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Preface

We are proud to present the set of final accepted papers for the fourth edition of the ITISE
2018 conference ”International work-conference on Time Series” held in Granada (Spain) during
September, 19-21, 2018.

The ITISE 2018 (International work-conference on Time Series) seeks to provide a discussion
forum for scientists, engineers, educators and students about the latest ideas and realizations in
the foundations, theory, models and applications for interdisciplinary and multidisciplinary re-
search encompassing disciplines of computer science, mathematics, statistics, forecaster, econo-
metric, etc, in the field of time series analysis and forecasting.

The aims of ITISE 2018 is to create a friendly environment that could lead to the establish-
ment or strengthening of scientific collaborations and exchanges among attendees, and therefore,
ITISE 2018 solicits high-quality original research papers (including significant work-in-progress)
on any aspect time series analysis and forecasting, in order to motivating the generation, and
use of knowledge and new computational techniques and methods on forecasting in a wide range
of fields.

The list of topics in the successive Call for Papers has also evolved, resulting in the following
list for the present edition:

1. Time Series Analysis and Forecasting.

e Nonparametric and functional methods

e Vector processes

e Probabilistic Approach to Modeling Macroeconomic Uncertainties
e Uncertainties in forecasting processes

e Nonstationarity

e Forecasting with Many Models. Model integration
e Forecasting theory and adjustment

e Ensemble forecasting

e Forecasting performance evaluation

e Interval forecasting

e Econometric models

e Econometric Forecasting

e Data preprocessing methods: Data decomposition, Seasonal adjustment, Singular
spectrum analysis, Detrending methods, etc.

2. Advanced method and on-Line Learning in time series.

e Adaptivity for stochastic models
e On-line machine learning for forecasting

e Aggregation of predictors

Hierarchical forecasting

Forecasting with Computational Intelligence

e Time series analysis with computational intelligence
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3.

4.

e Integration of system dynamics and forecasting models

High Dimension and Complex/Big Data.

e Local Vs Global forecast

e Techniques for dimension reduction
e Multiscaling

e Forecasting Complex/Big data

Forecasting in real problem.

e Health forecasting

e Telecommunication forecasting

e Modelling and forecasting in power markets

e Energy forecasting

e Financial forecasting and risk analysis

e Forecasting electricity load and prices

e Forecasting and planning systems

e Real time macroeconomic monitoring and forecasting

e Applications in: energy, finance, transportation, networks, meteorology, health, re-
search and environment, etc.

After a careful peer review and evaluation process (each submission was reviewed by at
least 2, and on the average 3.2, program committee members or additional reviewer). In this
proceedings we are presetting the abstract of the contribution to be presented during ITISE-
2018 (accepted for oral, poster or virtual presentation,according to the recommendations of
reviewers and the authors’ preferences).

In this edition of ITISE, we are honored to have the following invited speaker:

1.

Prof. Dr. Peter M Robinson , Tooke Professor of Economic Science and Statistics De-
partment of Economics, London School of Economics .

. Prof Andrew C. Harvey, Emeritus Professor of Econometrics in the Faculty of Economics,

University of Cambridge, and a Fellow of Corpus Christi College.

. Prof. Salah Bourennane, Aix Marseille Univ, CNRS, Centrale Marseille, Institut Fresnel,

Marseille, France.

Dr Karsten Webel, Deutsche Bundesbank, Central Office, Directorate General Statistics
Germany.

. Prof. Dr. Robert Kunst, Professor of Economics at the University of Vienna and affiliated

with the IHS (Institute for Advanced Studies) .

. Prof. Dr. Uwe Hassler, Applied Econometrics and International Economic Policy. Goethe

University Frankfurt .
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During ITISE 2018 several Special Sessions will be carried out. Special Sessions will be a
very useful tool in order to complement the regular program with new and emerging topics of
particular interest for the participating community. From the organization of ITISE, we would
like to thank deeply the great work that the organizers of Special Sessions do. Thank you very
much for your great effort and interest.

Special Sessions that emphasize on multi-disciplinary and transversal aspects, as well as
cutting-edge topics are especially encouraged and welcome. and in this edition of ITISE 2018
are the following:

1.

10.

11.

Forecasting Evolution, Prof. Philip Gerrish, School of Biology, Georgia Institute of
Technology, 310 Ferst Dr, Atlanta, GA 30332 .

. Forecasting Climate Weather and Operation Impact on Reliability, Safety and Resilience of

Crritical Infrastructures, Prof. Krzysztof Kolowrocki, Gdynia Maritime University, Poland,
and Prof. Joanna Soszynska-Budny, Gdynia Maritime University, Poland

. Applications of time series for hydro-climatic data, Prof. Bruno Remillardi, Professor at

HEC Montral. Consultant at the National Bank of Canada and Prof. Bouchra R. Nasri .

Times series analysis in geosciences, Prof. Eulogio Pardo-Igzquiza, Professor at Instituto
Geolgico y Minero de Espaa (IGME) and Prof. Francisco Javier Rodrguez-Tovar, Depart.
Estratigrafa y Paleontologa, University of Granada, Spain.

Forecasting in High Dimension and Complex/Big Data , Prof. Dr. Luis Javier Herrera
and Prof. Dr. Ignacio Rojas , Dep. Computer Architecture and Computer Technology,
University of Granada, Spain

. Quantum Computing, Prof. Peter Gloesekoetter, Fachbereich Elektrotechnik und Infor-

matik, Stegerwaldstrae 39, 48565 Steinfurt, Germany. and Dr. Bernd Burchard, Elmos
Semiconductor AG, Germany.

Computational Intelligence methods for Time Series, Prof. Dr. Hctor Pomares , Dep.
Computer Architecture and Computer Technology, University of Granada, Spain and
Prof. Dr. German Gutierrez , Dep. Computer Science, E.P.S. University Carlos III of
Madrid, Spain

. Structural Time Series Models, Prof. Dr. Fernando Rojas , Dep. Computer Architecture

and Computer Technology, University of Granada, Spain

. Recent Developments on Time-Series Modelling, Prof. Dr. Olga Valenzuela, Applied

Mathematics, University of Granada, Spain

Ezpert Systems with Time Series - Data, Prof. Dr. Kalle Saastamoinen , Department of
Military Technology, National Defence University,Helsinki, Finland

Spatio-temporal brain dynamics in attention tasks, Prof. Dr. Juan Manuel Grriz , Uni-
versity of Granada, Spain, and Prof. Dr. Pedro A. Valdes-Sosa , Cuban Neurosciences
Center and Prof. Dr. Csar Germn Castellanos Dominguez , Universidad Nacional de
Colombia

This new edition of ITISE was organized at the Universidad de Granada, with the help of the
Spanish Chapter of the IEEE Computational Intelligence Society and Spanish Network Time
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Series (RESET). We wish to thank to our main sponsor the institutions Faculty of Science,
Dept. Computer Architecture & Computer Technology and CITIC-UGR from the University
of Granada for their support. We wish also to thank to the Dr. Veronika Rosteck and Dr.
Eva Hiripi, Springer, Associate Editor, for their interest in the future editing a book series of
Springer from the best papers of ITISE 2018.

We would also like to express our gratitude to the members of the different committees and
to the reviewer for their support, collaboration and good work.

September, 2018 ITISE Editors and Chairs
Granada Olga Valenzuela
Fernando Rojas

Hector Pomares

Ignacio Rojas
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Abstract. The existence of abnormal values in data sets of day-to-day
actions is common. Denoted as outliers, these values are frequently ex-
cluded from the dataset. However, in fraud detection, disease diagnosis
and other areas, outliers often add relevant knowledge. In this paper, we
present an application of a methodology to detect outliers in multivari-
ate time series by translating the multi-type variables into textual data
(strings). After that, classification algorithms are applied. An application
is performed into a real dataset that represents boiler operations and the
main goal is to identify their faults. A major part of the work concerns
the dataset processing steps that enable the application of machine learn-
ing algorithms. Besides the boiler malfunctions, normal operation cycles
were also identified. We aim to improve the real-time fault identification
of the operating devices allowing safer appliances.

Keywords: Outlier Prediction - Multivariate Time Series - Machine
Learning

1 Introduction

With the advances in technology, an increasing number of datasets has been
generated from real-life events and made available for further study by industry
and academics. Machine Learning has gain traction as a novel method to pro-
cess these datasets and predict relevant patterns and knowledge. For example
semantic [2] and stream features [10] are being used to tackle the massive amount
of data generated by IoT/M2M scenarios. However, machine learning methods
do not deal well with sequential data - time series. Instead of unchangeable
variables, such as petal length and width in the Iris flower dataset®, timeseries
datasets are a complex set of variables that evolve through time.

Abnormal values are common in real-life datasets. Frequently denoted as
outliers, they are different from what is considered to be normal in each specific
case study. In some situations, these values are not common dataset noise, but

3 https://archive.ics.uci.edu/ml/datasets/iris
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instead they represent changes or malfunctions in the systems [3,8,9,17,18,21].
Considering environmental changes or fraud detection, outliers provide useful
knowledge. Machine learning methods are used to detect abnormal values, each
in turn can be used to improve human intervention, for example when predicting
components faults.

The dataset in this paper contains boilers operational data. The goal is to
identify the abnormal operation/state through the classification of the cycles.
Since we are considering real data, normal operation is more frequent than fail-
ure. This leads to an imbalanced dataset due to the low frequency of outliers,
which usually translates into a classification preference for the most frequent
class since most machine learning algorithms are statistically based.

Besides the time variable, the dataset is rather complex due to the variety of
variables from numeric to textual (strings). In order to deal with this real-world
dataset we used the value-trend approach: a way of representing time series by
textual data. This transformation allows us to apply some common machine
learning algorithms and process the time series as a classification problem.

The remainder of the paper is organized as follows. In Section 2, the main
characteristics of the dataset are presented along with the first pre-processing
steps. Section 3 concerns the value-trend approach along with its application
to the dataset. In Section 4, as an example of application, one classification
algorithm is constructed considering some set variations and the performance
measures are investigated. Conclusions and future work are presented in Sec-
tion 5.

2 Dataset

As stated before, the dataset in this paper contains boilers operation values.
These boilers, whose main function is to supply hot water, where installed in
customer’s houses. The hot water can be used as domestic water (hot water —
HW - cycle), such as hot water for bathing or kitchen use, or as central heating
(central heating — CH — cycle), in which hot water circulates along the house into
wall-hung heating devices. There is an additional mode called boost cycle, which
provides a quicker supply of hot water. These cycles are considered normal, and
are the most representative data patterns.

Boilers have sensors collecting data such as: temperatures, water flow, number
of heating requests, state variables such as open or closed valves, among others.
Therefore, the dataset is constituted by continuous and discrete variables. State
variables can be transformed in discrete values since they always assume two
opposite values: On/Off, Yes/No, HW /CH, among others, and so, these variables
were binary coded. The dataset is constituted by 40 discrete and 29 continuous
variables, along with four textual values concerning the boiler model and the
gateway software.

The last variable is the fault code. Malfunctions are associated with faults
identified by the appliance software and automatically tagged with a fault code.
Currently there are 39 different fault codes. The dataset is composed by labelled
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Table 1. Anonymize data.

D Date 3w Valve Power CH Flame Flow Power Fault

123XYZ y-m-d h:m:s.ms Hot_water 0 No Off 0 0 /200
123XYZ y-m-d h:m:s.ms Hot water 44 Yes Off 9.5 100 D4/271
123XYZ y-m-d h:m:s.ms Cent. _heat. 78 Yes On 124 153 E2/21

and unlabelled data: known malfunctions (classified by the software with a fault
code), but also malfunctions that were unclassified (unlabelled data). Our goal
is to use classification algorithms to identify the fault codes of the unlabelled
data. Novelty detection [15] is one possible method for outlier identification. It
models the correct behaviour of a system, and labels all the behaviour that do
not fit in such patterns as outliers.

Unfortunately normal operation cycles are not identified by the appliance
software and consequently, they are not labelled in the dataset. To train classifi-
cation algorithms, we must attribute a class to all the observations of (at least)
the train dataset. A few variables let us recognize if there has been any hot wa-
ter or central heating request. Therefore, 100 observations of each HW, CH and
boost cycles were manually labelled considering expected behaviours. There are
no consensual rules to decide if a cycle is of normal operation or not.

Through data visualization of normal cycles and classified faults, it is possible
to identify variables with no classification power, such as those that do not vary
between labels. This allow us to reduce the dataset to 40 variables. Since not all
boilers have the same sensors, we were able to reduce to a total of 31 variables
instead of the original 74.

The data was collected within one year and four months concerning 1563
appliances of about five different models and stored in MongoDB* database.
Although the data is updated at every millisecond, only the variables for which
there has been any change in the value or state are recorded. As a consequence,
the dataset is riddle with missing entries, which do not always correspond to
missing vales but rather omitted values. Consider the reduced example of Ta-
ble 2 concerning three variables during 60 milliseconds of operation. Investigat-
ing the variable “Water Temp.”, the value 20 has been recorded at 01:30:00.000.
Since there were no value changes for this variable in the next milliseconds, the
following entries are empty (lines two, three and four of the second column) al-
though the appliance is always recording. At 01:30:00.400 a new value has been
detected: 22, and so, a new entry was recorded for the “Water Temp.” variable.

One way to deal with omitted values would be to copy the last saved value
until a new entry happens, for each column of the dataset, one by one. However,
this leads to a fake translation of the boiler operation. There is one specific fault
— data loss due to connectivity problems of the gateway — that could be hidden
by this method. When the gateway looses connectivity, data is not transmitted.
So, copying the data would not allow to identify this fault, since there would be

4 https://www.mongodb. com/
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Table 2. Data recording example.

