ITISE 2022

The Bootstrap for Testing the Equality of Two
Multivariate Time Series with an Application to
Financial Markets

Angel Lépez-Oriona and José A. Vilar

Research group MODES, University of A Corufia, Spain
Center of Information and Communication Technologies (CITIC)

June 27, 2022

’ ndes

DPTO. DE MATEMATICAS =< .< UNIVERSIDADE DA CORUNA citic



@ Introduction

Angel and

José

Introduction



Multivariate Time Series

@ A multivariate time series (MTS) is a realization of the d-variate
stochastic process {X;, t € Z} = {(Xe,1,- .., Xe,d), t € Z}.

@ We represent a MTS by means of a matrix where each row stands for
a given t € Z and each column stands for a variable or dimension.

@ Example: 6-lead ECG of a healthy patient.
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@ Measuring distance between MTS. We want to assess discrepancy
between MTS in such a way that two MTS are similar if their

underlying stochastic processes are similar in terms of dependence
structures.



© A dissimilarity based on the quantile cross-spectral density

distance



Quantile cross-spectral density. Notion and estimate

@ Quantile cross-covariance function of lag /. Given a lag | € Z, quantile
levels (7,7’) € [0, 1]2, and dimensions 1 < ji, j2 < d, we define:

Vi (7 7") = Cov (1 {Xejy < qu (M)} 1 {Xer1p < ap(7)})
where gj(7) = 671(7), with F; being the marginal cdf of X, ;.

@ Quantile cross-spectral density (QCD). Under suitable mixing conditions,
the Fourier transform of the cross-covariances ~;j, j, (/,7,7') is well-defined:

o0
gnesianc fiz .z (@, 7, ') = (1/2n) Z Vi g2 (I 75 T,)eiﬂwv weR.

José = oo

© Smoothed rank-based copula cross (CCR) periodogram. For a T-length
i realization of the process (Xt)¢cz, Barunik and Kley (2019) propose to
stanes estimate f, j,(w, 7, 7") by smoothing the cross-periodograms based on the
indicator functions I{Fr ;(X: ;)}, where Fr; denotes the ecdf of X; ;.

This estimator, denoted by @J.,!’f?z (w,T,7"), is evaluated for every couple of
components over the Fourier frequencies (2) and pairs of r quantile levels

of a pre-fixed set T, thus obtaining a whole representation of the process:

th (Qv T) = {(é‘?yijz (wz T, T/)) w e Q, T, T/ € T} .

1<j1,j2<d’



A novel dissimilarity measure between MTS

@ A dissimilarity measure between two MTS of length T, Yt(l) and Yt(z),

could be established by comparing their representations in terms of fx(l)
t
and fxt(z).
@ We represent the MTS Yt(') by means of a vector ¥(/) constructed as:
@ Flattening the elements of the estimated array %x(")'
t

@ Taking real and imaginary parts separately and concatenating them.

@ Dissimilarity measure between the series Yt(l) and Yt(z) (Lépez-Oriona &
Vilar, 2021):

doco (M, X2y = |8 — T2,

distance

@ The distance a\QCD(Yt(l)7Yt(2)) is a sample quantity. A hypothesis test can
be defined by considering the corresponding population quantity as follows:

Ho : doco (XM, XY =0 vs Hy : doco(XM, xP) > o,

where Xt(l) and Xt(z) are the generating stochastic processes of Yt(l) and

Yt(z), respectively. JQCD(Z(l),Yt(z)) is the test statistic.
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A Frequency Domain Bootstrap Test (FDB) (I)

@ Dette and Paparoditis (2009) consider the general class of hypotheses

™

Ho : /_7r ||90(g(w),w)||2dw =0 vs Hi: / |\<P(g(w),w)||2dw >0,
(1)

where g(w) denotes the spectral density matrix of a multivariate
process and ¢ is a suitable vector-valued function.

-
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e @ A test statistic for the previous test can be obtained by considering
fjw [|p(&(w),w)||>dw, where g(w) is a proper estimate of g(w).

@ It can be shown that, by choosing the multivariate process and the
Three function ¢ in a specific way, (1) can be written as

bootstrap

procedures
based on docp

Ho :/ d2ep o (XD, XE)dw =0 vs Hy :/ ep o (XP, XBY dw > 0,
—T —T

where the subscript w indicates that the distance is computed by
choosing only the frequency w.



