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Genuine hierarchical/grouped time series
Hyndman et al. (2011)

b1 b2 b3 b4 b5

a2 a3

a1 L1
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upper variables

bottom variables



a1,t

a2,t

a3,t

b1,t

b2,t

b3,t

b4,t

b5,t


︸ ︷︷ ︸

yt

=



1 1 1 1 1
1 1 0 0 0
0 0 1 1 1
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


︸ ︷︷ ︸

S


b1,t

b2,t

b3,t

b4,t

b5,t


︸ ︷︷ ︸

bt

Structural representation: yt =

[
at
bt

]
= Sbt =

[
C
Inb

]
bt , t = 1, ...,T

S ∈ {0, 1}(n×nb) summing matrix

C ∈ {0, 1}(na×nb) aggregation matrix

at ∈ R(na×1) ‘upper’ variables

bt ∈ R(nb×1) ‘bottom’ variables
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Genuine hierarchical/grouped time series

b1 b2 b3 b4 b5

a2 a3

a1 L1
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L3

upper variables

bottom variables

 1 0 0 −1 −1 −1 −1 −1
0 1 0 −1 −1 0 0 0
0 0 1 0 0 −1 −1 −1


︸ ︷︷ ︸

U′



a1,t

a2,t

a3,t

b1,t

b2,t

b3,t

b4,t

b5,t


︸ ︷︷ ︸

yt

=

 0
0
0


︸ ︷︷ ︸
0(3×1)

Zero-constrained representation: U′yt = 0(na×1), t = 1, ...,T

U′ = [Ina − C] ∈ {−1, 0, 1}(na×n) (full rank) zero constraints kernel matrix
(Di Fonzo and Girolimetto, 2021, see also Wickramasuriya et al., 2019)
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General linearly constrained multiple time series

A1 A2 B

A

X

⋃

C D

X

−→

A1 A2 B C D

A

X

Zero-constrained representation: Γ′xt = 0(r×1), t = 1, ...,T

Γ′ ∈ R(r×n), matrix of known coefficients (not necessarily full rank)

 1 −1 0 0 −1 0 0
1 0 0 0 0 −1 −1
0 1 −1 −1 0 0 0


︸ ︷︷ ︸

Γ′



Xt

At

A1t

A2t

Bt

Ct

Dt


︸ ︷︷ ︸

xt

=

 0
0
0


︸ ︷︷ ︸
0(3×1)

⇐⇒
X = A + B
X = C + D
A = A1 + A2
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General linearly constrained multiple time series
From zero-constrained to structural-like representation

• Working on Γ′, we derive U′ =
[
I − C

]
and yt = Pxt

• Structural-like representation through S =

[
C
I

]
permits to extend the classical

point and probabilistic forecast reconciliation results

• For medium/large systems (many constraints and/or variables) manually
operating may be time-consuming, challenging and prone to error

Our proposal

Γ′
rref−−−→
QR

U′ =
[
Inv − C

]
⇒ yt = Pxt =

[
vt
ft

]
=

[
C
Inf

]
ft = Sft

U′ ∈ R(nv×n) (full rank) zero constraints matrix

S ∈ R(n×nf ) analogous of the summing matrix S

C ∈ R(nv×nf ) linear combination matrix such that vt = Cft

vt ∈ R(nv×1) ‘basic’ variables, and ft ∈ R(nf×1) ‘free’ variables
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Point and probabilistic forecast reconciliation
Extension of Wickramasuriya et al. (2019) and Panagiotelis et al. (2020, 2021)

Target Base forecasts Reconciled forecasts
U′yh = 0 U′ŷh 6= 0 → U′ỹh = 0

Two equivalent point forecast reconciliation formulae

Structural reconciliation approach Projection reconciliation approach

ỹh = S
(
S′W−1

h S
)−1

S′W−1
h︸ ︷︷ ︸

ψ

ŷh ỹh =
[
I−WhU

(
U′W′hU

)−1
U′
]

︸ ︷︷ ︸
ψ

ŷh

Probabilistic forecast reconciliation
(Reconciled samples thm, Panagiotelis et al., 2020)(

ŷ[1]
, . . . , ŷ[L]