Time Water Temp. Gas Fan

01:30:00.000 20
01:30:00.100 1
01:30:00.200 1
01:30:00.300

01:30:00.400 22
01:30:00.500 23 0

no missing values. Also, a subset of distinct faults is due to different sensors that
stop working. For example, if some temperature sensor breaks, the temperature
is not measured until the sensor is fixed. By copying the last saved value until
a new entry happens, it would give the idea of a stable temperature over time.
However, the temperature could have changed due to some heat request. Using
this data copying technique, the sensor failure would be impossible to identify,
since no missing data would exist. Given our dataset, through data analysis it
is possible to conclude that state variables always register a new entry around
every four minutes, even if there has been no state change. Therefore, it is
assured that there was no connectivity faults through these four minutes. So,
the continuity of values was accomplished by verifying if, for any predictive
variable, the last saved value was within less than four minutes. If that happens,
then the last value of each column is copied until a new value appears. This
allows the identification of the data loss fault, since it happens for more than
four minutes, and so, in this case there are no registers of the state variables for
more than four minutes. However, in the case of sensor faults it is impossible
to avoid such errors. There is an exception that happens when, for example in
the temperature sensor fault, the variable concerning that temperature doesn’t
have saved values in the matrix time range. Therefore, there would be no exist
values to copy through that column. So, for such few cases, sensor faults can be
identified by data loss (empty columns in the matrix), together with other data
patterns.

3 Value-trend Approach

The main difficulty of this problem is in the several specificities of the multi-
variate time series that machine learning algorithms have difficulty to deal with.
Some variables are represented as strings, like the boiler name, while others as
numerical values, such as temperatures. Also, it is very important to capture each
variable behaviour and relate all the variables between them and time. Several
algorithms have been proposed to deal with time series data [4,6,7,11,12,16,19],
but we could not find any able to solve our specific problem due to the high
specificity of the data.

The algorithm studied is responsible for representing the time series in a
simpler and unified way, enabling the implementation of machine learning al-
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Fig. 1. Application of the PAA algorithm in matrix format.

gorithms. It was devised by Eamonn Keogh and Jessica Lin in 2002 [14] and
consists of two main steps: the transformation of the time series into sets of
vectors through the piecewise aggregate approximation algorithm (PAA) and
the conversion of those vectors into a set of letters by the symbolic aggregate
approximation algorithm (SAX). An additional phase where a trend analysis
is performed as an improvement of the SAX algorithm is also discussed. This
data transformation is made considering each predictive variable individually.
Our novel approach consists in apply existent methodologies into a multivariate,
wide-variable (in terms of the types of variables) time series, so machine learning
techniques can than be used to classify the time series.

3.1 Piecewise Aggregate Approximation (PAA)

The PAA algorithm divides the time series into a vector of equally sized seg-
ments [1,20]. By definition, this algorithm transforms any time series X of length
m into n segments of time, resulting in a vector X = {1, z2, ..., ,, } of temporal
segments, where n is any arbitrary integer such that n < m. Then, considering
each of the segments, the average value of each variable is calculated: for each
temporal segment i, with ¢ = {1,2,...,n}, and each predictive variable j, the
mean value wj; is obtained.

The number of segments can vary between one segment, and the entire time
series is equal to as many univariate vectors as the number of variables, up to the
number of value registrations considered for the time series, taking each vector
the same dimension as the time series. In the case of our data set, after applying
the PAA algorithm, we will have the same number of vectors as the number of
predictive variables. Each vector will have dimension equal to the chosen number
of segments. Thus, each time series is represented by a set of multidimensional
vectors, all with the same dimension.

Consider the time series present in the left of Figure 1, represented as a
matrix of m lines and k columns, corresponding to m time registrations of k
variables. After applying the PAA algorithm, we obtain the matrix of the right
side of the same Figure. Each w;; represents the mean value of the j—th variable
in the i — th segment, with j = {1,2,...,k} and ¢ = {1,2,...,n}. Note that we
are considering the partition of the time series into n segments and, so, we have
a dimension reduction.
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Fig. 2. Application of SAX algorithm in a univariate time series.

3.2 Symbolic Aggregate Approximation (SAX)

The SAX algorithm consists in assigning a letter to each mean value previously
obtained with the PAA algorithm [14].

An extensive and rigorous analysis performed in [13] has shown that time
series data, after being normalized by Z-score, usually follows a Gaussian distri-
bution. This detail enables a conscious attribution of letters to the mean values,
and allows the partition of the Gaussian probability density function into equally
spaced break-points. This partition must be performed according to the number
of letters that we want to associate with the mean values. By assigning a let-
ter to each area obtained by partitioning the probability density function, each
mean value gets its own letter. Figure 2 shows a time series with one normalized
variable, where six segments were considered for the PAA algorithm. Then, four
breakpoints were defined in the Gaussian probability density function, resulting
in the partition of possible mean values into five intervals. Subsequently, a letter
of the alphabet was associated with each mean value. For example, the mean
value in the second segment is above the first break-point and below the second
one defined by the Gaussian function. So, this segment has been associated with
the letter ’b’. Proceeding successively in this way, the time series represented
as a vector of mean values, from the PAA algorithm, is now transformed into
a string. In this case, the resulting string representative of the time series is
"cbcedd’.

3.3 Trend Analysis

A study carried out in [5] suggests that after applying the SAX algorithm a
new and additional phase should be performed. The idea is to associate each
temporal segment not only with a letter (representing the mean value) but also
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Fig. 3. Value-Trend approach applied to a univariate time series.

its tendency. In fact, we can easily obtain two different time series with the same
SAX representation but, when associating its trends, becoming distinct strings.
So, the objective is to capture the trend in each temporal segment constructed
in the PAA algorithm.

The attribution of the trend information is made through its association to
a straight line. The search for the line that best fits each variable behaviour is
performed using the least squares method, that is, we intend to obtain the model
y = ax + b such that > ; | = (y: — (az; + b))? is minimized, where = denotes
the time variation, with ¢ = 1, ..., s considering the s existing values registrations
of the variable in the segment under transformation, and y represents the value
of the variable in each time point t. Note that this step is performed for each
segment, similarly to the steps taken in the SAX algorithm. Then, after the line
is obtained, its slope is used to assign a second letter to the variable under study
in this time segment: ’G’ for growth, D’ for decay or ’S’ for stable.

Consider the univariate time series represented in Figure 3 where after the
application of the SAX algorithm with seven temporal segments and seven let-
ters to represent the mean values, we obtain the sequence ’cegedcc’, which is
represented in purple colour. Then, a straight line, represented by the green
colour, was adjusted to the variable in each temporal segment. According to the
line slope, a second letter was attributed to each temporal segment which is rep-
resented with a grey colour. In the end, the complete time series is represented
by the string 'cDeGgDeDdGcDcS’.

4 TImplementation and Evaluation

After processing the data, we apply the value-trend approach followed by the
classification methods. All the previous and next steps were performed using
Matlab software. First, the value-trend approach was implemented. Then, as an
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example of application, some decision tree models were constructed and evalu-
ated taking some variations of the data set into consideration.

Main SAX code for Matlab is available for download®. The output of the
SAX algorithm for each predictive variable is a string representing the mean
value of the variable in each segment. The length of this string is equal to the
number of considered segments. Some modifications were made to the original
code, so we can also obtain the trend approximation. The segments are the same
that were considered in the SAX algorithm. “polyfit” Matlab function was used
to obtain the slope of the wanted straight line. The modified algorithm output
is the string from the value-trend representation of each predictive variable.

The choice of the number of segments was based on each time series length.
For data relative to more than ten minutes, the time series is divided into seg-
ments of two minutes. For time series with length between two and ten minutes,
segments of 30 seconds have been formed. In the case of time series with less
than two minutes, the number of segments is equal to twenty times the time
series length in minutes.

The appliance’s software can identify 39 different faults, each fault related
with a specific component failure and possible maintenance solutions docu-
mented. Thus, a total of 42 classes were considered for the time series classi-
fication problem, corresponding to the three normal operation cycles and the 39
existing fault codes.

When trying to understand the appliances faults, we found that the causes
approximate to some simple logic rules. For example, consider that there is an
order to use hot water but the temperature at the output is not increasing,
despite it is below the set point. This fault can be translated into: hot water
order = temperature not increasing and temperature below the set point =
fault. So, the decision tree model was the first one making sense to be used for
the classification problem as it is also based on simple logic rules. The decision
model construction was made considering 10 fold cross validation and the Matlab
command “fitctree”. Three different splitting algorithms — “pull left by purity”,
“principal component-based partitioning” and “one versus all by class” — were
used to construct the decision rules, all of them available in Matlab. Also, Matlab
skills were used to optimize some parameters of each model, such as the minimum
number of observations in each leaf node or the maximum number of splits. The
choice of the best parameters values is based on the minimization of the cross
validation loss.

After testing the splitting rules, “one versus all by class” was the one that
minimized the cross validation loss. A new decision tree model was then con-
structed considering this splitting rule and its optimized parameters. In this
next phase, we used 5 folds cross validation instead of 10 folds due to the low
frequency of occurrences per class. Measures of performance are presented in
Table 3, remarking that the obtained accuracy is considerably low (38.46%).

The number of labelled occurrences per fault varies between 1 to 133 in a
total of 1185 classified cycles. As is possible to see in Figure 4, this is clearly

® https://cs.gmu.edu/ jessica/sax.htm
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Table 3. Performance measures for the optimized decision tree model in the 42 class

problem.
Measures
Classified Observations 99.83%
Accuracy 38.46%

an unbalanced data set. We note that the low accuracy result is related to the
multi-class problem with 42 classes. Therefore, a new approach was made: the
labels were reduced to the classes that present more occurrences than the mean
value of occurrences — 11 classes — plus the normal cycles — 3 classes each with
100 occurrences — in a total of 14 classes.

Number of occurrences per fault and mean value of cccurrences
ot T T T T T T

80 -

Oceurrences

a0 <

| PO B a4 |
WA NIRRI VNS Y

35

Fault

Fig.4. Number of occurrences per fault and mean value of occurrences (horizontal
line).

The decision tree models were constructed once again considering 10 folds
cross validation, the previously tested splitting rules and using the optimization
of parameters option. Once again, the “one versus all by class” splitting rule is
the one that minimizes the cross validation loss. The accuracy measures were
obtained with a 5 fold cross validation over the ptimized model (see Table 4).
Although the accuracy remains low, the results were better than considering
the 42 class problem. Also, in the 14 class problem, the observations were all
classified, when before only 99.83% were attributed to one class.

Finally, the classes were reduced to two: fault or normal cycle. The idea is to
evaluate the appliances with more confidence, since it is not always needed to
know which fault occurred but just the frequency of faults over time (allowing
to study the appliance lifetime). A new decision tree model was constructed and
optimized, using the previously mentioned options. In this case, the “pull left by
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Table 4. Performance measures for the optimized decision tree model in the 14 class

problem.
Measures
Classified Observations 100.00%
Accuracy 43.30%

purity” splitting rule was the one that minimize the cross validation loss. The
new model was evaluated using 5 and 10 fold cross validation. As expected, the
results were far better compared with the previous models (see Table 5).

Table 5. Performance measures for the optimized decision tree model in the 2 class
problem.

Measures Classified Obs. Sensitivity Specificity Accuracy Precision F1

5 folds 100.00% 79.00%  95.48% 91.31% 85.56% 82.15%
10 folds 100.00% 60.33%  99.55% 89.62% 98.22% 74.75%

The specificity was in both cases higher than the sensitivity. Since in this
study the “positive” class corresponds to the normal cycles and the “negative”
class to the faults, the algorithm is better at classifying faults than normal cycles.
The decision tree model trained with 5 folds has classified the true class more
times than the 10 folds decision tree models, according to the accuracy results,
while the precision of the results were better in the 10 folds trained model — and
S0, this is a more consistent model. F1-measure reflects the combination of these
two last metrics. Consequently, better results were obtained when considering
the 5 folds cross validation technique, which is expected since this problem suffers
from number of observations.

5 Conclusions

The main difficulty of this work was to find an algorithm able of classify time
series with predictive variables in the form of strings, continuous and discrete
values. The final solution was to transform the time series using the value-trend
approach, where each predictive variable was coded as one string. In this way,
it was possible to express all the different types of predictive variables into just
one (string). Also, the behaviours previously represented in a set of matrix lines
were transformed into a single string (one line matrix). Therefore, each time
series became a single matrix of strings, and so, a multivariate classification
problem of string type variables.

Since the behaviour is the most important feature of the problem at hand,
the trend variation was also considered to extract information from the time
series. This is a novel approach considered in [5] to the existent SAX algorithm.
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The main goal of this work was the construction of an algorithm able to
identify faults, and so, the 5 folds decision tree model is the more useful model.
Also, not only the faults were identified but also cycles of normal operation.

Future work includes the prediction of faults one week in advance. Also, it
is important to distinguish the faults of the sensors that were not possible to
obtain due to the continuity of values approach. The novelty detection family of
methods should also be put into comparison with the presented approach.
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10 Detecting Anomalous Pattern-of-Life from Human Trajectory Data

Person 153 trj. 1254.17 Person 153 trj. 1395.22 Person 163 trj. 313.17

Fig. 3: Trajectories belonging to one cluster in the ‘Speed Maximum’ plot. The
trips appear similar in nature and mostly comprise of walking movements.

Fig. 4: Trajectories belonging to one cluster in the ‘Speed Variance’ plot. The
images depict journeys of travel on highways and main roads.

Fig. 5: Trajectories belonging to one cluster in the ‘Speed Maximum’ plot. The
cluster mostly has trajectories of vehicular travel within main cities in China.