A Frequency Domain Bootstrap Test (FDB) (1)

@ Step 1. Given the set of Fourier frequencies
{wk =27k/T, 1< k < (T — 1)}, generate two sets of (T — 1)
independent matrices

10% (wi) = G(wi)YV2WEGlwi) Y2, i=1,2,
where G(wy) is given by

Glen) = 5 (6W(n) + €D (wr))

with G() be_ing the matrix of smoothed CCR-periodograms based on the
MTS of Yt(') and

Three

bootstra

E’°:§§"'ZZ WE1, 1) 1<k<T/2

Sl Gl Gl WE ~ < WR(L Iy,) ke {T/2},
TRk (T,

where W€ and WR denote the complex and real Wishart distributions and
l4, stands for the identity matrix of order dr.



A Frequency Domain Bootstrap Test (FDB) (I11)

@ Step 2. Construct the bootstrap quantile cross-spectral density
matrices estimates, G(’)*(wk), i=1,2, k=1,..., T, by smoothing
1% (wy) in the form

. 2T 1 .
G(l)*(wk) = ? WT (wk — ws) I(')* (UJS) 5
s=1
Angel and where W7 is a combination of weight functions depending on a

José

smoothing parameter ht — oo when T — oo.

@ Step 3. Based on GM* and G®*, construct the bootstrap version
d5CD Of dQCD.

Three
’l;::::mr; @ Step 4. Repeat Steps 1-3 a large number B of times to obtain the
based on dgco bootstrap replicates dQlc)S, ey d(ggg.

@ Step 5. The decision rule consists of rejecting Ho if

dQCD(Xt )) > gi_., with gi_, being the 1 — a bootstrap
empirical quantlle for a significance level « € (0,1).
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A Test based on the Moving Blocks Bootstrap

(MBB) ( : Jand ( )

Step 1. Fix a positive integer, b, representing the block size, and
take k = [T/b].

© Step 2. For i € {1,2}, define the block B = {X", ... X, 1,
forj=1,...,q, withg=T—b-+1. Let
B = {Bj(l), ...,BY, Bj(z), ..., B} be the set of all blocks, those
coming from Yt(l) and those coming from Yt(z)

Angel and "] Step 3. Draw two sets of k bIOCkS, B(I))‘< = {B](_I), ey B’((I)}, i = 1, 2,
RS with equiprobable distribution from the set B.

© Step 4. Construct the pseudo-time series Yt(i)* by considering the
first T temporal components of B{*, i =1,2. Compute the

Lo ~ 1 +

;":‘;:%"P bootstrap version djcp of dgcp based on Xt( ) and Xt( )

Based on doco @ Step 5. Repeat Steps 3 and 4 a large number B of times to obtain
the bootstrap replicates a’\éc)D, ce %BC);.

° Step 6. The deC|S|on rule consists of rejecting Ho if
doco (X, X)) > gi .

11
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A Test based on the Stationary Bootstrap (SB)

(

1994

Step 1. Fix a positive real number p € [0, 1].

Step 2. Consider the set Z = {Yt(l),z(z)}. Draw randomly two
temporal observations from X;. Each one of these observations are of the

form XJ.(,k’) for some ki =1,2and ji=1,...,T,i=1,2.
)

Step 3. For i = 1,2, given the last observation XJ.(,k’ , define the next

bootstrap replication in Xt(i)* as Xj(,’i)l
from the set 7,: with probability p. When j7 = T, the selected observation
is X if ki =1 and X if kT = 2.

with probability 1 — p, and drawn

Step 4. Repeat Step 3 until the pseudo-series Yt(l)* and 2(2)* contain T
observations. Compute the bootstrap version déCD of dgcp based on
Yt(l)* and Yt(2)*-

Step 5. Repeat Steps 3 and 4 a large number B of times to obtain the
bootstrap replicates 3833 ceey H\SBC)D*.

Step 6. The decision rule consists of rejecting Hg if

gQCD(Yt(l),Yt(Z)) >qi_ -
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@ Simulation study

Simulation
study
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Simulation study (1)

@ Three simulated scenarios were considered, with the parameter
¢ indicating deviation from the null hypothesis.

@ Scenario 1. Vector autoregressive (VAR) models.

Xer) _ (0146 0146 (X1 n (Gt,l)
Xt,2 0146 01+6/) \Xe—12 €t,2) 7

with § € {0,0.1,0.2,0.3}.

Angel and
José

@ Scenario 2. Threshold autoregressive (TAR) models.

