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ITISE 2018 Preface

Preface

We are proud to present the set of final accepted papers for the fourth edition of the ITISE
2018 conference ”International work-conference on Time Series” held in Granada (Spain) during
September, 19-21, 2018.

The ITISE 2018 (International work-conference on Time Series) seeks to provide a discussion
forum for scientists, engineers, educators and students about the latest ideas and realizations in
the foundations, theory, models and applications for interdisciplinary and multidisciplinary re-
search encompassing disciplines of computer science, mathematics, statistics, forecaster, econo-
metric, etc, in the field of time series analysis and forecasting.

The aims of ITISE 2018 is to create a friendly environment that could lead to the establish-
ment or strengthening of scientific collaborations and exchanges among attendees, and therefore,
ITISE 2018 solicits high-quality original research papers (including significant work-in-progress)
on any aspect time series analysis and forecasting, in order to motivating the generation, and
use of knowledge and new computational techniques and methods on forecasting in a wide range
of fields.

The list of topics in the successive Call for Papers has also evolved, resulting in the following
list for the present edition:

1. Time Series Analysis and Forecasting.

• Nonparametric and functional methods

• Vector processes

• Probabilistic Approach to Modeling Macroeconomic Uncertainties

• Uncertainties in forecasting processes

• Nonstationarity

• Forecasting with Many Models. Model integration

• Forecasting theory and adjustment

• Ensemble forecasting

• Forecasting performance evaluation

• Interval forecasting

• Econometric models

• Econometric Forecasting

• Data preprocessing methods: Data decomposition, Seasonal adjustment, Singular
spectrum analysis, Detrending methods, etc.

2. Advanced method and on-Line Learning in time series.

• Adaptivity for stochastic models

• On-line machine learning for forecasting

• Aggregation of predictors

• Hierarchical forecasting

• Forecasting with Computational Intelligence

• Time series analysis with computational intelligence
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• Integration of system dynamics and forecasting models

3. High Dimension and Complex/Big Data.

• Local Vs Global forecast

• Techniques for dimension reduction

• Multiscaling

• Forecasting Complex/Big data

4. Forecasting in real problem.

• Health forecasting

• Telecommunication forecasting

• Modelling and forecasting in power markets

• Energy forecasting

• Financial forecasting and risk analysis

• Forecasting electricity load and prices

• Forecasting and planning systems

• Real time macroeconomic monitoring and forecasting

• Applications in: energy, finance, transportation, networks, meteorology, health, re-
search and environment, etc.

After a careful peer review and evaluation process (each submission was reviewed by at
least 2, and on the average 3.2, program committee members or additional reviewer). In this
proceedings we are presetting the abstract of the contribution to be presented during ITISE-
2018 (accepted for oral, poster or virtual presentation,according to the recommendations of
reviewers and the authors’ preferences).

In this edition of ITISE, we are honored to have the following invited speaker:

1. Prof. Dr. Peter M Robinson , Tooke Professor of Economic Science and Statistics De-
partment of Economics, London School of Economics .

2. Prof Andrew C. Harvey, Emeritus Professor of Econometrics in the Faculty of Economics,
University of Cambridge, and a Fellow of Corpus Christi College.

3. Prof. Salah Bourennane, Aix Marseille Univ, CNRS, Centrale Marseille, Institut Fresnel,
Marseille, France.

4. Dr Karsten Webel, Deutsche Bundesbank, Central Office, Directorate General Statistics
Germany.

5. Prof. Dr. Robert Kunst, Professor of Economics at the University of Vienna and affiliated
with the IHS (Institute for Advanced Studies) .

6. Prof. Dr. Uwe Hassler, Applied Econometrics and International Economic Policy. Goethe
University Frankfurt .
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During ITISE 2018 several Special Sessions will be carried out. Special Sessions will be a
very useful tool in order to complement the regular program with new and emerging topics of
particular interest for the participating community. From the organization of ITISE, we would
like to thank deeply the great work that the organizers of Special Sessions do. Thank you very
much for your great effort and interest.

Special Sessions that emphasize on multi-disciplinary and transversal aspects, as well as
cutting-edge topics are especially encouraged and welcome. and in this edition of ITISE 2018
are the following:

1. Forecasting Evolution, Prof. Philip Gerrish, School of Biology, Georgia Institute of
Technology, 310 Ferst Dr, Atlanta, GA 30332 .

2. Forecasting Climate Weather and Operation Impact on Reliability, Safety and Resilience of
Critical Infrastructures, Prof. Krzysztof Kolowrocki, Gdynia Maritime University, Poland,
and Prof. Joanna Soszynska-Budny, Gdynia Maritime University, Poland

3. Applications of time series for hydro-climatic data, Prof. Bruno Remillardi, Professor at
HEC Montral. Consultant at the National Bank of Canada and Prof. Bouchra R. Nasri .

4. Times series analysis in geosciences, Prof. Eulogio Pardo-Igzquiza, Professor at Instituto
Geolgico y Minero de Espaa (IGME) and Prof. Francisco Javier Rodrguez-Tovar, Depart.
Estratigrafa y Paleontologa, University of Granada, Spain.

5. Forecasting in High Dimension and Complex/Big Data , Prof. Dr. Luis Javier Herrera
and Prof. Dr. Ignacio Rojas , Dep. Computer Architecture and Computer Technology,
University of Granada, Spain

6. Quantum Computing, Prof. Peter Gloesekoetter, Fachbereich Elektrotechnik und Infor-
matik, Stegerwaldstrae 39, 48565 Steinfurt, Germany. and Dr. Bernd Burchard, Elmos
Semiconductor AG, Germany.

7. Computational Intelligence methods for Time Series, Prof. Dr. Hctor Pomares , Dep.
Computer Architecture and Computer Technology, University of Granada, Spain and
Prof. Dr. German Gutierrez , Dep. Computer Science, E.P.S. University Carlos III of
Madrid, Spain

8. Structural Time Series Models, Prof. Dr. Fernando Rojas , Dep. Computer Architecture
and Computer Technology, University of Granada, Spain

9. Recent Developments on Time-Series Modelling, Prof. Dr. Olga Valenzuela, Applied
Mathematics, University of Granada, Spain

10. Expert Systems with Time Series - Data, Prof. Dr. Kalle Saastamoinen , Department of
Military Technology, National Defence University,Helsinki, Finland

11. Spatio-temporal brain dynamics in attention tasks, Prof. Dr. Juan Manuel Grriz , Uni-
versity of Granada, Spain, and Prof. Dr. Pedro A. Valdes-Sosa , Cuban Neurosciences
Center and Prof. Dr. Csar Germn Castellanos Dominguez , Universidad Nacional de
Colombia

This new edition of ITISE was organized at the Universidad de Granada, with the help of the
Spanish Chapter of the IEEE Computational Intelligence Society and Spanish Network Time

3



ITISE 2018 Preface

Series (RESET). We wish to thank to our main sponsor the institutions Faculty of Science,
Dept. Computer Architecture & Computer Technology and CITIC-UGR from the University
of Granada for their support. We wish also to thank to the Dr. Veronika Rosteck and Dr.
Eva Hiripi, Springer, Associate Editor, for their interest in the future editing a book series of
Springer from the best papers of ITISE 2018.

We would also like to express our gratitude to the members of the different committees and
to the reviewer for their support, collaboration and good work.

September, 2018
Granada

ITISE Editors and Chairs
Olga Valenzuela
Fernando Rojas
Hector Pomares

Ignacio Rojas
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Antonio Jesús Rivera Rivas Departamento de Informática. Universidad de Jaén
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Abstract. The existence of abnormal values in data sets of day-to-day
actions is common. Denoted as outliers, these values are frequently ex-
cluded from the dataset. However, in fraud detection, disease diagnosis
and other areas, outliers often add relevant knowledge. In this paper, we
present an application of a methodology to detect outliers in multivari-
ate time series by translating the multi-type variables into textual data
(strings). After that, classi�cation algorithms are applied. An application
is performed into a real dataset that represents boiler operations and the
main goal is to identify their faults. A major part of the work concerns
the dataset processing steps that enable the application of machine learn-
ing algorithms. Besides the boiler malfunctions, normal operation cycles
were also identi�ed. We aim to improve the real-time fault identi�cation
of the operating devices allowing safer appliances.