Fig. 6: Outlier trajectories in the ‘Speed Variance’ PCA plot. These trips differ
from major clusters in the graph making them anomalous trajectories.
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Fig. 7: PCA, tSNE, LLE and Isomap visualisations of the D proximity matrix. It
can be seen that trajectories representing the same person are in close proximity,
and tend to group

5 Conclusion

This paper has demonstrated an approach to detecting anomalous patterns of
behaviour from GPS data may be achieved by a dissimilarity approach combin-
ing deterministic and stochastic time series models. It was possible to identify
clusters relating to mobility patterns such as travelling between cities, driving in
congested streets, or travelling by foot. Moreover, analysis of outliers visualisa-
tions has shown successful detection of anomalous journeys. The paper has also
illustrated that information lost due to imperfect model fitting can be retrieved
by residual analysis. By comparing between model residuals, each person’s tra-
jectories were grouped in close proximity; demonstrating the similarities between
the movement patterns of a person across different trajectories.
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Abstract. Data exploration is an approach of visually exploring data in order to
understand the characteristics of the dataset. As both size and complexity of da-
tasets increase substantially, data scientists take less look at the data directly but
conduct experiments by training models and assess the outcome when applying
these models on test data. We denote the use of ML models to experimentally
obtain insights into the data at hand as model-based data exploration and show
some examples from a recent industrial project.

Keywords: Root Cause Analysis, Failure Prediction, Offset Printing Machines,
Data Quality, Data Labeling

1 Introduction

There are many publications on improving Machine Learning (ML) methods and
demonstrating their achievements on benchmark data. These efforts have a strong focus
on model optimization while leaving the benchmark data as is.

In contrast, in industrial projects, the sensor data available has usually never been
used for ML purposes before. Issues of data quality are mainly unknown at the begin-
ning of the project. Typically data quality issues become aware once models are built
using ML methods and evaluation shows strange effects, e.g., on some data samples
which are then inspected and discussed with domain experts in detail.

Industrial sensor data is high dimensional (i.e. many sensors), contains high fre-
quency time series data, and may be created under many modes of operation. It is hard
to plot in a comprehensive way and hard to interpret.

Therefore, inspection is a difficult and time consuming procedure, which can only
be performed on few data samples. Interactive labeling by domain experts, as proposed
by [11] e.g. on image segmentation tasks, is not a feasible approach for industrial senor
data, because high-dimensional time series data is not the right medium to communicate
to domain experts. Finding potentially interesting subspaces in the input data, which
could simplify the communication to domain experts, is difficult when investigating
statistics or distance measures in the input space because of its dimensionality and its
time dynamics.

adfa, p. 1, 2011.
© Springer-Verlag Berlin Heidelberg 2011
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Our approach to this setting not to investigate the input data directly, but to conduct
sequences of experiments by training ML models and assessing their outcome. Exper-
iments are motivated by hypotheses (e.g. by information coming from domain experts).
The outcome of experiments may or may not support these hypotheses, or may show
interesting phenomena, which may give rise to new hypotheses/experiments. During
this process, we obtain insights on the data and the learning problem. We denote the
use of ML models, while conducting experiments on the data, as model-based data
exploration.

The most obvious motivation to do model-based data exploration is to detect and
filter low-quality data. This includes data containing measurement errors, data from
non-calibrated sensors, data obtained under irregular operating conditions (e.g. ma-
chines runs in some cleaning mode, or some machine parts are not working as usual),
or there is interference with other events (previous failures or external intervention).
Outlier detection has been explored since decades and many ML methods, starting from
simple clustering and regression methods to sophisticated ones, have been used for this
purpose [2, 6].

Another well-known example of using ML methods for data exploration is feature
selection [4] (e.g. backward deletion [9]) and sensitivity analysis [12].

When carrying this idea along to time series data, relevant events may happen in
certain time periods only, leaving other parts of the time series being useless for the
prediction task at hand.

Of course, most ML methods can cope with useless data if it covers only a small
fraction of the total data. In that case, useless data can be regarded as noise. However,
if that fraction becomes dominant, measures have to be taken to filter useless data, i.e.
to improve signal-to-noise ratio.

Another motivation for model-based data exploration is building models on only a
subset of the data. Suppose, for example, operating conditions and/or data collection
differ between machines due to different software versions. In this case, it is worth
building models for each machine and compare their performance with the one of a
model trained on the data of all machines.

The bottom line of all these examples is that (lots of) experiments are conducted by
building models on subsets of data and comparing their results. The focus is not on the
quality of the particular model but the question of the experiment, e.g., can we regard
some particular data samples as outliers, or not.

In this paper, we demonstrate procedures for model-based data exploration applied
to an industrial project.

2 Failure Prediction for Printing Machines
Offset printing machines are big high-performance machines containing several

printing units. On each printing unit, printing plates are mounted/replaced automatically
for each page to be printed. This is a highly complex mechanical procedure. Failures
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occurring during this procedure may have many causes. Knowing the reason of a par-
ticular failure and accumulation of such information should give valuable hints for
maintenance, see www.sake-projekt.de.

The root cause of a particular failure may be some event seconds or even minutes
before the failure. In case of the mounting of printing plates, the purpose of prediction
is not to trigger any action for preventing the failure or mitigating its effect. Instead, a
prediction model should identify the root cause. Technically, there should be one pre-
diction model (classifier) for each root cause and the ones, which respond above some
threshold, are considered for failure analysis.

Unfortunately, there is no knowledge about how root cause events are represented
in the sensor data. We first extracted various features from the time series (thus trans-
forming each multi-dimensional time series to a feature vector) and applied a bunch of
well-known ML methods (Random Forest, Gradient Boosting Tree, Logistic Regres-
sion) with little success. Therefore, it can be assumed that, for the current application
(plate change failure detection at printing machines), root cause events can’t be detected
by simple rules.

Furthermore, it is unknown which event caused a particular failure. It is assumed
that these events are quite different in terms of the sensors involved, the time distance
to failure, etc. Therefore, measures (e.g. in data pre-processing) may be beneficial for
detecting some events, but not for others. Such effects may only be revealed when ap-
plied on particular subsets/clusters of the data. We were further told that some rare root
causes are not detectable by the current set of sensors.

Besides this, there are data quality issues well known from similar projects: There
may be data missing (time gaps in logging data). Data is collected from different
sources having non-synchronized clocks. Sensor data comes from different machines,
which are operated differently and may differ regarding software, sensors, material
used etc.

2.1  Data Pre-Processing

The log channel, where the failure event is recorded, and the sensor data have different
clocks, which show differences of one minute and more. For each failure event, we
search in the sensor data within a time window of plus/minus 60 seconds for hints,
which signal the occurrence of the failure. If no hint can be found, the failure is not
considered. In case of ambiguity (multiple hints), decision is made under uncertainty.

Sensor data may contain gaps, i.e. timestamp values of consecutive data entries differ
substantially. In probably most cases, these are artifacts, i.e. there is no sensor data
skipped, but examples for information loss have been detected during data inspection.
We filter time series containing time gaps of more than 10 seconds.

There is data of more than hundred sensors available. Domain experts selected the
ones most relevant for the task, yielding 34 sensor channels. Data is collected at 50 Hz.
Sensors range from being very high-frequent to changing only a few times throughout
the time series. Domain experts told us to consider a time period of 5 minutes before
the failure event. Therefore, the data for a particular failure event consists of a 34-di-
mensional time series of length 15,000 (i.e. 300 seconds, 50 Hz). There were data of
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4,707 failures® available. We also collected 8,130 time series of periods where no fail-
ure occurred.

We regard time series of length 15,000 to be rather long, even as input to state-of-
the-art deep neural networks [1]. We plotted some data and concluded that, even for
high-frequent sensors, it is sufficient to segment the time series into non-overlapping
intervals and to compute features of these intervals. Intervals have different length de-
pending on their distance to the failure event, i.e. an interval, which is close in time to
the failure event, is shorter than one containing sensor information recorded e.g. 4
minutes before the failure. This way we got 160 intervals, i.e. a time series of length
160.

For each interval, we computed some features, simply mean and standard deviation.
This resulted into time series having length 160 and 68 dimensions (2 features for each
of the 34 sensors).

Data normalization is done for each sensor separately, first removing the median and
scaling the data according to the interquantile range (IQR). The IQR is the range be-
tween the 1st quartile and the 3rd quartile. This scales most values well but few can
become quite large. Therefore, a non-linear scaling (tanh) is applied thereafter. Most
sensors are normalized globally, i.e. using the data of all machines. A few sensors are
not calibrated across all machines; for those sensors, we compute the average per ma-
chine and subtract it from all sensor values.

It turned out that Recurrent Neural Network (RNN) models show quite good preci-
sion-recall results when applied on this data. However, it was argued that this was be-
cause the failure is detected in the sensor data, but not the root cause, which is assumed
to occur seconds of even minutes before.

Therefore, we cut off the sensor data up to one second from the time series. This
way, it becomes a forecast task having a forecast horizon of 1 second. We increased the
forecast horizon during later experiments, see section 5.

2.2 RNN learning task

We designed failure prediction as a regression task. Time series, which lead to failures,
was given label 1, and time series without failure was labeled 0. An RNN was trained
to compute from each time series a value y. Classification is done using a threshold t.
If y > t, the model classifies the time series as failure, else not.

By varying threshold t, one can obtain different precision-recall results, e.g. t =1 will
yield precision close to 1 but very low recall. Lowering t will lower precision too and
increase recall. This way, also the receiver operating characteristic (ROC) curve can be
computed.

In the sequel, we denote a time series as a single sample, because from the regres-
sion’s point of view, a time series is only one data point.

Y In similar projects, often less failure data is available. From the application’s point of view, it
is preferred that failures occur as less as possible. However, ML methods suffer predicting
rare failures having little statistics.
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2.3 First Result

On the forecast task, we trained both Long Short Term Memory (LSTM) [5] and Echo
State Network (ESN) [7, 10] models. Both were able to show almost perfect results on
training data, but not on test data. Regularization (noise injection on LSTM, and ridge
regression for ESN) improved this, but still results on test data were not acceptable.
Figure 1 shows the test results for samples recorded from 14 printing machines sorted
along the x-axis. For each machine, the non-failure time samples are printed first, and
then followed by the ones for failure samples. For example the samples of the first
machine are plotted at indices 0 to 95.

14 T T T T

Model output

o 100 200 300 400 500 600 700 800 900 1000
Data sample ID

Fig. 1. ESN output (blue dots) for 1000 samples used for testing. The green line denotes the target
labels (1 = failure, 0 = non-failure).

When faced with a disappointing result as in Figure 1, one can improve the model (e.g.
using deep RNNSs each layer having thousands of units; try out various regularization
techniques, etc.). After some first try, we did not pursue this approach anymore, because
we suspect low data quality.

We assume that there are problematic failure samples. This is because some types of
failure cannot be detected by sensor data. For other failure samples, the corresponding
sensor data may not correctly selected because of badly synchronized time stamps, and
there may be other interfering events not recorded by the sensors selected.

3 Simplification of the Prediction Task

Domain experts reported to us that they do not expect a model to predict all failures,
but if a failure is predicted, there should be much confidence (i.e. low false alarm rate)2.
In other words, precision is first and recall is of minor priority. Therefore, we sought
for models having high precision.

2 We encounter this requirement in several other projects too.
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We applied outlier detection on failure samples only. We followed the approach of
Torr and Murray [13] by iteratively removing samples having biggest error and then
re-train the model on the reduced data set.

Note that it is important that only failure samples are removed during this process,
but not non-failure samples. Otherwise, even randomly labeled data samples could be
perfectly separated by removing about half of the data samples.

During each iteration, we pruned 5% of failure samples having biggest train error.
We also ensured that the number of failure samples per machine does not drop below
1003. We stopped after 10 iterations, so at the end 50% of all failure samples and 100%
of all non-failure samples are left. In each iteration, we applied the current model to the
whole data set and computed the mean prediction and standard deviation for failure
samples and non-failure samples separately for the training set. Figure 2 shows that the
margin between failure and non-failure samples is increasing during iteration. This im-
proves the separability of the two classes and therefore validation results.

10

—— meanFailure
meanNenFailure

08

g

04

Model output / prediction

0z ——

0.0

lterations

Fig. 2. Mean (+- standard deviation) of model output for failure samples and non-failure samples,
first without removal of any sample, and then removing 5% failure samples after each step.

We applied 12-fold cross validation on the reduced data set. For different values for
threshold t, precision and recall for the 12 test data sets are computed. Averaging test
precision gives us an estimate about the precision to be expected when applying the
model on unseen data samples. For the average test recall, it has to be considered that
50% of the failure samples are not included in this evaluation. So half of the average
test recall can be expected for unseen data. So for threshold t = 0.7 (see table 1), the
expected precision of the model is 0.95 and expected recall is 0.115.

3 Otherwise, trained models tend to detect only failure samples of a few particular machines.
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Precision | Recall
Test fold 1 0.93 0.28
Test fold 2 1.00 0.21
Test fold 3 1.00 0.23
Test fold 4 0.94 0.22
Test fold 5 0.96 0.23
Test fold 6 0.88 0.18
Test fold 7 0.93 0.22
Test fold 8 0.98 0.25
Test fold 9 0.93 0.26
Test fold 10 0.98 0.21
Test fold 11 0.93 0.22
Test fold 12 0.97 0.18
Mean 0.95 0.23

Table 1. Test precision and recall for 12-fold cross validation, threshold t = 0.7.

1 o - * - - — — - N #— + ESN output/prediction|—
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Fig. 3. Result on one of 12 test folds computed during cross validation. The line shows that for
threshold t = 0.7, there is only one false positive, at position 811.

It is likely that pruning 50% of all failure samples filters not only outliers. We will
refine this procedure later in order to improve our understanding of outliers and filter
as less samples as possible. Note that at this point, the focus was not on perfect outlier
detection. Instead, we wanted to get some model for testing design decisions, like in
the following section.

As an alternative simplification of the learning task, we trained a model for each
machine separately. Compared to a model trained on all data, none of the specialized
models shows better performance. For some machines, in particular ones having only
few training samples, the results were worse. Therefore, we did not pursue this ap-
proach any more.
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4 Model-based assessment of preprocessing variants

In section 2.1, the various steps performed during preprocessing of the data are de-
scribed. This included choices for parameters (e.g. interval length) which appear rea-
sonable, but can be debated, of course. Once we have a prediction model, we can eval-
uate different parameter settings for preprocessing.

