vyielding possibly a feature for classification tasks
— modeling a signal by data driven approach
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DyCA - Dynamical Component Analysis: More Details
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