Keywords: Outlier Prediction · Multivariate Time Series · Machine
Learning

1 Introduction

With the advances in technology, an increasing number of datasets has been
generated from real-life events and made available for further study by industry
and academics. Machine Learning has gain traction as a novel method to pro-
cess these datasets and predict relevant patterns and knowledge. For example
semantic [2] and stream features [10] are being used to tackle the massive amount
of data generated by IoT/M2M scenarios. However, machine learning methods
do not deal well with sequential data - time series. Instead of unchangeable
variables, such as petal length and width in the Iris �ower dataset3, timeseries
datasets are a complex set of variables that evolve through time.

Abnormal values are common in real-life datasets. Frequently denoted as
outliers, they are di�erent from what is considered to be normal in each speci�c
case study. In some situations, these values are not common dataset noise, but

3 https://archive.ics.uci.edu/ml/datasets/iris
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instead they represent changes or malfunctions in the systems [3,8,9,17,18,21].
Considering environmental changes or fraud detection, outliers provide useful
knowledge. Machine learning methods are used to detect abnormal values, each
in turn can be used to improve human intervention, for example when predicting
components faults.

The dataset in this paper contains boilers operational data. The goal is to
identify the abnormal operation/state through the classi�cation of the cycles.
Since we are considering real data, normal operation is more frequent than fail-
ure. This leads to an imbalanced dataset due to the low frequency of outliers,
which usually translates into a classi�cation preference for the most frequent
class since most machine learning algorithms are statistically based.

Besides the time variable, the dataset is rather complex due to the variety of
variables from numeric to textual (strings). In order to deal with this real-world
dataset we used the value-trend approach: a way of representing time series by
textual data. This transformation allows us to apply some common machine
learning algorithms and process the time series as a classi�cation problem.

The remainder of the paper is organized as follows. In Section 2, the main
characteristics of the dataset are presented along with the �rst pre-processing
steps. Section 3 concerns the value-trend approach along with its application
to the dataset. In Section 4, as an example of application, one classi�cation
algorithm is constructed considering some set variations and the performance
measures are investigated. Conclusions and future work are presented in Sec-
tion 5.

2 Dataset

As stated before, the dataset in this paper contains boilers operation values.
These boilers, whose main function is to supply hot water, where installed in
customer's houses. The hot water can be used as domestic water (hot water �
HW � cycle), such as hot water for bathing or kitchen use, or as central heating
(central heating � CH � cycle), in which hot water circulates along the house into
wall-hung heating devices. There is an additional mode called boost cycle, which
provides a quicker supply of hot water. These cycles are considered normal, and
are the most representative data patterns.

Boilers have sensors collecting data such as: temperatures, water �ow, number
of heating requests, state variables such as open or closed valves, among others.
Therefore, the dataset is constituted by continuous and discrete variables. State
variables can be transformed in discrete values since they always assume two
opposite values: On/O�, Yes/No, HW/CH, among others, and so, these variables
were binary coded. The dataset is constituted by 40 discrete and 29 continuous
variables, along with four textual values concerning the boiler model and the
gateway software.

The last variable is the fault code. Malfunctions are associated with faults
identi�ed by the appliance software and automatically tagged with a fault code.
Currently there are 39 di�erent fault codes. The dataset is composed by labelled
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Table 1. Anonymize data.

ID Date 3w Valve Power CH Flame Flow Power Fault

123XYZ y-m-d h:m:s.ms Hot_water 0 No O� 0 0 /200
123XYZ y-m-d h:m:s.ms Hot_water 44 Yes O� 9.5 100 D4/271
123XYZ y-m-d h:m:s.ms Cent._heat. 78 Yes On 12.4 153 E2/21

and unlabelled data: known malfunctions (classi�ed by the software with a fault
code), but also malfunctions that were unclassi�ed (unlabelled data). Our goal
is to use classi�cation algorithms to identify the fault codes of the unlabelled
data. Novelty detection [15] is one possible method for outlier identi�cation. It
models the correct behaviour of a system, and labels all the behaviour that do
not �t in such patterns as outliers.

Unfortunately normal operation cycles are not identi�ed by the appliance
software and consequently, they are not labelled in the dataset. To train classi�-
cation algorithms, we must attribute a class to all the observations of (at least)
the train dataset. A few variables let us recognize if there has been any hot wa-
ter or central heating request. Therefore, 100 observations of each HW, CH and
boost cycles were manually labelled considering expected behaviours. There are
no consensual rules to decide if a cycle is of normal operation or not.

Through data visualization of normal cycles and classi�ed faults, it is possible
to identify variables with no classi�cation power, such as those that do not vary
between labels. This allow us to reduce the dataset to 40 variables. Since not all
boilers have the same sensors, we were able to reduce to a total of 31 variables
instead of the original 74.

The data was collected within one year and four months concerning 1563
appliances of about �ve di�erent models and stored in MongoDB4 database.
Although the data is updated at every millisecond, only the variables for which
there has been any change in the value or state are recorded. As a consequence,
the dataset is riddle with missing entries, which do not always correspond to
missing vales but rather omitted values. Consider the reduced example of Ta-
ble 2 concerning three variables during 60 milliseconds of operation. Investigat-
ing the variable �Water Temp.�, the value 20 has been recorded at 01:30:00.000.
Since there were no value changes for this variable in the next milliseconds, the
following entries are empty (lines two, three and four of the second column) al-
though the appliance is always recording. At 01:30:00.400 a new value has been
detected: 22, and so, a new entry was recorded for the �Water Temp.� variable.

One way to deal with omitted values would be to copy the last saved value
until a new entry happens, for each column of the dataset, one by one. However,
this leads to a fake translation of the boiler operation. There is one speci�c fault
� data loss due to connectivity problems of the gateway � that could be hidden
by this method. When the gateway looses connectivity, data is not transmitted.
So, copying the data would not allow to identify this fault, since there would be

4 https://www.mongodb.com/
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Table 2. Data recording example.

Time Water Temp. Gas Fan

01:30:00.000 20
01:30:00.100 1
01:30:00.200 1
01:30:00.300 0
01:30:00.400 22
01:30:00.500 23 0

no missing values. Also, a subset of distinct faults is due to di�erent sensors that
stop working. For example, if some temperature sensor breaks, the temperature
is not measured until the sensor is �xed. By copying the last saved value until
a new entry happens, it would give the idea of a stable temperature over time.
However, the temperature could have changed due to some heat request. Using
this data copying technique, the sensor failure would be impossible to identify,
since no missing data would exist. Given our dataset, through data analysis it
is possible to conclude that state variables always register a new entry around
every four minutes, even if there has been no state change. Therefore, it is
assured that there was no connectivity faults through these four minutes. So,
the continuity of values was accomplished by verifying if, for any predictive
variable, the last saved value was within less than four minutes. If that happens,
then the last value of each column is copied until a new value appears. This
allows the identi�cation of the data loss fault, since it happens for more than
four minutes, and so, in this case there are no registers of the state variables for
more than four minutes. However, in the case of sensor faults it is impossible
to avoid such errors. There is an exception that happens when, for example in
the temperature sensor fault, the variable concerning that temperature doesn't
have saved values in the matrix time range. Therefore, there would be no exist
values to copy through that column. So, for such few cases, sensor faults can be
identi�ed by data loss (empty columns in the matrix), together with other data
patterns.

3 Value-trend Approach

The main di�culty of this problem is in the several speci�cities of the multi-
variate time series that machine learning algorithms have di�culty to deal with.
Some variables are represented as strings, like the boiler name, while others as
numerical values, such as temperatures. Also, it is very important to capture each
variable behaviour and relate all the variables between them and time. Several
algorithms have been proposed to deal with time series data [4,6,7,11,12,16,19],
but we could not �nd any able to solve our speci�c problem due to the high
speci�city of the data.