In particular, we were interested in the question, whether we should filter more sam-
ples during preprocessing, hopefully increasing data quality. Therefore, we experi-
mented in

e narrowing the time window from plus/minus 60 seconds to plus/minus 30 seconds,
and

¢ reducing the maximal tolerated gap between consecutive time stamps from 10 sec-
onds to 2 seconds.

We tried out several choices to explore how many failure samples remain for training
(Table 2). We see that, on the downside, filtering can reduce the amount of failure sam-
ples substantially.

time window time window
+/- 60 seconds | +/- 30 seconds
No filtering because of gaps 7,997 6,287
Gaps < 10 secs tolerated 4,707
Gaps < 5 secs tolerated 3,605
Gaps < 2 secs tolerated 4,362 3,337
Gaps < 1 secs tolerated 2,611

Table 2. The amount of failure samples left under different filtering options.

We compared two settings +/-60sec_gaps<10 and +/-30sec_gaps<2. As shown in the
previous section, cross validation yielded an expected precision of 0.95 and an expected
recall of 0.115 for +/-60sec_gaps<10. On the data set produced by
+/-30sec_gaps<2, an expected precision of 0.94 and an expected recall of 0.082 is com-
puted by cross validation.

Finally, we concluded, that a substantial reduction of training data can only be justi-
fied by a significant improvement of the ROC curve. This was clearly not the case, and
so we continued with +/-60sec_gaps<10.

5 Exploration of forecast horizons

If the effect of a failure can be mitigated, it is desirable to predict its occurrence as early
as possible. However, even if no mitigation is possible (as in the application at hand),
the prediction time can give valuable hints to the root cause for the particular failure.
Failures may be caused by a broad spectrum of events, some of which may occur
minutes before the failure; others may cause a failure directly. Knowing the earliest

Proceedings ITISE 2018. Granada, 19-21 September, 2018.

736



time, when a failure can be reliably predicted, would help to group failures into failure
classes. This would enable to train models specific for failure classes.

The previous sections describe experiments on data for forecast horizon of 1 second.
By cutting off more time steps at the end of the time series (i.e. close to the failure
event), we created data sets having forecast horizons of 4 seconds, 17 seconds and 79
seconds.

For later test, we selected the most recent 10% of the failure samples per machines.
The remaining 90% of the failure samples were used for training prediction models for
the above-mentioned forecast horizons according to the procedure introduced in section
3. The procedure was modified as follows: a) after each iteration, results (training sam-
ples used, error plots) are stored, b) iteration continues until almost no failure samples
are left in the training data, and c) there is no longer a minimum number of failure
samples per machine to be contained in the training data.

For each forecast horizon (1 second, 4 seconds, 17 seconds, 79 seconds), the results
after each iteration are examined by manual inspection. First, we had a look after which
iteration the margin between failure and non-failure samples has sufficiently large.
Then we chose the result of one of the subsequent iteration steps, thereby determining
the set of failure samples, which can be reliably predicted for the particular forecast
horizon.

Again, we can adjust the trade-off between precision and the number of predictable
failure samples. We used this degree of freedom to ensure that all failure samples,
which are predictable 79 seconds before the failure event, are also contained in the set
of failure samples, which can be predicted 17 seconds ahead. This is because, for each
sample x, the time series used for 17-seconds prediction contain the time series used for
79-seconds prediction. This holds for shorter prediction horizons too.

XEX; > xEX; for i >j, i,j€{1,4,17,79} 1)

where X; is the set of failure samples x which can be predicted for forecast horizon i.
For each forecast horizon, we chose the iteration (i.e. the resulting failure sample set)
such that overall constraint (1) is satisfied. This way, for forecast horizon i (i €
{1,4,17,79}), X is identified for training model M;.

We applied the models M; on the failure samples of the test set. For 93% of the
failure samples, on which one M; computed an output > 0.6, constraint (1) was satisfied.
These failure samples x can be classified having the largest prediction horizon i, for
which M; (x) > 0.6.

The failure samples, which were not in the test set, could be assessed (i.e. labeled)
too in a cross validation scheme. In order to speed this up in the future, we are seeking
for replacing the manual inspection step by some automatic procedure.

Furthermore, we will try to identify disjoint failure sets having root causes, which
(according to the application experts) can be detected by disjoint sets of sensors. This
will be performed in a similar way as above, just using another constraint (X; N X; =

@,i # j).
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6 Training of many models

Training of many models may be prohibitive depending on the method used and the

computing sources available. The procedure described in section 3 requires the training

of one model per iteration, plus a final 12-fold cross validation. This results in training

of 22 models. [We also experimented using the cross validation error during each iter-

ation*. With 12-fold cross validation, this gives 10 * 12 = 120 models trained.] We

repeated this procedure many times, for example

o for refining the procedure (e.g. to ensure that failures of all machines are predicted),

o for collecting and refining metrics (RMSE, average values, standard deviations, F
scores etc.)

o for assessment of preprocessing variants (section 4)

o for exploration of forecast horizons (section 5)

o for other outlier detection experiments

Up to now, we have trained several hundred models and we expect to train by far more
than thousand models throughout the project.

We trained Echo State Networks (ESNs) of size 10,000. ESNs can be trained quite
fast by training only the weights on the connections to the outputs using linear regres-
sion. In contrast, LSTMs or GRUs [3] train the weight matrices of the RNN and the
connections between the input and the RNN as well.

Using a ESN of size 10,000, computation of the final RNN state for each of the
12,837 samples (i.e. time series of length 155) took about 5 hours on a laptop computer
(Intel 17, 32 Giga Byte RAM). ESN training performs linear regression on these 12,837
states. This is done within 10 minutes. Training 6 models in parallel (during cross val-
idation) takes about 30 minutes. Therefore, 12-fold cross validation takes 2 * 30
minutes.

ESN states can be re-used. Note that during cross validation and iterative pruning of
outliers, different sets of training samples are used. Therefore, to train a model on a
training set, the pre-computed states of these samples are collected, and then only linear
regression has to be performed to train the output weight matrix. When re-using pre-
existing states, the procedure of section 3 takes 10 * 10 minutes for the ten iterations,
and 2 * 30 minutes for 12-fold cross validation. In total, this results in 2 hours and 40
minutes.

Using gradient descent, like with LSTM or GRU networks, states computed during
previous training cannot be re-used, because the weight matrices, which are used to
compute the state, are modified during training. This way, training takes much longer
compared to ESNs, unless reducing network size by at least two magnitudes.

Using ESNs, we feel free to run as many experiments we want to. We think that this
an important prerequisite to explore and validate ideas quickly.

4 We abandoned this, because models tend not to detect failures of machines having only a few
failure samples.
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7 Conclusions

In this paper, we describe an experiment-driven working style which we call model-
based data exploration and which we use in several industrial projects. Experiments
are used, for example, to simplify a learning task (e.g. learning a model for each ma-
chine vs. learning a model on data of all machines), to filter outlier samples, to assess
preprocessing variants, to do feature selection, and to classify failure samples by deter-
mining the time, when they can be predicted.

Interpretation of results is always an issue, For instance, once we classified samples
according their forecast horizons, each class has to be investigated. We will determine
important sensors for each class by feature selection & sensitivity analysis. In the end,
findings have to be plotted and discussed with domain experts.

In all these experiments, neither the training data set nor the learning task is fixed.
These are varied and evaluated by training models, and assessing their outcome. Opti-
mization of hyper parameters of a model is not in the focus of these experiments.

Filtering of data (e.g. during preprocessing, exclusion of outlier samples, filtering
data of other machines, feature selection, filtering not-needed time periods in time se-
ries data) can be viewed as improving the signal-to-noise ratio of the data.

Even the improvement of the signal-to-noise ratio may characterize the process,
model-based data exploration has to be understood as gaining insights into the data at
hand, and the application, which has generated the data. This process is centered on the
data scientists who analyze data, generate hypotheses, set up experiments, and evaluate
their outcome. This is some kind of data exploration, but this time, data scientists do
not inspect the data directly but look at the outcome of ML models applied on the data.
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Identification of nonstationary processes using
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Abstract. The problem of off-line identification of a nonstationary au-
toregressive process with a time-varying order and a time-varying degree
of nonstationarity is considered and solved using the parallel estimation
approach. The proposed parallel estimation scheme is made up of several
bidirectional (noncausal) exponentially weighted lattice algorithms with
different estimation memory and order settings. It is shown that opti-
mization of both settings can be carried out by means of minimization
of the locally evaluated accumulated forward/backward prediction error
statistic.

Keywords: Identification of nonstationary processes, selection of model
order, selection of estimation memory

1 Introduction

Autoregressive analysis is a popular modeling tool, used to solve practical prob-
lems in many different areas, such as biomedicine [1]-[3], geophysics [4]-[6],
telecommunications [7]-[8] etc. When the analyzed processes are nonstation-
ary, identification of their autoregressive models can be carried out using local
estimation techniques, such as the well-known sliding-window or exponentially
weighted least squares (EWLS) approaches. Local estimation algorithms are of-
ten called finite-memory since they relay on the limited (or effectively limited)
number of signal samples. Owing to this property they are capable of tracking
the time-varying signal parameters.

Two important decisions that must be taken when identifying the time-
varying autoregressive model are the choice of the number of estimated autore-
gressive coefficients, i.e., the model order, and selection of the size of the local
analysis interval, i.e., the estimation memory. Both decisions may have impor-
tant quantitative (estimation accuracy) and qualitative (estimation adequacy)
implications.

* This work was partially supported by the National Science Center under the agree-
ment UMO-2015/17/B/ST7/03772. Calculations were carried out at the Academic
Computer Centre in Gdansk.
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2 Maciej Niedzwiecki and Damian Chojnacki

In this paper we will focus on noncausal estimation techniques, which can
be applied when the analyzed signal is prerecorded and can be analyzed off-
line. Noncausality means that at any given time instant ¢ the local parameter
estimates can be based on both “past” observations (collected prior to t) and “fu-
ture” observations (collected after ¢). When applied to identification of nonsta-
tionary processes, noncausal estimators can significantly reduce the estimation
bias (due to elimination of the so-called estimation delay, typical of all causal
algorithms [9]).

In the proposed approach, which is a nontrivial modification of the method
described in [10], noncausal estimates are obtained by combining results yielded
by the exponentially weighted least squares lattice/ladder algorithms [11] run-
ning forward and backward in time, respectively. The problem of model order
and estimation memory adaptation is solved using the parallel estimation ap-
proach. In this approach several competing algorithms, with different order and
memory settings, are operated simultaneously and compared according to their
locally assessed predictive abilities.

The proposed technique is computationally attractive and yields time-varying
models with guaranteed uniform stability property which is important is such
applications as parametric spectrum estimation.

2 Nonstationary autoregressive processes

Suppose that the analyzed discrete-time signal {y(t)}, t =...,—1,0,1,..., can
be described or at least approximated by the following time-varying autoregres-
sive (AR) model

y(t) = Z ain(B)y(t — i) + en(t) = o (H)an(t) + en(t) O

varle, ()] = pa(t)

where ¢, (t) = [y(t — 1),...,y(t — n)]T denotes regression vector, a,(t) =
[a1,n(t), ..., ann(t)]T denotes the vector of autoregressive coefficients, and {e,, (¢)}
denotes white noise with a time-dependent variance p,(¢). In the sequel we will
assume that the entire history of the signal {y(t),t = 1,...,Tp} is available,
along with the “boundary” conditions {y(1 —14),y(To +1),i = 1,..., N}, where
N denotes the maximum model order that will be considered.

When the driving noise variance p,(t) is bounded, a,(t) is a “sampled”
version of a sufficiently smooth continuous time parameter trajectory, and at
all time instants ¢ all zeros of the characteristic polynomial Az, o, (t)] = 1 —
St ain(t)z~" are uniformly bounded away from the unit circle in the com-
plex plane, the process (1) is uniformly exponentially stable [12]. According to
the theory developed by Dahlhaus [13], under the conditions specified above
{y(t)} belongs to the class of locally stationary processes with uniquely defined
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Lattice filtering with joint model order and estimation memory adaptation 3

instantaneous spectral density function given by

Sp(w,t) = Mfi(t)]ﬁ .

where j = v/—1 and w € (—m, 7] denotes the normalized angular frequency.

3 Equivalent parametrizations of a stationary
autoregressive process

It is known that a zero-mean stationary AR process characterized by the set P,, =
{pPn,a1ns-- ann} (further referred to as direct parametrization) can be equiv-
alently specified in terms of autocorrelation coefficients R, = {ro,r1,...,7s}
where r; = E[y(¢)y(t — )] (autocorrelation parametrization), or in terms of par-
tial autocorrelation coefficients Q,, = {ro, q1,...,¢n} where g; is the normalized
autocorrelation between y(t) and y(¢ — 4) with the linear dependence on the
intermediate variables y(s),t —¢ < s < ¢ removed (lattice parametrization).

All three parametrizations are equivalent, i.e., given any of them, one can
determine the remaining two using invertible mappings

Pn,=F[R,], R,=F '[P,
Rn = G[Qn]a Qn = Gil[Rn]
Q, = H[P,], P,=H'Q,]

Description of these mappings can be found e.g. in [14].