S Xt (0.9 =) Xe—12/x,_, <1y + (6 = 0.3)Xeaalx_, ,1>13 (em)
imulation — + R
el Xi.2 (0.9 = §)Xe—1al{ix,_, ,i<1y + (8 = 0.3)Xema2l{ix,_, L1513 €2

t—1,2

with 6 € {0,0.2,0.4,0.6}.
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Simulation study (I1)

@ Scenario 3. Dynamic conditional correlation (DCC) models. Let
(Xe,1, Xe,2)T = (0+,1€1,1, 0t ,26:,2)7. The data-generating process
consists of two Gaussian GARCH models (Engle, 2002):

071 =0.01+0.05X7 ;1 + 0.9407 4 1,
0'372 =05 + 0'2Xt2—1,2 + 0.50’?_172,

Angel and (E:;) ~ N [(g) ’ (plf plt)] .

José

where p; = 0.9 — §, with § € {0,0.4,0.8,1.2}.

o Two MTS X;™ and X,® are generated to apply the proposed tests.

X. is associated with & = 0 while X;'?) is associated with all the
possible values for § (one at a time).

Simulation

study @ A number of B = 200 bootstrap replicates were used. The simulation
procedure was repeated 200 times. Different values for the series
length, T, were considered. Average rejection rates were calculated
at a significance level o = 0.05.
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o Null hypothesis (o = 0.05).

Scenario

1

2

3

T =500 BFD
MBB
SB

0.025
0.080
0.055

0.020
0.070
0.055

0.035
0.080
0.050

T = 1000 BFD
MBB
SB

0.060
0.070
0.040

0.030
0.095
0.060

0.060
0.130
0.060

e Alternative hypothesis. Scenario 1 (o = 0.05).

Method =01 =02 §=0.3

T=100 BFD 0060 0395 0.905

MBB 0160 0575  0.980

SB_ 0.100  0.465  0.960

T—=200 BFD 0060 0610 0.990

S MBB 0185 0790  0.995
study SB  0.095 0.695  0.990
T=300 BFD 0.115 0.730 1

MBB  0.225 0.835 1

SB_ 0.130  0.770 1

16



Results (I1)

o Alternative hypothesis. Scenario 2 (o = 0.05).

Method =02 6=04 0=0.6

T =100 BFD 0340 0.695  0.950
MBB  0.540 0.775  0.990

SB 0325 0.690  0.910

T =200 BFD  0.595 0.875  0.985

MBB  0.780  0.925 1

SB  0.625 0.885  0.985

T =300 BFD  0.765  0.965 1
MBB  0.885  0.990 1

SB  0.805 0.955 1

o Alternative hypothesis. Scenario 3 (o = 0.05).

Method 6=04 6=08 §=12

T =100 BFD  0.030 0.150  0.895
MBB  0.080 0.395  0.950

SB  0.055 0.230  0.870

T =200 BFD  0.050 0.505  0.965

Simulation

study MBB  0.185  0.725 1
SB  0.080 0455  0.965

T=300 BFD 0135 0.730 1

MBB  0.255  0.840 1

SB 0155  0.695 1
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i Did the Dotcom Bubble Crash Change the Global

Market Behaviour?

Dotcom bubble. Rapid rise in U.S. technology stock
equity valuations exacerbated by investments in
Internet-based companies during the bull market in the late
1990s.

@ Bubble crash. Between 2001 and 2002, with equities
entering a bear market. The Nasdaq index fell by 76.81 %.

Angel and

José

e Data. Three well-known stock market indexes, the S&P
500 (U.S), the FTSE 100 (Europe) and the Nikkei 225
(Japan). Two different periods: from 1987 to 2002 and
from 2002 to 2018.

o Question. Did the three stock market indexes show the
Application same behaviour before and after the dotcom bubble crash?.

19
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Original Series (Stock Prices)
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Transformed Series (Stock Returns)

2000
Application Time
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@ The three bootstrap tests were applied to test the equality
of generating processes given both MTS. A number of
B =500 bootstrap replicates was considered.

Angel and @ The p-values obtained by means of methods BFD, MBB
José and SB were all 0, indicating rejection of the null
hypothesis.

@ Conclusion. The doctom bubble crash in the early 2000s
provoked a permanent change in the behaviour of the
global economy.

Application
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Conclusions

@ The problem of testing the equality of two multivariate
time series was addressed.

@ Three bootstrap tests were proposed: (i) a frequency
domain bootstrap test (FDB), (ii) a test based on the
moving blocks bootstrap (MBB) and (iii) a test based on

Angel and the stationary bootstrap (SB).

José

@ The procedures were analysed in a broad simulation study
in terms of both size and power. Overall, FDB and SB
showed the best results.

@ The tests were applied to check whether or not the dotcom
bubble crash of 2000s provoked a permanent change in the
global market economy. The answer was yes.

Conclusions
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Thank you for your attention!
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