The algorithm studied is responsible for representing the time series in a
simpler and uni�ed way, enabling the implementation of machine learning al-
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Fig. 1. Application of the PAA algorithm in matrix format.

gorithms. It was devised by Eamonn Keogh and Jessica Lin in 2002 [14] and
consists of two main steps: the transformation of the time series into sets of
vectors through the piecewise aggregate approximation algorithm (PAA) and
the conversion of those vectors into a set of letters by the symbolic aggregate
approximation algorithm (SAX). An additional phase where a trend analysis
is performed as an improvement of the SAX algorithm is also discussed. This
data transformation is made considering each predictive variable individually.
Our novel approach consists in apply existent methodologies into a multivariate,
wide-variable (in terms of the types of variables) time series, so machine learning
techniques can than be used to classify the time series.

3.1 Piecewise Aggregate Approximation (PAA)

The PAA algorithm divides the time series into a vector of equally sized seg-
ments [1,20]. By de�nition, this algorithm transforms any time series X of length
m into n segments of time, resulting in a vector X = {x1, x2, ..., xn} of temporal
segments, where n is any arbitrary integer such that n ≤ m. Then, considering
each of the segments, the average value of each variable is calculated: for each
temporal segment i, with i = {1, 2, ..., n}, and each predictive variable j, the
mean value wji is obtained.

The number of segments can vary between one segment, and the entire time
series is equal to as many univariate vectors as the number of variables, up to the
number of value registrations considered for the time series, taking each vector
the same dimension as the time series. In the case of our data set, after applying
the PAA algorithm, we will have the same number of vectors as the number of
predictive variables. Each vector will have dimension equal to the chosen number
of segments. Thus, each time series is represented by a set of multidimensional
vectors, all with the same dimension.

Consider the time series present in the left of Figure 1, represented as a
matrix of m lines and k columns, corresponding to m time registrations of k
variables. After applying the PAA algorithm, we obtain the matrix of the right
side of the same Figure. Each wji represents the mean value of the j−th variable
in the i − th segment, with j = {1, 2, ..., k} and i = {1, 2, ..., n}. Note that we
are considering the partition of the time series into n segments and, so, we have
a dimension reduction.
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Fig. 2. Application of SAX algorithm in a univariate time series.

3.2 Symbolic Aggregate Approximation (SAX)

The SAX algorithm consists in assigning a letter to each mean value previously
obtained with the PAA algorithm [14].

An extensive and rigorous analysis performed in [13] has shown that time
series data, after being normalized by Z-score, usually follows a Gaussian distri-
bution. This detail enables a conscious attribution of letters to the mean values,
and allows the partition of the Gaussian probability density function into equally
spaced break-points. This partition must be performed according to the number
of letters that we want to associate with the mean values. By assigning a let-
ter to each area obtained by partitioning the probability density function, each
mean value gets its own letter. Figure 2 shows a time series with one normalized
variable, where six segments were considered for the PAA algorithm. Then, four
breakpoints were de�ned in the Gaussian probability density function, resulting
in the partition of possible mean values into �ve intervals. Subsequently, a letter
of the alphabet was associated with each mean value. For example, the mean
value in the second segment is above the �rst break-point and below the second
one de�ned by the Gaussian function. So, this segment has been associated with
the letter 'b'. Proceeding successively in this way, the time series represented
as a vector of mean values, from the PAA algorithm, is now transformed into
a string. In this case, the resulting string representative of the time series is
'cbcedd'.

3.3 Trend Analysis

A study carried out in [5] suggests that after applying the SAX algorithm a
new and additional phase should be performed. The idea is to associate each
temporal segment not only with a letter (representing the mean value) but also
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Fig. 3. Value-Trend approach applied to a univariate time series.

its tendency. In fact, we can easily obtain two di�erent time series with the same
SAX representation but, when associating its trends, becoming distinct strings.
So, the objective is to capture the trend in each temporal segment constructed
in the PAA algorithm.

The attribution of the trend information is made through its association to
a straight line. The search for the line that best �ts each variable behaviour is
performed using the least squares method, that is, we intend to obtain the model
y = ax + b such that

∑s
t−1 = (yt − (axt + b))2 is minimized, where x denotes

the time variation, with t = 1, ..., s considering the s existing values registrations
of the variable in the segment under transformation, and y represents the value
of the variable in each time point t. Note that this step is performed for each
segment, similarly to the steps taken in the SAX algorithm. Then, after the line
is obtained, its slope is used to assign a second letter to the variable under study
in this time segment: 'G' for growth, 'D' for decay or 'S' for stable.

Consider the univariate time series represented in Figure 3 where after the
application of the SAX algorithm with seven temporal segments and seven let-
ters to represent the mean values, we obtain the sequence 'cegedcc', which is
represented in purple colour. Then, a straight line, represented by the green
colour, was adjusted to the variable in each temporal segment. According to the
line slope, a second letter was attributed to each temporal segment which is rep-
resented with a grey colour. In the end, the complete time series is represented
by the string 'cDeGgDeDdGcDcS'.

4 Implementation and Evaluation

After processing the data, we apply the value-trend approach followed by the
classi�cation methods. All the previous and next steps were performed using
Matlab software. First, the value-trend approach was implemented. Then, as an
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example of application, some decision tree models were constructed and evalu-
ated taking some variations of the data set into consideration.

Main SAX code for Matlab is available for download5. The output of the
SAX algorithm for each predictive variable is a string representing the mean
value of the variable in each segment. The length of this string is equal to the
number of considered segments. Some modi�cations were made to the original
code, so we can also obtain the trend approximation. The segments are the same
that were considered in the SAX algorithm. �poly�t� Matlab function was used
to obtain the slope of the wanted straight line. The modi�ed algorithm output
is the string from the value-trend representation of each predictive variable.

The choice of the number of segments was based on each time series length.
For data relative to more than ten minutes, the time series is divided into seg-
ments of two minutes. For time series with length between two and ten minutes,
segments of 30 seconds have been formed. In the case of time series with less
than two minutes, the number of segments is equal to twenty times the time
series length in minutes.

The appliance's software can identify 39 di�erent faults, each fault related
with a speci�c component failure and possible maintenance solutions docu-
mented. Thus, a total of 42 classes were considered for the time series classi-
�cation problem, corresponding to the three normal operation cycles and the 39
existing fault codes.

When trying to understand the appliances faults, we found that the causes
approximate to some simple logic rules. For example, consider that there is an
order to use hot water but the temperature at the output is not increasing,
despite it is below the set point. This fault can be translated into: hot water
order ⇒ temperature not increasing and temperature below the set point ⇒
fault. So, the decision tree model was the �rst one making sense to be used for
the classi�cation problem as it is also based on simple logic rules. The decision
model construction was made considering 10 fold cross validation and the Matlab
command ��tctree�. Three di�erent splitting algorithms � �pull left by purity�,
�principal component-based partitioning� and �one versus all by class� � were
used to construct the decision rules, all of them available in Matlab. Also, Matlab
skills were used to optimize some parameters of each model, such as the minimum
number of observations in each leaf node or the maximum number of splits. The
choice of the best parameters values is based on the minimization of the cross
validation loss.

After testing the splitting rules, �one versus all by class� was the one that
minimized the cross validation loss. A new decision tree model was then con-
structed considering this splitting rule and its optimized parameters. In this
next phase, we used 5 folds cross validation instead of 10 folds due to the low
frequency of occurrences per class. Measures of performance are presented in
Table 3, remarking that the obtained accuracy is considerably low (38.46%).

The number of labelled occurrences per fault varies between 1 to 133 in a
total of 1185 classi�ed cycles. As is possible to see in Figure 4, this is clearly

5 https://cs.gmu.edu/ jessica/sax.htm
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Table 3. Performance measures for the optimized decision tree model in the 42 class
problem.

Measures

Classi�ed Observations 99.83%
Accuracy 38.46%

an unbalanced data set. We note that the low accuracy result is related to the
multi-class problem with 42 classes. Therefore, a new approach was made: the
labels were reduced to the classes that present more occurrences than the mean
value of occurrences � 11 classes � plus the normal cycles � 3 classes each with
100 occurrences � in a total of 14 classes.

Fig. 4. Number of occurrences per fault and mean value of occurrences (horizontal
line).