4 Causal lattice algorithm

The exponentially weighted least squares normalized lattice/ladder algorithm
proposed by Lee, Morf and Friedlander [11], further referred to as EWLMF
algorithm, is a time- and order-recursive estimation procedure known of its low
computational cost and numerical robustness. The EWLMF algorithm is a lattice
approximation of the EWLS algorithm. The EWLS algorithm, equipped with the
forgetting constant A\g, 0 < A\x < 1, provides a direct signal parametrization

~

Pn|k(t) = {ﬁn\k(t)?al,n\k(t)a ne- 7an,n|k(t)}

where

t—1 4 3

= argmin ) N [y(t = §) - o (¢~ )] ®)
- 4=0

Pnik(t) = Lkl(t)i/\i[y(t—z) — @ (t —1)oun k(1)) (4)
=0
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4 Maciej Niedzwiecki and Damian Chojnacki

and L(t) = Z:é Ai denotes the effective width of the applied exponential
window. The explicit solution of (3) can be obtained in the form

~

Qi (t) = Ry (DT (1), P (t) = TFopi (1) — Ty (8) @ 1 (1) (5)

where

ﬁnlk Z Ak‘Pn 0)Pn (t — )
An|k Z )\ (Pn(t - Z)

Fope(t) = %@) SRt — i) = P (9)
1=0

The EWLMF algorithm estimates the normalized partial autocorrelation coeffi-
cients directly from the data, yielding the lattice signal parametrization

Qi () = {Fop (), (1), - Gnpi(t)}

The estimates Gy (), ...,k (t) are usually called reflection coefficients. Due
to appropriate normalization, the estimates provided by the EWLMF algorithm
obey the condition

@) <1, Vti=1,....n (©)

which guarantees that the corresponding AR models are at all times stable.
Denote by

’ﬁn\k(t) = Hil[énw(t)] = {ﬁn|k(t)7al,n|k'(t)v cee aan,n\k(t)}

the direct parametrization that is an equivalent of the lattice parametrization
yielded by the EWLMF algorithm. Since the EWLS algorithm does not guar-
antee model stability, it is clear that Py (t) # Ppjx(t). We note, however, that

both parametrizations become identical if the matrix f{n|k(t) and the vector
T, ,(t) appearing in (5) are replaced with

N Tolk(t) Tr—1)k(t)
R, (t) = : : ; Tap(t) = [FR(t) ~-~7n\k(t)]T
Ttk (t) Tolk(t)

where
R (t) = {Fop ), Fre(t), - . T (t)} = G[Qp1e(t)]

denotes an autocorrelation parametrization equivalent to én‘k(t). Therefore, the

parametrization ﬁnl x(t) can be regarded as a stable approximation of ’ﬁn‘ (%)
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Lattice filtering with joint model order and estimation memory adaptation 5
5 Noncausal lattice algorithm

To obtain noncausal estimator of p,(t) and a,,(t) we will combine results yielded
by two lattice algorithms — the forward-time (—) EWLMF algorithm equipped
with a forgetting constant A,-, providing the estimates

9,0 = {Fo- (1), @i (), - Gupp (1)}

and the backward-time (+) EWLMF algorithm equipped with a forgetting con-
stant Ap+ providing the estimates

é:\k(t) = {Toje+ (1), Qujie+ (), G+ () }-

We will not assume that the forward and backward time EWLMF algorithms
are equipped with the same forgetting constants. Setting k=~ # kT, one can
fuse long-memory forward time estimation results with short-memory backward
time ones or vice versa. Such asymmetric variants may be useful in the presence
of abrupt parameter changes. Let # = {k=,k*}, T_(¢) = {1,...,t — 1} and
Ty (t) ={1,...,To — t}. The combined estimate can be obtained using a three-
step procedure.

First, one can determine the autocorrelation parametrizations corresponding
to Q@ (t - 1) and Q:‘k(t +1)

R (t+1) = GIOF, (t + V)] = {Fope (t 1), Py (£ 1), P (£ £ 1)}

Since parametrizations é;‘ R(t —1) and @:‘ i (t + 1) are stable, the covariance
matrices made up of the estimates {7~ (t),i = 0,...,n} and {F+(t),i =
0,...,n} must be positive definite [14]. Second, the two-sided autocorrelation
parametrization

7’€n|ﬂ'(t) = {?0|7r(t)7 ?1|7T(t)’ s a?n\ﬂ'(t)}

can be obtained using the formula
i () = p— ()76~ (¢ = 1) + pyp (O)Fp+ (E+ 1), i=0,...,n (7)

where i (t) = L, (t£1) /L (t), La(t) = L (t—1)+L}, (t+1) and L, (t£1) =
ZieTi(t) )\;;1. Note that since the sequence {7 (), = 0,...,n} is a convex
combination of {7~ (t —1),i = 0,...,n} and {7+t +1),7 = 0,...,n}, the
parametrization ﬁn‘ﬂ(t) is at all times stable. Finally, based on ’ﬁnh(t), one can
obtain the direct parametrization

Pn\fr(t) = F[ﬁnhr(t)] = {ﬁn\ﬂ(t)val,n\w(t)7 s 7an,n|7r(t)}

The doubly exponentially weighted Lee-Morf-Friedlander (E?WLMF) algorithm
described above differs from the one proposed in [10] in one important aspect —
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unlike [10] the obtained parameter estimates do not depend (in a deterministic
sense) on the “central” sample y(t).

Similarly as in the case of the EWLMF estimate, one can show that the
E2WLMF estimate Oy (t) = [, (1), Zt'n7n|,,(t)]T can be regarded as a
“stable approximation” of the estimate obtained using the noncausal doubly
exponentially weighted least squares (E?WLS) algorithm

an|7r( ) = [al TL|7T( )a an,n|ﬂ'(t)}T

— arg min [ZA Hyt =) = [ (¢ = i) e}

To—t

+ Z Nyt +4) — [of (t+ i)}Tan}Q}

where pX(t) = [y(t £1),...,y(t £ n)]T. Actually, note that

Gy (t) = [no(ORpy (0= 1)+ e (ORY(e+ )]

[ (0 (0= 1) (0 (14 1) ®
where
ﬁi\ki(til) t:l: Z Aki (Pn t:l:i)[apf(t:l:i)}T
i€ (t)
T (tE1) = (til > XZly(t ki)eE(t£i).
€Ty (t)

Similarly, since a,|,(t) must obey Yule-Walker equations defined in terms of
{Tijx(t),i=0,...,n} [14], it holds that

(1) = [no(ORy (0= 1) e (OR(e+ )]

X | (OF e (= 1)+ i (OF e (04 1)
where

F0|ki(t:|: ].) 77”,1|]€j:(t:‘: ].)
R, (t+1) = : :
?n_”ki(ti 1) ’I/\"/O|ki(ti 1)
~ ~ ~ T
Toet(t£1) = [Fres(t£1) .. Fppe(t£1)]

Hence, the estimates @, |(t) and a,,|(t) coincide if the quantities ﬁf‘ki (t£1)

and ?riqki (t£1) are replaced in (8) with Rilki (t+1) and T+ ket (t£1), respectively.
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Lattice filtering with joint model order and estimation memory adaptation 7

6 Model order and estimation memory adaptation

Based on ﬁnhr(t)a the parametric estimate of the instantaneous spectral density
function Sy, (w,t) can be obtained in the form

s o Daal®)

where o, (1) = [@1nx(1),. .. ,6n’n|ﬂ(t)]T.

Selection of the order n of the autoregressive model, and the choice of for-
getting factors Ap+ plays an important role in parametric spectral analysis. If
the order is underestimated some important features of the resonant structure
of {y(t)} may be not revealed, while when it is overestimated some nonexistent
resonances may be indicated. In both cases one may arrive at false qualitative
conclusions. The optimal choice of A\;- and A+, i.e., the one that trades off the
bias and variance components of the mean squared parameter estimation error,
depends on the rate of parameter variation — forgetting factors should be smaller
(which corresponds to shorter memory) when process parameters are subject to
fast changes, and larger (which corresponds to longer memory) when parameters
vary slowly with time.

Our solution to the order/memory optimization problem will be based on
parallel estimation. Consider several E2WLMF algorithms with different order
and memory settings, running in parallel. Denote by "= {1,..., N} the set of
all model orders that will be considered, and by IT the set of all considered pairs
7w = {k_,k;}. The data-adaptive version of (9) can be expressed in the form

_ Pt ()
S ~ t) = - ~
A (1) |Aled™, a4y m() (1)] 2

(10)

where

{At), 7 ()} = {At), k_(t), k+ (1)} = arg min g, (1)
kel

and J,,|(t) denotes the local decision statistic.

The proposed selection criterion takes advantage of the fact that, unlike the
estimates considered in [10], the estimates a,|.(t) are not functions of y(t) and
therefore they can be used to compute unbiased forward and backward prediction
errors

e () = y() — [0y (t £ 1)] T @y (1)

Consequently, one can adopt for J,(t) the following prediction error (PE)
statistic
M

M
Tan(®) = D [enE =0+ > [ef (t+ D) (11)

i=—M i=—M

where M € [20,50] is the parameter that controls the size of the local decision
window [t — M, t + M] centered around ¢.
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8 Maciej Niedzwiecki and Damian Chojnacki

7 Computational complexity

Denote by K, < K(K + 1)/2 the number of considered forward-backward pairs
7 = (k7, k™). For the assumed maximum model order N the per sample compu-
tational load (the number of multiply-add operations) of the proposed parallel
estimation scheme is pretty low and is approximately equal to

I(N) = 2KA(N) + 2KB(N) + K,C(N)

where A(N) = 30N denotes the load of the ELMF algorithm (given that the
Newton-Raphcon method is used to evaluate square roots), B(N) = 2N + N2
denotes the load of the G transform (computation of autocorrelation coefficients
based on reflection coefficients), and C(N) = 2 + 4N + N? is the load of the
F transform (computation of autoregressive coefficients based on autocorrela-
tion coeflicients). Note that the first stage of processing is the computationally
cheapest one and that the only quantities that have to be memorized during the
forward /backward sweep of the EWLMF algorithms are the forward/backward
reflection coefficients.

8 Simulation results

To verify the proposed order and estimation memory selection rule, a nonsta-
tionary variable-order autoregressive process was generated. Process generation
was based on 4 time-invariant AR anchor models M1, Ms, M3 and My, of orders
2, 4, 6 and 8, respectively. The characteristic polynomial A;(z) of the model M;
had 7 pairs of complex-conjugate zeros, given by z,f =0.995e7k7/5 | =1,... .
The generated signal {y(t),t = 1,...,Tp} had stationary periods, during which
it was governed by anchor models, and nonstationary periods, when the gen-
erating model was obtained by morphing one anchor model into another one.
Transition from M;_; to M; was realized by moving, with a constant speed, the
i-th pair of complex-conjugate zeros from their initial zero positions towards the
unit circle — see Fig. 1. The simulation scenario is symbolically depicted in Fig. 1.
Note that according to this scenario the order of the generating model gradually
increased from 2 to 8.

The adopted value of Ty was equal to 5000 and the breakpoints, marked
with bullets in Fig. 1, had the following time coordinates: t; = 1000, to =
1500, t3 = 2500, t4 = 3000, t5 = 4000, tg¢ = 4500. The parallel estimation
scheme was made up of 4 E2WLMF algorithms combining results yielded by
K = 3 forward /backward EWLMF trackers equipped with forgetting constants
A1 = 0.95, A2 = 0.99 and A3 = 0.995. The 4 combinations of forward/backward
forgetting constants were: (0.99, 0.99), (0.995, 0.995), (0.995, 0.95) and (0.95,
0.995), which corresponds to w1 = (2,2), m3 = (3,3), 73 = (3,1) and 74 = (1, 3),
respectively. The parameter M which determines the width of the local decision
window was set to 50.

Two measures of fit were used to evaluate identification results: the mean
squared parameter tracking error and the Itakura-Saito spectral distortion mea-
sure (see Table 1), both averaged over t € [1,Tp] and 100 independent realizations
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Lattice filtering with joint model order and estimation memory adaptation 9

of {y(t)}. Table 1 compares results yielded by 3 unidirectional (Ay,...,As) and
4 bidirectional (my,...,74) lattice algorithms (for different values of n), with the
results vielded by the proposed adaptive scheme (for different values of NV). Note
that when the model order is not underestimated (n, N > 8) the algorithm with
adaptive order and memory assignment (A) provides results that are uniformly
the best, irrespective of the choice of N.

Imaginary Part

0
Real Part

5000

Fig. 1. Trajectories of zeros of the characteristic polynomial (top figure), the applied
simulation scenario {middle figure), and the corresponding time-varying spectral den-
sity function (bottom plot).
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Table 1. Averaged Ttakura-Saito distortion measures (left table) and mean square
parameter estimation errors (right table).