)
sample drawn from an inco-

herent probability measure ν̂

(
ỹ[1]

, . . . , ỹ[L]
)

sample drawn from the rec-

onciled probability measure ν̃

ỹ[`] = ψ
(
ŷ[`]
)

Obtaining
(
ŷ[1]

, . . . , ŷ[L]
)

: Joint bootstrap (Gamakumara et al., 2018)
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Australian GDP from Income and Expenditure sides
95 (GDP + 15 Income + 79 Expenditure) quarterly ts at current prices, 1984:Q4-2018:Q1

Forecasting experiment (Athanasopoulos et al., 2020):

ARIMA base forecasts (expanding windows, 94 forecast origins)

Forecast horizons h = 1, ..., 4

Forecast reconciliation approaches:

ols: Wh = σ2In (Hyndman et al., 2011)

wls: Wh = ŴD = diag Ŵ1 (Hyndman et al., 2016)

shr: Wh = Ŵshr = λŴD + (1− λ)Ŵ1 (Wickramasuriya et al., 2019)

Ŵ1 is the (n × n) covariance matrix of the in-sample one-step-ahead base
forecasts errors

The base forecasts are reconciled using the htsrec function of
the R-package FoReco (v.0.2.4, Girolimetto and Di Fonzo, 2022)
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Results: skill scores
Cumulative Rank Probability Score and Energy Score (scoringRules, Jordan et al., 2019)
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Conclusions

Extension of the classical point and probabilistic forecast reconciliation results

In the forecasting experiment, the simultaneously reconciled probabilistic
forecasts give results as good as those of Athanasopoulos et al. (2020)

The newly proposed approach produces forecasts that are fully coherent with
all economic constraints coming from National Accounts relationships
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Joint bootstrap on the base forecasts
Gamakumara et al. (2018)

1. appropriate univariate models Mi for each series in the system are fitted
based on the training data {yi,t}Tt=1, i = 1, ..., n, and the one-step-ahead

in-sample forecast errors are stacked in an (n × T ) matrix, Ê = {êi,t};

2. ŷ
[l ]
i,h = fi

(
Mi , ê

[l ]
i,h

)
is computed for h = 1, ...,H and l = 1, ..., L, where f (·) is

a function of the fitted univariate model and associated error, ŷ
[l ]
i,h is a sample

path simulated for the i−th series, and ê
[l ]
i,h is the (i , h)−th element of an

(n × H) block bootstrap matrix containing H consecutive columns randomly

drawn from Ê.
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Australian GDP Income side
15 variables + GDP

Source: Athanasopoulos et al., 2020, p. 702.
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Australian GDP Expenditure side
79 variables + GDP

Source: Athanasopoulos et al., 2020, pp. 703 – 705.
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FoReco v. 0.2.4
An R package for point forecast reconciliation

The FoReco (Forecast Reconciliation) package is designed for
point forecast reconciliation, a post-forecasting process aimed
to improve the accuracy of the base forecasts for a system of linearly constrained
(e.g. hierarchical/grouped) time series.

It offers classical (bottom-up and top-down), and modern (optimal and heuristic
combination) forecast reconciliation procedures for cross-sectional, temporal, and
cross-temporal linearly constrained time series.

Links:

R CRAN: https://cran.r-project.org/package=FoReco

Code (GitHub): https://github.com/daniGiro/FoReco

Site documentation: https://danigiro.github.io/FoReco
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Accuracy indices for probabilistic forecasts

Cumulative Rank Probability Score

CRPS(P̂i , zi ) =
1

L

L∑
l=1

|xi,l − zi | −
1

2L2

L∑
l=1

L∑
j=1

|xi,l − xi,j |

Energy Score

ES(P̂, z) =
1

L

L∑
l=1

‖xl − z‖2 −
1

2(L− 1)

L−1∑
i=1

‖xl − xl+1‖2

P̂i (ω) = 1
L

∑L
l=1 1 (xi,l ≤ ω)

x1, x2, . . . , xL is a collection of L random draws taken from the predictive
distribution

z ∈ Rn is the observation vector

i = 1, ..., n denotes a single variable
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