The decision tree models were constructed once again considering 10 folds
cross validation, the previously tested splitting rules and using the optimization
of parameters option. Once again, the �one versus all by class� splitting rule is
the one that minimizes the cross validation loss. The accuracy measures were
obtained with a 5 fold cross validation over the ptimized model (see Table 4).
Although the accuracy remains low, the results were better than considering
the 42 class problem. Also, in the 14 class problem, the observations were all
classi�ed, when before only 99.83% were attributed to one class.

Finally, the classes were reduced to two: fault or normal cycle. The idea is to
evaluate the appliances with more con�dence, since it is not always needed to
know which fault occurred but just the frequency of faults over time (allowing
to study the appliance lifetime). A new decision tree model was constructed and
optimized, using the previously mentioned options. In this case, the �pull left by
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Table 4. Performance measures for the optimized decision tree model in the 14 class
problem.

Measures

Classi�ed Observations 100.00%
Accuracy 43.30%

purity� splitting rule was the one that minimize the cross validation loss. The
new model was evaluated using 5 and 10 fold cross validation. As expected, the
results were far better compared with the previous models (see Table 5).

Table 5. Performance measures for the optimized decision tree model in the 2 class
problem.

Measures Classi�ed Obs. Sensitivity Speci�city Accuracy Precision F1

5 folds 100.00% 79.00% 95.48% 91.31% 85.56% 82.15%
10 folds 100.00% 60.33% 99.55% 89.62% 98.22% 74.75%

The speci�city was in both cases higher than the sensitivity. Since in this
study the �positive� class corresponds to the normal cycles and the �negative�
class to the faults, the algorithm is better at classifying faults than normal cycles.
The decision tree model trained with 5 folds has classi�ed the true class more
times than the 10 folds decision tree models, according to the accuracy results,
while the precision of the results were better in the 10 folds trained model � and
so, this is a more consistent model. F1-measure re�ects the combination of these
two last metrics. Consequently, better results were obtained when considering
the 5 folds cross validation technique, which is expected since this problem su�ers
from number of observations.

5 Conclusions

The main di�culty of this work was to �nd an algorithm able of classify time
series with predictive variables in the form of strings, continuous and discrete
values. The �nal solution was to transform the time series using the value-trend
approach, where each predictive variable was coded as one string. In this way,
it was possible to express all the di�erent types of predictive variables into just
one (string). Also, the behaviours previously represented in a set of matrix lines
were transformed into a single string (one line matrix). Therefore, each time
series became a single matrix of strings, and so, a multivariate classi�cation
problem of string type variables.

Since the behaviour is the most important feature of the problem at hand,
the trend variation was also considered to extract information from the time
series. This is a novel approach considered in [5] to the existent SAX algorithm.
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The main goal of this work was the construction of an algorithm able to
identify faults, and so, the 5 folds decision tree model is the more useful model.
Also, not only the faults were identi�ed but also cycles of normal operation.

Future work includes the prediction of faults one week in advance. Also, it
is important to distinguish the faults of the sensors that were not possible to
obtain due to the continuity of values approach. The novelty detection family of
methods should also be put into comparison with the presented approach.
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Abstract

Forecasting volatility is a main issue for asset pricing, portfolio selection and
risk management. In the last three decades a lot of volatility forecast models
based on low-frequency data, such as generalized autoregressive conditional het-
eroskedasticity (GARCH) models and stochastic volatility (SV) models, have
been proposed in the literature. As high-frequency data have become available,
a new measure of volatility defined as the sum of intraday squared returns, the
so-called realized volatility, has been considered. As realized volatility is an ob-
servable variable, standard time series models can be used for forecast purposes.

In this paper we focus on some HAR-type models firstly introduced in [3] and
reported in [1], consisting essentially in regression models in which the response
variable is the realized volatility and different its decompositions are consid-
ered as regressors, such as its positive or negative (semivariance) part and its
continuous or discontinuous part (jumps).

In practice the considered models can be written in a standard regression
framework:

yt = x′
tβ + εt (1)

where yt is the average realized variance over a fixed period, xt is the p×1 vector
of the regressors at time t, relying on the decomposition of realized variance.

However, the financial markets are buffeted by suddenly important events,
which can lead to sharp breaks in the markets and thus breaks in parameters
governing the volatility models (see, for example, [2]) can occur. In such cases the
inference on the parameters may be misleading as well as any policy implications
drawn from the model. The accuracy of post-sample forecasting is affected as
well.

In particular, assuming that m breakpoints at the date τ1, τ2, · · · , τm occur,
model (1) can be rewritten as

yt = x′
tβτj−1+1:τj + εt t = 1, 2, . . . T j = 1, 2, . . .m+ 1 (2)

where, by convention, τ0 = 1 and τm+1 = T .
The presence of structural breaks can be tested by means of the numerous

tests proposed in the econometric literature. Here we use the approach proposed
in [4] in which under the alternative H1 no particular patterns for the changing
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parameters are specified. However, once the parameter instability due to the
presence of structural breaks has been detected, the problem is how to account
for them when generating forecasts.

In practice, the dates of the break points are not known a priori and an
estimation procedure has to be used. It could produce imprecise values which
affect negatively the specification of the forecasting model and, as a consequence,
poor performances of the forecasts. Furthermore, even if the last break date is
correctly estimated, the forecasts generated by this scheme are likely to be un-
biased and may not minimize the mean square forecast error ([5]). Moreover, if
the last break is detected close to the boundaries of the data sample, the pa-
rameters of the forecasting model are estimated with relatively short sample and
the estimation uncertainty may be large. A possible approach is to consider an
estimation window whose size is independent of the last break location. However
the forecasting performance is sensitive to the choice of the observation window
due to the bias-variance trade off.

In order to solve the problems arising with the choice of a single estimation
window, it can be useful to consider forecast combinations generated by the same
model but over different estimation windows. A first analysis in this direction has
been provided in [6], in which three HAR-type models considering the continuous
components of the realized volatility are discussed.

In this paper we extend the results in [6] by considering several alternative
and more complex HAR-type models. For each specification we consider some
alternative forecast combinations, based on different estimation windows with
suitable weighting schemes.

By considering different financial datasets we empirically show that there
is a strong evidence of structural breaks in the HAR-type volatility models.
Moreover, the considered forecast combinations are able to forecast the realized
volatility in the presence of structural breaks, even if their number and the lo-
cation are unknown. The point forecasting performance of all the considered
realized volatility forecast methods are compared in terms of suitable loss func-
tions, by using the Model Confidence Set (MCS) procedure. Since it depends on
the choice of the loss function, we choose, in addition to the classical MSE and
QLIKE, suitable asymmetric loss functions as suggested in [7] (AMSE). In our
analysis , we conclude that forecast combinations taking into account the loca-
tion of the structural breaks show better performances in terms of AMSE, while
the classical MSE and QLIKE seem do not discriminate among the considered
forecasters.
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Abstract. Prediction of consumption is fundamental in telecommunications, for 

efficient management of network resources, and for guaranteeing quality of ser-

vice. In this work we investigate the use of time series models to forecast con-

sumption. Two time series forecasting algorithms are compared, Auto-

Regressive Integrated Moving Average (ARIMA) and Prophet, launched by Fa-

cebook in 2017. We also developed a simple automated parameterization solu-

tion for ARIMA, which is important in practical deployments. The work de-

scribed was developed in the context of tool development effort within Altice 

Labs that provides actual software to associated Telecom operators, in collabo-

ration with University of Coimbra. To validate results we used real data from a 

Telecom operator. The forecast results showed that ARIMA was better than 

Prophet with a Mean Absolute Percentage Error (MAPE) of 3.71% in the three-

month forecast and 4.14% in the twelve-month forecast. 

Keywords: ARIMA, Forecasting, Prophet 

1 Introduction 

Currently, telecom operators face competition from other operators and from new 

services made available through the internet. Operators need to be one step ahead of 

competition, and they need to offer reliable services to avoid migration of customers 

and a fall in profits. One important opportunity is to create tools to analyze the huge 

and valuable data that they collect using data science techniques, with great potential 

for decision support. In this context, consumption forecasting is critical to provide 

information that helps the operator efficiently plan and manage network resources and 

provide an improvement in quality of service. 