ERlENE IR E NIRRT A EEIER Az Az Ty Tz T Ta A
1 [[4,600(4,265|4,100(4,185|4,131|4,103(4,170|| 4,165 T |[T2,027|11,086|11,056]|12,002[11,002[11,060]12,040][ 12,010
2 ||8,188(2,761(2,706(/2 BE1|2 562|2,607|2,644(| 2,608 2 |[8,673 (8,623 | 8577 || 8,670 | 8,685 | 8,587 [ 8,780 (| 8681
3 [|3.003|2 610[2,660( 2 3082 357|2 550(2,488(| 2,446 2 || 6504|6286 | 6,220 || 6,412 | 6,444 | 6,230 | 6,615 || 6,484
4 ||2,002|1536|1,616(1,318|1,358|1,482(1,482(| 1,257 4 ||3015 | 2807 | 2,830 | 3,011 | 2,201 | 2,220 | 3,720 || 2,984
5 |2,160]1,536(1,611|1,208|1,338|1 4721,464| 1,228 5 ||2,622 | 2,460 | 2,586 || 2,215 [ 2,517 | 2,514 | 2,720 || 2,402
6 [11,1180577[0,711]|0 452 |0 586|0 5 83|0, 728 0,437 6 || 1,061,026 | 1,282 | 0,502 | 0,962 | 1,156 | 1,112 || 0,815
7 [|l1,150]0 583[0,607| 0 4160 s10|0 s58|0,620(| 0 415 7 || 1083 [0sdr | oers | 0,723 | 2,412 | 0508 | 2,070 || 0,472
s ||o,775]0,144|0,208(0,070(0,162(0,126(0,2230||0,067 ¢ || 1,102 | 0,248 | 0,441 || 0,360 | 1,522 | 0,352 | 2,125 || 0,236
o [|0,848|0,147|0,187| 0 071|0,148(0,117|0, 206/ 0,068 o || 1,302 0,425 | 0,522 || 0,380 | 1,284 | 0,426 | 1,718 || 0,252
10 ||0,025 0, 154]0,120]|0 0720, 124]0,120)0, 102||0,068 10 || 1,622 | 0,485 | 0882 | 0,444 | 1,347 | 0,484 | 1,740 || 0,266
11 |[1,008|0,160]0,101{ 0,073 0,1250,122(0,182/|0,069 11 || 2,014 | 0551 | 0578 || 0,407 | 1,440 | 0,426 | 1,852 || 0,278
12 ||1,0020,167[0,104|0 078 0,1210,124]0,120]|0,089 12 || 2340 | 0,628 | 0,618 || 0,560 | 1,680 | 0,523 | 2,135 || 0,204
12 ||1.187 |0 174lo,108]|0 ov7 |0, 120(0.1 260, 182 0,060 13 || 2,613 | 0,600 | 0,646 | 0,540 | 1,880 | 0,546 | 2,067 ||0,208
14 ||1,201|0,181(0,108]|0 077 |0,118]0,120(0, 170||0,060 14 || 2.047 | 0,761 | 0,682 || 0,557 | 1,377 | 0,680 | 1,010 || 0,305
15 ||1,418|0,180(0,204] 0,080 0,114|0,122(0,178||0,070] 15 || 3,107 | 0,827 | 0,716 || 0,570 | 1,275 | 0,613 | 1,801 |[0,312
16 ||1 547 |0, 108[0 208|002z |0 112[0,138(0, 173(| 0,070 16 || 3614|0004 | 0,786 | 0,615 | 1,245 | 0,646 | 1,772 ||0,322
17 ||1,6740,208[0 213]|0 0240, 112]0,1380, 170||0,071 17 || :887 | 0,962 | 0,784 || 0,652 | 1,306 | 0,672 | 1,855 || 0,328
18 |[1,821|0,2140,218]00880,112|0,142(0,182]|0,071 18 || 4,184 | 1,026 | 0,816 || 0,672 | 1,302 | 0,702 | 1,892 ||0,333
19 |[1,052|0,221|0,222{ 0,0820,111|0,145]0,182/|0,071 10 || 4,475 | 1,085 | 0,247 || 0,601 | 1,250 | 0,731 | 1,241 ||0,330
20 ||200s|0.231|0227| 0,001 (01110 14800, 128] 0,072 20 || 4805 | 1,160 | 0885 || 0,723 | 1,208 | 0,766 | 1,820 || 0,845

Qur second example shows the result of application of the proposed approach
to analysis of a real signal. Fig. 2 shows the plots of 5 fragments of a speech signal
(sampled at the rate of 22.05 kHz) and the corresponding estimates of the time-
varying spectrum obtained using the parallel estimation scheme described above
(with the same settings).

9 Conclusion

A new noncausal (bidirectional) lattice filtering algorithm was designed for off-
line identification of nonstationary autoregressive processes and an adaptive
mechanism was proposed for dynamic selection of the number of estimated co-
efficients and the most appropriate estimation memory, matching the degree of
process nonstationarity. It was shown that the proposed adaptive parallel esti-
mation scheme outperforms the fixed-order fixed-memory algorithms it 1s made
up of.
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Fig. 2. Five fragments of a speech signal (left figures) and the estimated time-varying
spectra (right figures).
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Likelihood based inference for an Identifiable Fractional

Vector Error Correction Model

Federico Carlini*, Katarzyna Lasak'
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Abstract

We consider the Fractional Vector Error Correction model proposed in Avarucci (2007),
which is characterized by a richer lag structure than the models proposed in Granger (1986)
and Johansen (2008, 2009). In particular, we discuss the properties of the model of Avarucci
(2007) (FECM) in comparison to the model of Johansen (2008, 2009) (FCVAR). Both models
generate the same class of processes, but the properties of the two models are different. First,
opposed to the model of Johansen (2008, 2009), the model of Avarucci has a convenient nesting
structure, which allows for testing the number of lags and the cointegration rank exactly in the
same way as in the standard I(1) cointegration framework of Johansen (1995) and hence might
be attractive for econometric practice. Second, we find that the model of Avarucci (2007) is
almost free from identification problems, contrary to the model of Johansen (2008, 2009) and
Johansen and Nielsen (2012), which identification problems are discussed in Carlini and San-
tucci de Magistris (2017). However, due to a larger number of parameters, the estimation of the
FECM model of Avarucci (2007) turns out to be more complicated. Therefore, we propose a
4-step estimation procedure for this model that is based on the switching algorithm employed in
Carlini and Mosconi (2014), together with the GLS procedure of Mosconi and Paruolo (2014).

We check the performance of the proposed estimation procedure in finite samples by means of

*USI, Lugano, E-mail: federico.carlini@Qusi.ch
tCorresponding author. Tinbergen Institute and University of Amsterdam, Roetersstraat 11, 1018 WB Amster-
dam, Email: k.a.lasak@uva.nl.
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a Monte Carlo experiment and we prove the asymptotic distribution of the estimators of all the
parameters. The solution of the model has been previously derived in Avarucci (2007), while
testing for the rank has been discussed in Lasak and Velasco (for cointegration strength >0.5)
and Avarucci and Velasco (for cointegration strength <0.5). Therefore our paper fills in the
gap for a complete inference based on Avarucci (2007) model.

Keywords: Error correction model, Gaussian VAR model, Fractional Cointegration, Estima-
tion algorithm, Maximum likelihood estimation, Switching Algorithm, Reduced Rank Regres-

sion. JEL: C13, C32.

1 Introduction

The econometrics literature on fractional co-integration has developed rapidly in recent years. An
empirically attractive modeling strategy is to use parametric inference, based on an econometric
model that fully describes the system under consideration. It allows identification of the long-
run and short-run structure of the model, as well as of the common stochastic trends and the
impulse response functions summarizing the system dynamics. Three different Fractional Vector
Error Correction Models (FVECM) have been proposed in the literature due to Granger (1986),
Johansen (2008, 2009) and Avarucci (2007). These models turn out to be almost identical in the
simplest case without short run dynamics, but more generally they are characterized by different
lag structure specifications.

The FCVAR model proposed in Johansen (2008, 2009) has a convenient algebraic structure. The
inference for this model has been developed in Johansen and Nielsen (2012). However, there exist
identification problems in this model, as mentioned in Johansen and Nielsen (2012) and further
discussed in Carlini and Santucci de Magistris (2017).

In this paper we demonstrate that the FECM model proposed by Avarucci (2007) is almost
free from identification problems contrary to the FCVAR model of Johansen (2008, 2009). Also,
designing testing procedures for the lag length and the cointegration rank is straightforward in

FECM, due to the fact that the nesting structure follows the usual structure known for the I(1)
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Cointegrated Vector AutoRegressive (CVAR) model. However, the estimation is more complicated
in thie FECM model due to the multiplicative structure of the parameters involved.

We conclude that the model proposed by Avarucci might be more convenient for practitioners
if we design an estimation procedure for this model, which we do in this paper.

We propose a 4 step algorithm, which is based on the approach of Carlini and Mosconi (2014)
that maximizes the profile likelihood function using a switching algorithm and implements the GLS
procedure proposed in Mosconi and Paruolo (2014). We check the performance of the proposed
estimation procedure in finite samples by means of a Monte Carlo experiment and we prove the
asymptotic distribution of the estimators of all the parameters. The solution of the model has
been previously derived in Avarucci (2007), while testing for the rank has been discussed in Fasak
and Velasco (for cointegration strength >0.5) and Avarucci and Velasco (for cointegration strength
<0.5). Therefore our paper fills in the gap for a complete inference based on Avarucci (2007) model.

The remainder of the paper is organized as follows. Section 2 presents the FCVAR model pro-
posed in Johansen (2008, 2009) and the FECM model suggested in Avarucci (2007). In particular
we discuss derivation and we give the solutions of both models. We also present different represen-
tations of FECM. In Section 3 we discuss the identification and the convenient nesting structure
of the FECM model. Section 4 introduces the profile likelihood and a 4 step switching algorithm
to estimate the parameters of the FECM model together with the asymptotic distribution of the
estimators of all the parameters. Section 5 illustrates the small sample properties of our estimation
procedure by means of a Monte Carlo experiment. Section 6 concludes. Appendix A describes how
to estimate a bilinear form with a GLS model. Appendix B presents Figures and Tables of the

Monte Carlo experiment.
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2 Model comparison

2.1 Johansen’s FCVAR model

The model of Johansen (2008, 2009), which we denote in this paper as FCVAR, is given by the

following dynamics

AYX, = af'ATULLX, + Xk: DAY X, + e, ¢ ~ 1d(0,9Q), (1)
j=1
where the vector of variables X; is p—dimensional, the loadings o and the cointegrating relations
are p X r matrices with 0 < < p, I'; are p x p matrices of the short run dynamics and the fractional
difference operator is given by the binomial expansion A% := (1 — L)¢ = 372 (~1)/ (f) L’ and the
fractional lag operator is defined L, = 1 — AP,

As shown in Johansen (2008, 2009), this model could be derived from the standard VAR model
AY; = aff’'LY; + Z?Zl I';AL’Y; + ¢, analysed in Johansen (1995), where the lag operator L is such
that LX; = X;_1, and the difference operator A = 1 — L, in the following way. First replace the
difference operator A and the lag operator L = 1 — A by fractional difference operator A’ and the
fractional lag operator L, = 1—A?, respectively, to obtain AbY; = aﬁ’(l—Ab)YH—E?:l ;ALY A+
g;. Next define Y; = AYX, to get the model (1).

The Granger representation of the model (1) is given in Johansen (2008, 2009):
X, = CAT% + AT 4o, (2)

where 4 is a deterministic component generated by initial values, C = B, (o/,T81) '/, and
t—1

Y," = 3 Tnetn, so Y, is fractional of order zero. Thus the solution of model (1) implies that X;
n=0

is a process integrated of order d (I(d)), while A®X; and ' X; are I(d — b).
In general the cointegration rank r and number of lagged differences k is not known and needs

to be determined. However, the nesting structure, as described in Carlini and Santucci di Magistris
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(2017) turns out to be of the following form:

7‘[070 C 7‘[0’1 C 7‘[0’2 c ... C HO,k
N N N n
7‘[1’0 C 7'[1’1 C 7‘[1’2 c ... C ’Hlyk
N N N n
N N N n
7'[;070 - 7'[;071 C 7‘[;,;72 c ... C Hp,k
with
Hoar C  Hpo
'Hog C ’Hp,1

Hor C Hpr—1

where #, ;, denotes the hypothesis that the model (1) has cointegration rank r = p and k lagged
differences. Therefore, the joint identification of r and k, if both are unknown, becomes tricky.

It is also shown that there exists a number of equivalent FCVAR models, which causes problems
with identification of fractional parameters d,b and lag length when the cointegration rank r is
known, see Carlini and Santucci di Magistris (2017). They demonstrate that for any k > ko, where

ko denotes the number of lagged differences in the true DGP, the following holds:

e Given ko and k, with k > kg, the number of equivalent sub-models that can be obtained is

k+1
ko + 1

m = ], where [z] denotes the greatest integer less than or equal to z.

e For any k > ko, all the equivalent sub-models are found for parameter values d; = do — jjﬁbo

and bj = bo/(]+ 1) for j =0,1,...,m — 1.

e «, [ are the same in these models.
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Further, they give the number of equivalent sub-models in the following table

kydk—1]0 1 2 3 4 5 6 7 8 9 10 11 12
0 12 3 4 5 6 7 8 9 10 11 12 13
1 - 11 2 2 3 3 4 4 5 5 6 6
2 - -1 11 2 2 2 3 3 3 4 4
3 - - - 1111 2 2 2 2 3 3
4 - - - - 11111 2 2 2 2
) - - - - -1 1 1 1 1 1 2 2

Thus there are identification problems regarding the parameters d,b,1';,5 =1,...,k.

2.2 Avarucci’s FECM model

The model of Avarucci (2007), which we denote in this paper as FECM, is given by the following

dynamics
k , k 4
A'Xy = af ATPLX, + Y BILIATPLX, + Y ALIAYX, 4 g e ~iid(0,Q)  (3)
j=1 j=1
where B; = —Aj(af'). Avarucci (2007) imposes the restriction X; = 0 for ¢ < 1. This model

is similar to the model of Lobato and Velasco (2006) for testing for fractional unit root in the
univariate framework.

The model of Avarucci (2007) has been derived using a standard assumption in a paramet-
ric framework (see Robinson and Hualde (2003), Dueker and Startz (1998) that the dynamics of

the stationary process can be given by an autoregressive representation. Consider a fractionally
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cointegrated system in a triangular form, i.e.

'ATX, =y,
A =me  hd b0 (4)
BIATTV Xy = uy,
The triangular representation (4) can be shown to be equivalent to the FVECM without short

run dynamics, i.e.

AMX, = af/ ATPLLX, + & (5)

where a = —¢, (8'¢1)"! and B'a = —I,, and r is the cointegration rank. The process u; has the
V AR(k) representation A(L)u; = vy. Then &, is also a VAR(k) process, i.e.: & = Zle A& +ey.
Consider the model (5), then

& = AMX, — af' ATPLLX, (6)

can be written as AYX, = o/ AL X, + Z§=1 Aj&—; + ¢ and further using (6) AlX, =
A ATVL X, + S AGAYX, — o ATPLLX, ] + e to give finally ATX, = af'ATVLX, +
S AAIX,+ Y BIAYP LX) + ey, where Bj = —A;(af).

The model (3) can also be written in another form. The representation proposed below is

coherent with the representation in Johansen (2008). The model (3) can be reformulated as:
k .
AL, =N AL | (AT, — o' Ly) Xy =&y (7)
j=1

This representation emphasizes the nature of the process. In fact, the FECM model is a series
created by connecting two systems: a VAR process identified by the lag polynomial (I —Zle ALY
and a FCVAR process identified by the lag polynomial AY~*(A’T, —af’'L;). The following scheme

represents the FECM process:

et — A(L)_l —Vi— Hd’b(Lb)_l — X

The input of the system is the Gaussian error term &; transformed in a VAR process V; through
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the transfer function A(L)~!. Finally the VAR process V; is transformed into a Fractionally Coin-
tegrated process by means of the transfer function Il;,(Ly) ! := AP=4(AY], — aB'Ly) 1.

In linear system theory, the dynamics of two systems connected in a series can be analysed by
checking the zeros and poles of their transfer functions contemporaneously. Hence, the dynamics of
the FECM can be found by checking the characteristic roots of the polynomials A(z) and Il (y),
where y = 1 — (1 — z)*. This means that we generate fractional cointegration if det(I14;(y)) = 0
has some of the characteristic fractional roots equal to one and '« is a full rank matrix.

The FECM model is characterized by a different (and more complicated) lag structure than the

model proposed in Granger (1986), i.e.:

AlX, = af' AL X+ zk: T, LIAYX, + e, (8)
j=1
and the FCVAR model (1) discussed in the previous section. In fact, FECM model (3) contains
both the usual lags based on a standard lag operator present in Granger’s model (8) and lags using
the fractional lag operator. The latter are different than those present in the FCVAR model (1) of
Johansen. However, in the very particular case of d = b =1 with k = 0 all three models reduce to
the standard ECM. Besides, when k = 0, i.e. the short run dynamics components are not present,
then FCVAR model (3) and FECM model (1) are equal apart for the initial values. The solution
of Johansen’s FCVAR model depends on the initial values, for ¢ < 0, while the FECM model of
Avarucci implicitly has the restriction for which the process starts in ¢ = 0.
The moving average representation (MA) of the FECM model (3) is given in Avarucci (2007).
Following his Theorem 2.2, X; has the representation
t—1

Xy = CALW, + C* ATV + ALY "0V, (9)
j=1

where 3777 [|®;]]* < 00, and C' = 81 (o/, B1) e/, and C* = —[Ba’ + CBa’ + Ba/C + CRa'C),
where ®;,5 =1,...,t — 1 are p x p matrices, V; = A(L)"'e; and if ¢ is a generic p x r matrix then

¢:=c(cc)™! and ¢, is a p x (p—r) matrix such that ¢, ¢ = ¢/c; = 0. Thus, X; and 3’ X, are Type
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IT I(d) and I(d — b) processes respectively.
The proof of Theorem 2.2 is largely based on Theorem 8 in Johansen (2008) and the MA

representation (9) is based on the solution (2) given in Johansen (2008, 2009).

Therefore both models generate the same class of processes. However, in the FECM model
proposed by Avarucci (2007), cointegration always occurs if b > 0 unlike in the FCVAR model of
Johansen (2008, 2009), where the system can not be cointegrated for b > 0 if @S’ is a full rank

matrix. Thus, the model of Avarucci (2007) has more natural interpretation of the parameter b.

3 Statistical identification of the Avarucci’s FECM model

3.1 The nesting structure of the Avarucci’s FECM model

The nesting structure of the Avarucci’s FECM model differs from the presented in Section 2 the
nesting structure of the Johansen’s (2008, 2009) FCVAR model and it follows the simple VAR
structure, which makes testing the cointegration rank r and the number of lagged differences k to

be straightforward. If we define the model
k .
Hep: AT, - ZAZ»L")(A”IP —af L)Xy =¢e, r=0,...,p

i=1

then, the nesting structure of the Avarucci’s FECM model is given by

HQQ C ’H071 C 7‘[072 c ... C H(),k
N N N n
HLO (- 7‘[171 (- 7‘[172 c ... C Hl,k
N N N n
N N N n
Hpo C Hpy C Hpo C ... C Hppr
9
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For example, the inclusion Hy 1 C Ha 2 can be tested by A; = 0 and the inclusion #;; C Ha 1 can
be tested on a rank restriction on the matrix a8’. Moreover, it is simple to prove that the model
Ho,1 is not nested in Ha o because the term af’'Ly is zero in Ho ;.

The nesting structure of the Johansen FCVAR model is more complicated as discussed in Section
2, see also Carlini and Santucci de Magistris (2017) for the details. The convenient nesting structure
of Avarucci (2007) FECM model not only makes the testing procedures straightforward, but also
assures identification of the model, contrary to Johansen (2008, 2009), which we discuss in the

following sub-sections.

3.2 Identification of FECM when the lag length is unknown

Recall from Section 2 that in the Johansen’s (2008, 2009) FCVAR model (1) there exists a number
of equivalent models with overspecified lag length. In order to illustrate that this does not happen

in the Avarucci’s (2007) FECM model let us consider the model with just 2 lags:
2 .
Mo ATV I, =Y AL | (AL, — af'Ly) Xy =& (10)

Jj=1

where H indicates the model with k& = 2 in (7).
Let us demonstrate under which restrictions the two sub-models of Hs: the model with 2 lags

’Héo) and the model with 1 lag ’Hél)

1O . Ado—bo (Ip — (I, + AL + A1L2) (Abo I, - dB’LbO) X, =e,. (11)

HY o ABTh (L, - AL) (AN, — G Ly,) Xi = & (12)

can be reparameterized as in Carlini and Santucci de Magistris (2017), which would indicate iden-
tification problems.

First note, that in case of a unit root, the sub-model ’Héo) in equation (11) can be written as:
At (1, = AL) (A1, = 6B/ L, ) (I, — LL) X, = &.

10
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or equivalently as

Ado=bo (I,, - fllL) (AbOI,, - dB’LbO) AX, = ¢

Therefore,

21O . Ado—bo+1 (Ip - AlL) (AbOIp - dB’LbO) X, =< (13)

Now, let us compare the sub-models (12) and (13). It is clear that the equations (13) and (12)
reparametrize when @3’ = af’, Ay = Ay, by = by and dy — by + 1 = dy — by. Hence, ’Héo) = Hél) if
and only if dy + 1 = dy and there is a unit root.

Furthermore, note that under the unit root the model Héo) is a sub-model of the model Ho,
when we impose the restriction Ay + A; — I, = 0. Instead, the sub-model "Hél) is the sub-model of
the model H, when we impose the restriction Ay = 0.

Therefore, the parameter b is always identified. In order to rule out the identification problem for
the parameter d and autoregressive parameters A;, we only need to assume that the characteristic

polynomial

k
I(z) = | I, — ZAjzj
j=1

has roots outside the unit circle, which is already assumed in Avarucci (2007). Therefore the
identification problem for the parameter d and autoregressive parameters A; is not present in the

Avarucci’s FECM model.

3.3 Lack of identification when a8’ =0

However, the problem of identification can arise when a8’ = 0. In this situation, (7) is given by
k .
AT, - ZAjLJ X, =&
j=1
and the parameter b is not identified. This particular feature of the model has been used in Lasak

(2010) to propose a sup-test for no cointegration and is common for all fractionally cointegrated

Vector Error Correction models. This identification issue is also relevant in the FCVAR model

11
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when the number of lags is k = 0.

3.4 The proof of identification of the Avarucci’s FECM model

In this sub-section we give the proof of identification of the FECM model (3) when the lag length &
of the VAR is known. The proof of identification follows the same steps as in Johansen and Nielsen

(2012).

Theorem 1. Suppose b # 1 and o’ # 0, then the parameters 6 = vec(d,b, Ay,..., Ag,a,5,9)

in the model

k
AL =N AL (A, - aB L) X =&
j=1
are identifiable.

Proof

1. A parametric model is identified when fy,(z¢|I;—1) = f5(z¢|[/;—1) implies Ny = A, where
f(z|I;—1) is the conditional density function. In the FECM model the parameter vector is

given by A = vec(d,b,, 8, A1, ..., A, Q).

2. In the model (3) &; is assumed to be iid. We are interested in the first and the second
moment of f. Hence we have to show that the conditions E\,(x¢|l;—1) = E5(x¢|I;—1) and
vary, (@¢|l—1) = vars(x¢|I;—1) imply Ao = \. The equality for conditional variances requires

that QO =Q.

3. We use the decomposition I, = 83’ + 3.8, where ' = (8'8)713 and 5 = (8" BL)"'8/ to
identify the parameters o and 8 defining & = o33y and Ef = B(BhB)~! so that aff’ = &ﬂ:’.

4. The equality for conditional means requires that

My (2) = (Ip — A%z — -+ = ALF)(1 = 2)P Y0 (1= 2)P I, — agB(1 — (1 — 2)7) =
= (I~ Az = = 2P (1 = )T = 2L, — @B (1 — (1 - 2)?) = g (2)
12
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If £k > 0 and r > 0 then it is implied that A‘; :flj,j =1,...,k,do =d,by = b,ap = & and
Bo = B3 when by = b # 1.

5 Ifbg=b=1then (I, — AYz — - — A%2F) (1 = 2)I, — (1 — (1 = 2)) = (I, — Ayz — - - —
ApZ*)((1=2)I, —apB'(1— (1 —z)) is not generally solved by AY = Ajj=1,...,k,ap = & and
By = B. In fact, by the theory of matrix polynomials in Dennis at al. (1976), this problem

can be easily explained. Suppose that you have a given matrix polynomial
B(2) =1, — Byz—...— By2"
and Bj,j =1,...,k are p x p fixed square matrices and we want to decompose it as
(I, = D1z — ... Dy_12F 1) (I, — C12)

where Cy is called the right solvent of the matrix polynomial B(z). We define the latent

values as the values z1,..., 2y such that |B(z;)] = 0 and the right latent vectors as the
vectors vi,...,Upr such that B(z;)v; = 0 where z; is a latent value. If B(z) has p linearly
independent right latent vectors vy , ..., v, corresponding to latent roots 21, ..., 2p, then C; :=

QAQ™! is a right solvent, where Q = [v1,...,v,] and A = diag(z1,...,2,), see Dennis et al.
(1976). Therefore, in general the right solvent is not unique (because we can find many
z1,...,%p that satisfy the requirement of the theorem) and there exist different matrices
D§-l),j =1,....k— 1,C£l) for I = 1,...,p that satisfy the decomposition of B(z). For this
reason, when by = b = 1 the matrices Aj,j=1,...,k (the Dj,j =1,...,k — 1 matrices in

the example) and « and § (the C; matrix in the example) are not identified.

6. Suppose now r = 0, then the parameters (d, Ay, ..., Ag) are just identified and it follows the

same argument as in Johansen and Nielsen (2012).

This proof shows that an identification problem occurs when the DGP value of the cointegration gap
parameter by is equal to 1. This identification issue can naturally affect the asymptotic distributions

of the parameters of the model. We will discuss in Section 4.2 the consequences of the identification

13
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issue on the estimation method proposed.

4 Estimation of the Avarucci’s FECM model

In this section we use a profile likelihood approach to estimate the parameters of the FECM model.
We concentrate the likelihood function on the parameters ¢» = (d,b)’ as in Johansen and Nielsen

(2012). The profile maximum likelihood estimator is

arg max br (1), (14)

where K is a compact set defined as K = {n < b < d < d} for some values 7 > 0 and d > 0 and

1 1
lr(y) = ~5F log det(Q2) + T log(27).

Hence, the parameters «, 5 and A;,j = 1,...,k are considered as nuisance parameters.
To maximize the likelihood function we use the same idea as in Johansen and Nielsen (2012). For
any combination of ¥, we maximize the likelihood function with respect to the nuisance parameters

o, Band Aj,j =1,...,k with a numerical routine based on a switching algorithm described below.

4.1 The switching algorithm

For any given values of ¢ = (d,b)’, we estimate
AX; — afATPLX + AL @ @) (I @ B)AYTPLLZ — AN Z, = ¢

Now we can use the switching algorithm to maximize the likelihood with respect to .

14

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 766



Note that

Xi1
A N 7 Xi2
pok— Ar Ay k pkil_
L Xt_k -

We run the following switching algorithm:

Step 1. For given values of a, 3,2, we estimate A in the following equation
AYX, — af/ ATPLX = AAYZ, — (Ip @ @) (I, @ B)AYC Ly Z) + &

The parameters A are estimated with ordinary least squares.

Step 2. Given values of A, 3,€), we estimate « in the following equation:

Xy

AlX, — ANZ, = (1, 0 —Al(I1 ® a)(Tgyr @ )AL, + &
Zy

Using the Mosconi and Paruolo algorithm explained in the Appendix, we estimate a with generalized
Xi
least squares by imposing H, = [I, : —A], Wy = (Ij41 ® B/)AYbL, and K is the matrix

Zy
such that (Ij4+1 ® o) = Kvec(a).

Step 3. For given values of A, «, (2, we estimate § in the following equation

Xy

AX; — AN Zy = (1, : —Al(Ir1 @ ) (Ir1 @ B)AL, + &
Z

Again, the Mosconi and Paruolo algorithm is needed to estimate 8 with generalized least squares
Xi
after imposing Hg = [I, : —A](Ix+1 ® a), Wy = A4=°L, where K is the matrix such that

Zy
(Ix1 ® B') = Kvec(p).

15
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Step 4. For given values of A, «, 5 we estimate {2 as

L
Q:?t_zletei

and then we evaluate the likelihood.

We iterate Step 1 - Step 2 - Step 3 and Step 4 until convergence. Finally, we optimize the

likelihood function (14) with respect to ¢ = (d,b)’ to calculate the ML estimator ).

4.2 Estimation and Identification issues

As explained in Section 3, the identification issue in the FECM model arises when the DGP value
bop = 1. In particular, the identification issue is relevant for the matrices o, f and A4;,5 =1,...,k,
because they are shown not to be unique when by = 1. We maximize the profile likelihood function
with respect to ¥ = (d,b)’. Hence, the maximum likelihood estimator v is always identified, but
the estimated nuisance parameters &, B and Aj,j =1,...,k are not identified.