Consumption forecast in telecommunications presents its challenges, as it is neces-

sary to deal with seasonality, trends, and with the variation of the number of clients. 

Taking into account these challenges, this work developed at Altice Labs in collabora-

tion with University of Coimbra had two objectives. First, to compare two time series 

forecasting models, ARIMA and Prophet, in order to verify which one best fits the 

context of telecommunications. Since ARIMA was superior and since it requires 

manual parameterization of the model, the second objective was to create an automat-

ic parameterization mechanism. This mechanism consists of a set of steps, selection, 
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transformation, parameterization by exhaustive search, and application of the model 

chosen in forecasting. With the choice of model and the automated parameterization, 

the approach is ready to be integrated in decision support tools to be used by manag-

ers that do not need to know any details of the forecasting model to use it. Instead, 

they simply view charts with the forecasts they desire, and the approach adjusts auto-

matically the parameterization to changes in behavior of the data series. In terms of 

software details, the tool was developed in python, and in particular using its time-

series libraries statsmodels [1] and fbprophet [2], containing the ARIMA and Prophet 

methods respectively. 

This paper is divided into 7 sections. Section II presents state of the art. Section III 

discusses how to apply time series forecasting in the context of telecommunications, 

reviewing the relevant details of ARIMA and Prophet. In section IV we describe the 

need for manual parameterization of the time series model, and in section V proposes 

an automatic parameterization approach for ARIMA using exhaustive search. Section 

VI reports and analyses our experimental results. Finally, section VII concludes and 

discusses future work. 

2 State of the art 

In this section we review works on time-series forecasting in the context of Telecom-

munications that are most related to ours. 

In 2008, S. T., & Sampaio, R. J. B proposed a model to predict short-term con-

sumption of a telecommunications service [3]. Since service consumption presents a 

non-linear behavior caused by the existence of tendency and seasonality, the authors 

used two neural network algorithms, the Multilayer Perceptron and the Radial Basis 

Function network (RBF). The per-month dataset was divided into two sets, training 

set consisting of a history of 3, 4 and 6 months, and test set consisting of only 1 

month ahead. The metric used in the evaluation of the results was Mean Squared Er-

ror (MSE). From the experiments performed for different historical periods, the Mul-

tilayer Perceptron model presented better prediction quality, although with worse 

computational performance. 

In 2015, Wang, M., Wang, Y., Wang, X., & Wei, Z proposed a model based on the 

Auto-Regressive Integrated Moving Average (ARIMA), with the objective of predict-

ing performance in telecommunications [4]. In this study they used monthly aggregat-

ed data corresponding to periods of two and a half years. The data of the first two 

years was used for analysis of the time series and for training the model, and the re-

maining six months were used for validation of the model. The method used to verify 

the seasonality of the time series was the analysis of the statistical properties, mean, 

variance and correlation coefficient, verifying if they remain constant over time. In 

our study it was verified that the series was non-stationary, so it had to be adapted 

using the typical manual procedure we describe later. The model obtained by [4], had 

an average error of 1% for five months. 

In 2017, Hideaki Hayashi compared the performance of Prophet and ARIMA in 

the different context of prediction of number of flights in the United States [5]. 
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Prophet was inferior to ARIMA with the parameters configured manually, and supe-

rior to ARIMA with the parameters configured automatically with the values by de-

fault. The author concluded that the ARIMA method, unlike Prophet, requires manual 

configuration of the model parameters in order to have good results. This means that 

the ARIMA requires a lot of knowledge in the domain to be configured manually. 

The two works [4] and [5] do show that ARIMA could be the best choice for time-

series analysis and forecasting in Telecom and other contexts, but has the big draw-

back that it requires manual configuration, which is undesirable for integration into a 

managerial decision support tool as we desired. Furthermore, in our work it was im-

portant to evaluate the two alternatives (ARIMA and Prophet) in the context of real 

Telecom consumption data, and to devise which to integrate into a decision support 

tool and how to automate its use.  

3 Application of time series forecasting in the context of 

telecommunications 

In telecommunications, time series forecasting is typically applied in the forecast of 

consumption and also in the detection of anomalies in real time. The remainder of this 

section reviews the concepts of stationarity, the Auto-Regressive Integrated Moving 

Average (ARIMA) [6] [7] and Prophet [2]. The later was launched by Facebook in 

2017 to allow its use by people with less knowledge in the field, since ARIMA re-

quires manual tuning of fundamental parameters. 

3.1 Stationarity in ARIMA 

An important concept in the application of the ARIMA method is stationarity, since 

the model can only be constructed with stationary time series. A series is stationary if 

its statistical properties remain constant over time. The existence of trend and season-

ality are two of the reasons that lead the series to be non-stationary [6] [7]. 

There are two methods that allow you to check whether a series is stationary or not. 

The first method consists in the graphical visualization of the variation of the statisti-

cal properties of the series, such as the moving average (calculation at each instant of 

the average of the values corresponding to the last seasonal period, typically of twelve 

consecutive months) and the moving standard deviation over time. If the properties of 

the series do not change over time, then the series is stationary. The second method, 

the Dickey-Fuller test, assumes that the null hypothesis is that the series is non-

stationary. This test calculates the value of the statistical test and some critical values 

for different levels of confidence. If the value of the statistical test is less than the 

critical value, then the series is stationary [6]. 

Differentiation [6] [7] is one of the existing techniques that allows us to deal with 

seasonality and trend of the time series, bringing it closer to stationarity in time. At 

each instant in the series, differentiation subtracts the original observation, Yt, from 

that of the previous instant, Yt−1, using the following formula: 

Yt
′ =  Yt − Yt−1       (1) 
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3.2 Time series forecasting with ARIMA and with Prophet 

This subsection begins by describing the Auto-Regressive (AR) and Moving Average 

(MA) models, before describing the Auto-Regressive Integrated Moving Average 

(ARIMA) method. 

1. The AR model [7] extracts the influence of the values of the previous periods from 

those of the current period. This model is developed using the following linear equa-

tion. 

𝑌𝑡 = c +  φ1. 𝑌𝑡−1 +  … + φ𝑝. 𝑌𝑡−𝑝 + 𝑒𝑡        (2) 

The parameter p indicates the AR order in the model and represents the delayed time 

period of the dependent variable. The remaining parameters of the equation, φ which 

represents the AR coefficient, y, which is the observed value, e the deviation of the 

series at the current instant, c is a constant [7]. 

 

2. The MA model [7] extracts the influence of the error terms from the previous peri-

od in the current period. This model is developed using the following linear equation: 

𝑌𝑡 = c +  𝑒𝑡  +  θ1. 𝑒𝑡−1 −  … − θ𝑞 . 𝑒𝑡−𝑞        (3) 

The parameter q indicates the MA order in the model and represents the delayed fore-

cast errors. The remaining parameters of the equation, θ which represents the MA 

coefficient, y, the observed value, e the deviation of the series at the current instant, c 

is a constant [7]. 

3. The non-seasonal ARIMA model [6] [7] consists of three components, AR, Inte-

grated (I) and MA, each component represented by a positive integer parameter, p, d 

and q respectively. These three components are combined in the following linear 

equation: 

𝑌𝑡 = 𝑐 + φ1. 𝑌𝑑   𝑡−1 +  … +  φ𝑝. 𝑌𝑑   𝑡−𝑝 + 𝑒𝑡 + θ1. 𝑒𝑡−1 − … − θ𝑞 . 𝑒𝑡−𝑞       (4) 

I component [6], represented by parameter d and indicating the number of times the 

series has been differentiated to approximate stationary in time; AR component [4] 

[6], represented by parameter p means the delayed time period, estimated by Autocor-

relation Function (ACF); MA component [4] [6] represented by parameter q indicates 

the order of the MA component and represents the delayed forecast errors, estimated 

by the Partial Autocorrelation Function (PACF). 

It should be noted that parameters p and q are determined when the respective func-

tions, ACF and PACF, cross the upper confidence interval for the first time. The con-

fidence interval of the two functions is calculated as ±1.96 / √𝑛, where the variable 

n, corresponds to the size of the historical data [6] [7]. Finally, seasonal ARIMA [7] 

extends the previous model, combining its components along with the seasonal com-

ponent. 