By simple algebra, we note that if by = 1 then the FECM model with k lags is a reparameteri-
zation of the FCVAR model where b=1, d > 1 (d = dyp + 1) and k lags. In fact, the characteristic

polynomial of the FECM model when b = 1 is given by the following expression

k k+1

AL =Y A (L= 2, —aBlz) = (11— 21> 0,2
j=0

j=1
while the characteristic polynomial of the FCVAR model when b = 1 is given by the following
expression:
k ' k+1 ,
(1—2)4, =af/(1—2)%12 — ij(l —2)4 = (1 - 2)4! Z U,z
j=0

j=1

Furthermore, the FCVAR model with b = 1 is an identified model. Hence, we could test in the
FECM framework the hypothesis Hy : b = 1. The asymptotic distribution of this hypothesis has

to be derived because this is a case of hypothesis testing in which the nuisance parameters are not

16
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identified. A reference that describe in more detail this problem is Hansen (1996). If the hypothesis
Ho : b =1 is not rejected, then we study the FCVAR in which d > 1.

In the Monte Carlo experiment, we have generated a FECM model with b =1, b =0.99, b = 1.01
and T = 100,000 observations. When we estimate the model (setting the initial values of «, 8 and
A to their true values), the switching algorithm converge very slowly and the number of iterations
is approximately of an order of 10°. These non-identified and almost-non-identified FECM models

make the proposed estimation procedure very difficult to manage in the proximity of by = 1.

4.3 Initial values

Using the switching algorithm it is important to have a good initial guess for parameters «, 8 and

the matrix A. Hence we use as initial guess for these parameters the estimates from the equation

AMX, — af ATPL X, + EATNLLZ, — ANYZ = ¢y

~

obtained with Conditional Sum of Squares (CSS) profile likelihood method. We get d, b, &, 3, A,

(1

by maximizing the profile likelihood function (or profile CSS) with a reduced rank regression. In
fact, this model can be estimated with a profile likelihood depending on the parameters d,b. Hence,

we maximize

() = ~log det (; Zétw)é;(w) - = log(2n)

over a compact parameter set K = {n < b < d < d} for some values d > 1 > 0.
The estimates A, @ and 3 are used as initial guess to start up the switching algorithm. The

estimates d and b are used as initial values in the optimization routine.

5 Simulation experiment

The Monte Carlo exercise is conducted with a simulation of the FECM model using the Jensen

(2014)’s algorithm to generate the FCVAR model two times. The FECM model can be generated

17
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in two steps: in the first step invert a FCVAR,, model with 0 lags to obtain Y}, given by

Vi = (I, — A1 oL — ... — A oL¥) ey

In the second step generate the process

X; = (AP, — agBy A%~ L, ) 7Y,

again with the Jensen (2014) algorithm. We developed a new routine that transforms the param-
eters of the VAR model into the parameters of the FCVAR model when d = b = 1. With these
transformed parameters, we generate the process X;.

We run three Monte Carlo experiments. In the first experiment we generate N = 1500 Monte

Carlo replications of the following data generating process

(I, — A1 oL — As o L?) (AT, — apBy A% " Ly VX, = &4

where e; ~ 1.i.d.N(0,Qp) and ¢t = 1,...,T. The numerical parameters of the DGP are

—-0.2 0.2 0.2 0
Ag =[A1p: Agp] =

0 03 -03 -0.3

—-0.3 1 1 0
oy = Bo = Qo =
0.3 —0.4 0 1

and the values of dy and by are chosen such that the inverse roots y of the determinant |(1 —
y)I, — aoByy| = 0 are outside the fractional circle Cp, as described in Johansen (2008). The
parameters in Ay are chosen such that the inverse roots z of the lag polynomial calculated as
|I, — A1,0z — A2,02°| = 0 are outside the unit circle. Furthermore, we have chosen parameters for

which no identification issues occur.

18
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For each run of the Monte Carlo simulation we fit the FECM model with two lags, given by

(I, — AL — Ay L?) (AT, — af AP L) X, = &4 (15)

using the switching algorithm discussed in Section 4.1.

When we maximize the likelihood function, the first experiment is to use as initial values for
the parameters d and b the true data generating process values dy and by, while the initial values in
the switching algorithm for «, 8 and 2 are imposed to be ag, 5y and €2y. The maximization routine
climbs the likelihood function within the values d € [0.01,2] and b € [0.01,2] in order to avoid
negative - or close to zero - d and b estimates. Further, we impose in the maximization routine the
restriction d > b because in the FECM this inequality must be satisfied.

We introduce two parameters to control the convergence of the switching algorithm. The first
parameter is the maximum number of iterations of the switching algorithm N®¢". The program
stops when a number of N%°" chosen is reached. The second parameter is a tolerance number Tol.
The program stops when the absolute value of the likelihood at step k£ + 1 minus the likelihood
value at step k is less than Tol. In the Monte Carlo we have set these two parameters to be
Niter = 20,000 and Tol = 1078.

To simplify the exposition, we introduce new notation for the elements of the matrices in model.

The elements of the matrices are

o aq ﬁ: 1 00— W11 W12 A agil) a%) agzl) a%)
az B1 wol W22 ayy aly afy af)

where wis = wy;. When we estimate the FECM model the vectors 5* = [3 : 83] and &* = [o} : o]
are normalized by calculating & = 87a* and 3 = é - 3.

We present the Monte Carlo results when we simulate the process with dg = 0.8, by = 0.6 and
T = 100,000. The results of the sample statistics of the distributions of the estimated parameters
are reported in Table 3.1. Figure 3.1 displays the plots of the densities of the estimates of the

parameters in Eq. 15. These densities are calculated with a non-parametric method and they are
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smoothed by a Gaussian Kernel.

The biases of the Monte Carlo estimates are smaller than an order of magnitude of 10~3 and
the standard deviations are smaller than 0.1. We analyzed if the Monte Carlo sample distributions
were normal with a Jarque-Bera test and we do not reject the hypothesis for some of the elements
in the matrix A and the fractional parameters d and b.

We tried to check if the switching algorithm is robust with respect to different initial values and
the results are still the same when the sample size is T' = 100, 000. If the sample size is T' = 10, 000
then the initial values for «, § and Q are crucial if we want to find the global maximum of the
likelihood function.

The algorithm behaves differently depending on the choice of dy and bg. In fact, if we simulate
a model where dy = by = 0.9, we need over 20,000 iterations of the switching algorithm to converge,
which is related to the identification of the model discussed in Section 3.

In the second Monte Carlo experiment we fix d = dy and b = by and let the switching algorithm
find the estimates of all other parameters. In Figure 3.2 and Table 3.2 the results are shown when
the DGP takes values dy = byg = 0.6 and «p, By, Ap as before and T" = 100,000. We notice that in
this set up we could not reject the null hypothesis of normality for all the parameters but 5.

In the third Monte Carlo experiment we fit the model

(I — A\L — Ay L) (AL, —TTAY L) Xt = &4

where

I, IIyo
I =

Iy IIpo

i.e. matrix II has a full column rank and we run the switching algorithm fixing d = dy and b = by.
In Figure 3.3 and Table 3.3 the Monte Carlo results are shown when the DGP has dy = by = 0.6
and «g, By, Ag as before and T' = 100, 000. We do not reject the null hypothesis of normality for all

the estimated parameters with a Jarque-Bera test.
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6 Conclusions

In this paper we discuss two fractionally cointegrated models: a FCVAR model proposed in Johansen
(2008, 2009) and the FECM model proposed in Avarucci (2007) and Avarucci and Velasco (2010).
They both generate the same class of processes, but due to different lag structures their properties
differ significantly. The FECM model turns out to be characterised by a more convenient nesting
structure, that allows a straightforward way for testing the cointegration rank and the number of
lagged differences to be included as short run parameters. Further, the identification problems are
far less severe in FECM model than in the FCVAR model. On the other hand, the estimation
of FECM is more complicated due to the presence of two different parts that model the short
run dynamics and the restriction that relates their parameters. Thus, we propose an estimation
procedure, which is based on the suggestion of Carlini and Mosconi (2014) that maximizes the
likelihood function using a switching algorithm and the GLS procedure of Mosconi and Paruolo
(2014). We prove the asymptotic distribution of the estimators of all the parameters and we
illustrate by means of Monte Carlo experiment the performance of our procedure in finite samples.
We find that close to the DGPs chosen in the Monte Carlo simulations, the estimated parameters
ci, 3,&,Aj, j = 1,2 are normally distributed, whilst B has a fat-tailed distribution, which confirms
the asymptotic theory developed. The solution of the model has been previously derived in Avarucci
(2007), while testing for the rank has been discussed in Lasak and Velasco (for cointegration strength
>0.5) and Avarucci and Velasco (for cointegration strength <0.5). Therefore our paper fills in the

gap for a complete inference based on Avarucci (2007) model.

Appendix A

The following algorithm describes how to estimate a bilinear form with a GLS model. Further
details can be found in Mosconi and Paruolo (2014).

Consider the following equation
Yt:HHIWt+Et t:1,7T
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gt ~ 1dN(0,9), wvec(d) = Kvp

where Y; and W, are respectively p, x 1 and p,, x 1 vectors, H and 6 are respectively p, x r and

Pw X r matrices. Then, we can estimate v as
= (K'(HQ  H ® Syu)K) LK vec(S,, Q1 H)

where Sy = 1 WiW/ and S,,, = S\, W;Y/.
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Appendix B

Figure 1: Distributions of the parameters when the DGP parameters are dy = 0.8, by = 0.6.
N = 1,500 Monte Carlo replications and Y;,t =1,...,100000.
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Table 1: Sample statistics of the Monte Carlo distributions when dy = 0.8 by = 0.6, T = 100000

observations and N = 1500 Monte Carlo replications.

d b a1 9 I}
Bias 0.0000  0.0012 0.0001  -0.0005 0.0000
Std.Dev 0.0038  0.0135 0.0214  0.0206 0.0024
Skew. -0.1404  0.0117  -0.3912  0.3018 0.0546
Kurtosis 3.1239  3.0231 3.3295  3.2352  3.3915

p-value JB test 0.0514 >0.5000  0.0010 0.0010  0.0084
(1) (1) (1) (1)

a11 G129 Qo1 G2
Bias 0.0001  0.0000 0.0002  0.0000
Std.Dev 0.0103  0.0049 0.0096  0.0054
Skew 0.2826  -0.2777  -0.1961  0.1228
Kurtosis 3.1502  3.1095 3.1846  3.0136

p-value JB test  0.0010 0.0010 0.0052 0.1434
(2) (2) (2) (2)

a1 a1 A1 A2
Bias 0.0000  0.0000 0.0000  -0.0002
Std.Dev 0.0081  0.0046 0.0033  0.0030
Skew 0.2360  -0.0388  0.0532  0.0482
Kurtosis 3.3815  3.0897 29097  2.8717

p-value JB test 0.0010 >0.5000 >0.5000 0.4295
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Figure 2: Distributions of the Monte Carlo simulations when dy = by = 0.6 are fixed in the switching

algorithm. The generated FECM paths have 7" = 100000 observations.
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Table 2: Sample statistics of the Monte Carlo distributions dy = by = 0.6 kept fixed in the switching

algorithm with 7' = 100000 and N = 1750 Monte Carlo replications.

d oy (o7 B1
Bias - -0.0005  0.0002 0.0000
Std.Dev - 0.0097  0.0081 0.0023
Skew. - -0.1066  0.0750 0.0655
Kurtosis - 3.0495  2.9494 3.4033
p-value JB test - 0.1671  0.3867 0.0031
aif ey ey a4y
Bias 0.0004 -0.0002 -0.0002  0.0001
Std.Dev 0.0068  0.0038  0.0060 0.0035
Skew 0.0432  -0.0834 -0.0087  0.0745
Kurtosis 2.8909 29927  3.0914 3.0576

p-value JB test  0.4818  0.3513  >0.5000  0.3810
@) @) @) 2)

@11 a1g o1 (2o
Bias 0.0002  -0.0001 -0.0000 -0.0001
Std.Dev 0.0054  0.0038  0.0032 0.0030
Skew 0.0200 0.0748  0.0591 0.0374
Kurtosis 2.9412 2.9225 2.8213 2.9423

p-value JB test >0.5000 0.3455 0.1802  >0.5000
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Figure 3: Distributions of the Monte Carlo simulations when dy = by = 0.6 are fixed in the switching

algorithm. The generated FECM paths have T' = 100, 000 observations.
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Table 3: Sample statistics of the Monte Carlo distributions dy = by = 0.6 kept fixed and 7" = 100000,

N = 1750 Monte Carlo replications and estimation of the matrix II.

11 T12 T21 T22
Bias - 0.0005  0.0000 0.0002 0.0003
Std.Dev 0.0098 0.0041 0.0081 0.0034
Skew. -0.1072  0.0678 0.0755 -0.0877
Kurtosis 3.0452 3.0158 2.9507 2.9101

p-value JB test  0.1663 0.4993 0.3846 0.2338
(1) (€)) (1) (1)

a1y @12 @21 )
Bias 0.0004  0.0000 -0.0001 0.0002
Std.Dev 0.0068  0.0038  0.0060 0.0035
Skew 0.0428 -0.0699 -0.0070  0.0829
Kurtosis 2.8821  3.0308  3.0953 3.0458

p-value JB test  0.4444  0.4578 >0.5000  0.3315
(2) () () (2)

@11 a1g o1 (2o
Bias 0.0002  0.0000  0.0000  -0.0001
Std.Dev 0.0054  0.0038  0.0033 0.0030
Skew 0.0202  0.0642  0.0589 0.0379
Kurtosis 2.9403  2.9068  2.8339 2.9455

p-value JB test >0.5000 0.3859 0.2123  >0.5000
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