Time series forecasting with Prophet is more automated, due to its ability to find au-

tomatically inflection points in the data originated by changes in trend. A novelty of 

this method in relation to the previous one is the possibility of accommodating the 

existence of seasonal festive periods. The method combines three components, the 

trend, the seasonality and the festive periods, each modelled by some function [8]: 

y(t) =  g(t) +  s(t) +  h(t) +  ϵt       (5) 
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The trend component, g(t), is modelled by a logistic function. The seasonality compo-

nent, s(t), by a Fourier series. The festive periods, h(t), are adjusted by parameteriza-

tion in the model. Finally, the error term, εt, represents the changes originated by 

circumstances that are not accommodated by the model [8]. Further information on 

the formulation details of each of these components can be found in [8]. 

4 Manual Parameterization of the Time Series 

Figure 1 shows real data from a Telecom company graphically. It includes the var-

iation of the number of recharges (used in telecommunications services), and the vol-

ume of internet data consumed (data) over the period from 2014 to 2017. There is a 

tendency of recharge decrease and data consumption increase. Seasonality exists there 

as temporary increases and decreases in certain months of each year. In the series of 

recharges, there is a lower consumption in the months of February, October and No-

vember, and a higher consumption in the months of January, August and December. 

First 3 years were used for analysis and training, the fourth year for prediction testing. 

Figure 2 shows the stationary test of the time series of recharges using 2 methods. 

The figure above shows graphical visualization of moving average and deviation. The 

second, shows Dickey-Fuller statistical test presented below the figure. 

 

Fig. 1. Consumption variation over 4 years  Fig. 2. Stationarity test of time series 

  

  

We can see a decrease of the average over time. This variation over time indicates 

that the series is non-stationary. The result of the statistical test has a value greater 

than the critical value with a confidence level of 95% (-1.149969> -2.967882), also 

indicating that the series is non-stationary in time. Then a first-order differentiation 

transformation was applied to make the time series stationary in time. Figure 3 pre-

sents the stationary test of the series after this transformation. 

Fig. 3. Stationarity test of the transformed time series  
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From the analysis of the previous graph, it is verified that the statistical properties 

of the time series have become approximately constant over time. The result of the 

statistical test is also less than the critical value for a 95% confidence level (-4.815318 

<-2.992216), also indicating that the time series approached stationarity. Given that a 

differentiation was required to approximate the series of stationarity, then the parame-

ter d of the model is equal to one. 

The next step is to determine the values of the parameters p (order of the AR com-

ponent of the model) and q (order of the MA component of the model) of ARIMA. To 

estimate these two parameters, we used the functions Autocorrelation Function (ACF) 

and Partial Autocorrelation Function (PACF). Figure 4 shows the graphs of these two 

functions. 

Fig. 4. Graphs ACF and PACF  

  

The graph on the left side of Figure 4, representing the ACF function, allows esti-

mation of the value of parameter p, by looking at the position where the function 

crosses the confidence interval for the first time. In the graph this happens between p 

= 0 and p = 1. The graph on the right side is the PACF function, which allows to ob-

tain the value of parameter q, also by crossing the function with the confidence inter-

val. In the graph above, it happens between q = 0 and q = 1. In the experimental sec-

tion we will compare the performance achieved by the forecasting model for this da-

taset using each of four possible parameter combinations (p = 0, d = 1, q = 0), (p = 1, 

d = 1, q = 0), (p = 0, d = 1, q = 1) and (p = 1, d = 1, q = 1).  
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Note that Prophet is much simpler to use than ARIMA, because of its ability to au-

tomatically find inflection points in the data, that is, points where trend changes [6]. 

5 Automation of the ARIMA model using exhaustive search  

Automatic parameterization of the seasonal ARIMA model is important to allow its 

integration in a tool that can be used by managers without requirement of manual 

configuration or even knowledge of the details. It also accommodates changes in the 

behavior of the series. The proposed approach follows the steps shown in Figure 5. 

 

Fig. 5. Consume Forecasting Steps  

 
 

1. Selection of data, extraction and aggregation by month of a three-year historical 

period, related to the data that is intended to be forecasted. 

2. Data preparation, subdivided into three tasks. The first converts the original date 

format to the format required by the template. The second constructs the input data 

structure in two-column model with date and the data consumption. The third applies 

a logarithmic transformation required by the method, which allows to attenuate the 

trend of the time series [6]. 

3. Choice of model parameters: This step aims to test and evaluate several models 

in order to choose the one that minimizes the forecast error. In this step, all combina-

tions of values for parameters p, q and d are generated. The first two parameters can 

be zero, one or two, and parameter d can be zero or one [6]. This defined range of 

values takes into account manual parameterization tests as the ones presented in our 

experimental results, and also a certain flexibility to adapt to future data. The season-

ality parameter is defined as 12 (yearly), corresponding to the seasonal period. After 

generating the combinations of parameters, each model instantiated is tested with 

historical values. The stationarity of the time series is a requirement for the applica-

tion of the ARIMA method. Therefore, when the model is constructed with a non-

stationary time series, the combination of parameters tested in this iteration is discard-

ed, and the test advances to the next parameter combination. 

4. Construction of the forecast model: after the choice of parameters, the forecast 

model is constructed with a recent three-year history, and with the parameters identi-

fied in the previous step. 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 592



5. Forecast of consumption of the following months: starts after the construction of 

the chosen model and consists of predicting the following months. The expected val-

ues are converted back to the scale of the original values by performing an exponen-

tial transformation (reverse operation of the logarithmic transformation). 

6 Experimental Analysis 

In the experiments presented in this section, we used real telecommunication data 

to compare the accuracy of seasonal ARIMA and Prophet methods when forecasting 

Telecom data, and to validate the parameterization mechanism of the proposed model. 

6.1 Experimental Setup 

The data used in this evaluation comes from a medium-sized telecommunications 

operator. Data was aggregated by month for a time period of four years. It consisted 

of consumption data, recharges (used in telecommunications services) and the volume 

of internet data consumed (data). Those are the same datasets already described in 

section IV. For both datasets we used the first three years for training and the fourth 

for testing the model.  

The performance test (evaluation of execution time) was performed on a develop-

ment machine with the following characteristics: 

• Operating system: Windows 8 de 64 bits 

• Processor: i5 de 2.50 GHz 

• Memory RAM: 8.00 Gb 

• Disk HDD: 297 Gb 

6.2 Comparison between ARIMA and Prophet on Recharge dataset 

Table 1 shows the RMSE and MAPE obtained using ARIMA with different com-

binations of parameter values, and Table 2 compares the forecasting errors of ARIMA 

and Prophet, choosing the best ARIMA result. 

Tab. 1. Comparison of ARIMA errors on Recharges, 12 months 

ARIMA (p, d, q) RMSE MAPE 

(0, 1, 0) 4.08e+4 4.28 

(1, 1, 0) 4.04e+4 4.24 

(0, 1, 1) 3.99e+4 4.19 

(1, 1, 1) 3.96e+4 4.14 

Tab. 2. ARIMA versus Prophet on Recharges, 12 months 

Method RMSE MAPE 

ARIMA (1, 1, 1) 3.96e+4 4.14 

Prophet 5.59e+4 6.3 

 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 593



From these results we can see that parameter configuration in ARIMA improves 

the error (RMSE or MAPE), and that ARIMA forecasting errors are much lower than 

Prophet for the Recharge dataset. Figures 6 show the forecast results graphically, 

comparing real to predicted values. 

Fig. 6. Recharges Forecasting with ARIMA 

  

From visual inspection of the results graphs we can see that both methods are able 

to deal effectively with both seasonality and trends. It is also clear that ARIMA out-

performs Prophet for this dataset. 

6.3 Comparison of various configurations 

Table 3 presents the results of forecasting 12 months of internet data consumption 

using ARIMA and Prophet. 

Tab. 3. ARIMA vs Prophet on Data Consumption, 12 months 

Method RMSE MAPE 

ARIMA 3.99e+13 8.50 

Prophet 2.23e+13 9.88 

 

Table 4 shows the comparison results for recharges and for data consumption (con-

sume) over 3 months. In this case the training data was a whole year and the forecast-

ing covered the next 3 months. Four forecasting runs were used, corresponding to the 

4-year trimesters, the tables show the average and standard deviation of the errors 

over the four runs. 

Tab. 4. ARIMA vs Prophet on Recharges and Data Consumption, 3 months 

Method 
RMSE MAPE 

Mean Maximum Mean Maximum 

ARIMA -  Recharges 3.69e+4 4.97e+4 3.71 5.01 

Prophet - Recharges 7.63e+4 1.05e+5 7.82 11.08 

ARIMA - Data 2.59e+13 5.12e+13 6.99 17.0 

Prophet - Data 4.67e+13 6.35e+13 8.11 13.26 

 

We can see from the tables that Data consumption was slightly more challenging 

than Recharges for both methods (higher average error). ARIMA was always better 
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than Prophet (lower average error, almost half for both datasets), although ARIMA 

results have a higher standard deviation when compared with Prophet. Note that while 

for Recharges the sum of average error plus standard deviation or the maximum error 

were always smaller for ARIMA, in the case of Data Consumption one of the tri-

mesters had the highest error for ARIMA, maximum error = 17% against 13% for 

Prophet, and the average error plus standard deviation is slightly higher for ARIMA. 

This was however an exception, as we could see by the results ARIMA was consist-

ently better than Prophet for all other 12 and 3 months forecasting cases for both da-

tasets. 

6.4 Validation of automated ARIMA configuration 

This section presents the validation results of the automatic parameterization mecha-

nism of the ARIMA model described in section V. Table 5 shows the error of each 

combination tested by the exhaustive search approach regarding the 3-month and 12-

months forecast, for both datasets tested. The exhaustive search parameter configura-

tion approach obtains these errors for all cases and then chooses the one with lowest 

error, which is shown in bold. In all the tests it is verified that the implemented mech-

anism was able to automatically find the combination of parameters that minimizes 

the prediction error in the historical data. 

The parameters chosen by the automatic approach for these 4 cases (Recharges and 

Data Consumption, 12 and 3 months forecasting) were always consistent with the 

established manual parameter configuration found (discussed and exemplified in sec-

tions III and IV). Note that the established manual approach involves iterative human 

inspection, running the Dickey-Fuller test or choosing visually, then successively 

differentiating and again testing using Dickey-Fuller or visual inspection until the 

decision thresholds are met. The exhaustive search simply replaces that tedious pro-

cess with the automated version, with good results for these datasets and forecast 

objectives. 

Another relevant issue is the runtime of the exhaustive search procedure, since it 

has to test a significant number of alternatives. We test the procedure runtime next. 

Tab. 5. Automated parameter values finding by exhaustive search, 3 and 12 months 

ARIMA  

(p, d, q) 

Recharges (RMSE) Data consumption (RMSE) 

3 months 12 months 3 months 12 months 

(0, 0, 0) Discarded Discarded Discarded Discarded 

(0, 0, 1) Discarded Discarded Discarded Discarded 

(0, 0, 2) Discarded Discarded Discarded Discarded 

(0, 1, 0) 3.87e+4 4.08e+4 3.98+e13 5.67e+13 

(0, 1, 1) 3.69e+4 3.99e+4 4.02+e13 4.82e+13 

(0, 1, 2) 3.75e+4 4.03e+4 3.84+e13 5.89e+13 

(1, 0, 0) Discarded Discarded Discarded Discarded 

(1, 0, 1) Discarded Discarded Discarded Discarded 

(1, 0, 2) Discarded Discarded Discarded Discarded 
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(1, 1, 0) 3.86e+4 4.04e+4 4.18e+13 5.13e+13 

(1, 1, 1) 3.77e+4 3.96e+4 2.59e+13 3.99e+13 

(1, 1, 2) 3.75e+4 4.03e+4 2.84e+13 5.55e+13 

(2, 0, 0) Discarded Discarded Discarded Discarded 

(2, 0, 1) Discarded Discarded Discarded Discarded 

(2, 0, 2) Discarded Discarded Discarded Discarded 

(2, 1, 0) 3.76e+4 4.06e+4 3.94e+13 6.48+e13 

(2, 1, 1) 3.88e+4 3.97e+4 3.55e+13 7.36+e13 

(2, 1, 2) 6.58e+4 4.01e+4 3.96e+13 1.19e+14 

 

Table 6 shows the runtime of the automatic procedure (testing a significant set of 

parameter values alternatives) and compares it to the runtime of a single test as a 

ground truth. Note that the single test run is only used here for comparative reference, 

because running a single test automatically is not sufficient to configure the parame-

ters, it must be done by a user inspecting the result, and most of the times, as hap-

pened for the datasets tested in this experimental section, will require further itera-

tions of differentiating and running the test again. 

Tab. 6. Runtime of parameter configuration by automated exhaustive search 

Approach 
Time (s) 

Mean Maximum 

Recharges Forecast (automated) 6.38 ± 0.11 6.57 

Data consumption (automated) 6.21 ± 0.39 6.92 

Single test  0.30 ± 0.16 0.55 

Single test 0.61 ± 0.03 0.66 

 

These results show that the exhaustive search for parameter configuration takes 

about 6 secs, which is perfectly acceptable for the practical purposes of the decision 

support tool we were developing. The user has to wait for only 6 secs before the fore-

casting model does the forecast, since it is searching for the correct parameters. Nev-

ertheless, we note that, although the procedure works fine for the sizes of datasets that 

our tool works with, it is important to develop improved parameter finding approach-

es in the future, to be able to handle much bigger datasets. Therefore, we identify as 

future work the possibility of improving the automated parameter configuration pro-

cedure. A simple way to scale to large datasets would involve sampling, to reduce the 

dataset to a size that is tractable by exhaustive search, the other alternative would be 

to apply heuristics to reduce the search space, and a third alternative would involve 

both. We reserve this study for future work. 

7 Conclusion and future work 

In this work we studied the application of time series forecasting methods ARIMA 

and Prophet to real Telecom data, with the aim of integrating the best performing one 

in a practical tool for decision support. The two methods were presented along with 
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their parameterization processes. These two methods were compared in the forecast of 

consumption using real telecommunications data. Since the ARIMA model requires a 

great deal of knowledge in its parameterization, an automatic parameterization proce-

dure was proposed and validated. This allows the approach to do every step of the 

data forecasting pipeline automatically. This way the approach was integrated into a 

tool used by managers to view the forecasts without requiring any knowledge of the 

data preparation and parameterization process for ARIMA forecasting. 

This work also showed that, despite the great variation of consumption during the 

year, due to the existence of seasonality and trends, it is possible to make approximate 

forecasts with consumption data in the telecommunications area. From the results 

obtained and the comparison of the two time series methods, it was possible to obtain 

a minimum MAPE of 3.71% in the three-month forecast and of 4.14% in the twelve-

month forecast. Of the two methods tested, the ARIMA model presented better pre-

diction results in relation to Prophet. 

For future work we intend to develop models of the Holt-Winters time-series 

method and compare with the methods studied in this work. In addition, we intend to 

investigate alternatives that improve the exhaustive search method in the automatic 

parameterization of ARIMA, using heuristics. 

References 

[1] StatsModels Statistics in Python, available in 

http://www.statsmodels.org/devel/generated/statsmodels.tsa.arima_model.ARIMA.ht

ml, consulted in 2018-03-20. 

[2] Prophet Forecasting at scale, available in https://facebook.github.io/prophet/, 

consulted in 2018-04-16. 

[3] BRANCO, S. T., & DE SAMPAIO, R. J. B. A New Artificial Neural Networks 

Forecast Model in Telecommunications, consulted in 2017-10-28. 

[4] Wang, M., Wang, Y., Wang, X., & Wei, Z. (2015). Forecast and Analyze the 

Telecom Income based on ARIMA Model. The Open Cybernetics & Systemics Jour-

nal, 9(1), consulted in 2018-03-15. 

[5] Is Prophet Really Better than ARIMA for Forecasting Time Series Data, avail-

able in https://blog.exploratory.io/is-prophet-better-than-arima-for-forecasting-time-

series-fa9ae08a5851, consulted in 2018-05-16. 

[6] A comprehensive beginner’s guide to create a Time Series Forecast, available 

in https://www.analyticsvidhya.com/blog/2016/02/time-series-forecasting-codes-

python/, consulted in 2018-03-15. 

[7] MATH6011: Forecasting, available in https://www.southampton.ac.uk 

/~abz1e14/papers/Forecasting.pdf, consulted on 2018-03-22. 

[8] Taylor, S. J., & Letham, B. (2017). Forecasting at scale. The American Statisti-

cian, (just-accepted), consulted in 2018-04-16. 

[9] MAE and RMSE - Which Metric is Better, available in 

https://medium.com/human-in-a-machine-world/mae-and-rmse-which-metric-is-

better-e60ac3bde13d, consulted in2018-03-20. 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 597

https://www.southampton.ac.uk/


Multivariate forecasting of extreme wave climate and 
storm evolution 

Andrea Lira-Loarca1[0000-0003-2251-6684], Manuel Cobos1[0000-0002-5896-3630], Asunción Ba-
querizo1[0000-0002-3339-0653] and Miguel A. Losada1[0000-0002-2071-3134] 

1Andalusian Institute for Earth System Research. University of Granada. Av. del Mediterráneo 
s/n, 18006 Granada, Spain  

aliraloarca@ugr.es, mcobosb@ugr.es, abaqueri@ugr.es, 
mlosada@ugr.es 

Abstract. The design and management of a coastal structure should be addressed 
as an optimization problem that depends on random multivariate climate varia-
bles and takes into account the damage progression along its useful life. An op-
timal design requires an accurate characterization and evolution of extreme 
events. In this work, we present a simple and efficient methodology to simulate 
time series of storm events including several maritime variables. It includes the 
use of advanced statistical techniques such as non-stationary mixture distribution 
functions, a vector autoregressive model and a copula model for the characteri-
zation of extreme maritime variables and storm evolution. The proposed meth-
odology is able to efficiently provide a time series of simulated storms which 
reproduces the co-dependence between variables and the temporal distribution of 
the historical time series. 

Keywords: Forecasting Maritime Climate, Storm Evolution, VAR, Copula 
Model 

1 Introduction 

In recent years, there has been an increased concern regarding climate change impacts 
in coastal areas. According to the Intergovernmental Panel on Climate Change Fifth 
Assessment Report [1], coastal systems and low-lying areas will increasingly experi-
ence adverse impacts such as submergence, coastal flooding, and coastal erosion due 
to sea level rise, increase in the frequency and intensity of storms and the associated 
storm surges.  

Without adaptive measures, almost a million people per year are expected to be af-
fected by coastal flooding in a climate change scenario and the economic losses and 
costs due to flooding, salinity intrusion, land erosion and migration are projected to be 
about 17 billion dollars by 2100 in Europe [2]. 

The traditional design practice of coastal structures and protective measures is based 
on the statistical analysis of isolated climate variables such as the significant wave 
height by means of its return period without taking into account the dependence be-
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tween different forcing agents nor their temporal variation. Likewise, storm character-
ization and evolution is done using simple geometric shapes like the Equivalent Trian-
gular Storm [3-4] with no information given on the evolution of the variables on the 
sea states that define the storms. 

Nevertheless, most of the climate variables have the same origin and should not be 
treated as independent. Therefore, univariate return periods are not sufficient to esti-
mate a storm and its evolution as it is a multivariate problem depending on the signifi-
cant wave height (Hs), mean wave period (T), wave direction (𝜃), storm duration (D) 
and interarrival time (I), among others.	

Accordingly, there is a new dimension added to the traditional design practice in 
maritime engineering with a need for more advanced statistical techniques for extreme 
analysis that take into account the complex interactions and predictions of maritime 
climate variables. 

 
This work presents a simple and efficient methodology to simulate time series of 

storm events including several maritime variables. This methodology includes the use 
of advanced statistical techniques such as non-stationary parametric distributions [5] to 
marginally characterize each variable, a vector autoregressive (VAR) model to describe 
the temporal dependence between variables, and a copula model to link the seasonal 
dependency of the storm duration and the interarrival time between consecutive storms.   

2 Methodology 

The methodology comprises the following steps (Fig. 1): 

a. Storm definition: For a given threshold value Hs,u, the storm events (duration, D) 
and the succeeding calm periods (interarrival times, I) are identified over the 
historical time series of the significant wave height, Hs. The concomitant mean 
periods, Tp, and mean wave directions, 𝜃m , are also obtained.  
Minimum values of D and I between consecutive events are set to ensure inde-
pendency between events.  

b. Hs, Tp and 𝜃m are characterized using non-stationary marginal mixed distribution 
functions.  

c. The dependence between the duration D and interarrival times I, is analyzed sea-
sonally using a copula model. 

d. A vector autoregressive model is used to analyze the temporal dependence and 
interdependence of the variables and therefore characterize the storm evolution. 

e. A continuous time-series of maritime variables is obtained using the VAR model 
and the fitted distribution functions. A new threshold, Hs,u’, is set in order to 
define independent storms, maintaining the similarity between the CDFs of the 
storms’ duration D. 

f. Storms’ time-series simulation: The simulated independent storms are then dis-
tributed throughout time by simulating the interarrival time from the copula 
model of I conditioned to the corresponding duration, D. 
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Fig. 1. Diagram of the methodological framework 

3 Results 

A 50-year time-series of simulated storms in Granada, Spain was done using historical 
wave climate from the point SIMAR-2041080 (Puertos del Estado) with hourly data 
from 1958-2018. Hs and Tp were fitted using Exponential and Lognormal distributions, 
respectively.  𝜃m was fitted using a mixture distribution model of two truncated Normal 
distributions. A Clayton copula was used to study the dependence of D and I. Fig. 2 
presents the scatter plots of the main variables of historical and simulated time series. 
It can be observed that the model reproduces fairly well the joint stochastic character 
of the random time series as well as the temporal dependence given that the simulated 
time series presents a similar monthly storm frequency as the historical data (Fig. 3). 
During the conference, we will present a more in-depth description of the proposed 
methodology and the results of its implementation in different climate maritime regions 
of the Spanish coast.  

 

Fig. 2.  Scatter plots of data and simulations 
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Fig. 3.  Monthly average storm frequency 
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Abstract. The short-term load forecasting problem consists of estimat-
ing the future demand for a period of up to one week and has fundamental
importance in power system studies. This problem can also be modeled
in terms of pattern similarity, allowing the use of regression algorithms
based on machine learning applied to time series analysis. In this work,
three neural network-based models are evaluated and forecasted data is
applied to the unit commitment problem, providing a schedule for power
plant operations in some case studies. These experiments present inter-
esting results, proving the applicability of the models and the combined
strategy.

Keywords: Pattern similarity, Short term load forecasting, Unit com-
mitment problem, Power systems

1 Introduction

The load demand can be considered as one of the most important information
to be used in the operation of energy systems. Operations in power systems are
very dependent on these information, which results in the successful operation
of generators, substations and lines, as well as the planning of new units in these
systems.

A large number of models for load forecasting have been proposed, some of
them based on regression, statistical analysis, smoothing, or parametric analysis,
some examples are integrated auto-regressive models based on moving averages
(ARIMA) and exponential smoothing models of Holt-Winters according to [1].
Finally, research in computational intelligence have grown and models based on
neural networks became widely used as in [2–4].

In [5], a load prediction model based on pattern similarity is proposed. This
model facilitates the use of several machine learning algorithms in time series
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based problems and provides intuition prediction based on previously known
patterns.

Thus, the realization of the short-term load forecasting (STLF) plays a fun-
damental role, especially in the control, scheduling and safety tasks of the elec-
trical systems. Among them, the Unit Commitment problem (UCP), considered
in this work as in [6], is a recurrent optimization task in power systems which
involves scheduling the generating units status (ON/OFF) in order to meet the
load demand with minimum generation cost satisfying the different existing con-
straints. UCP tasks are highly dependent on a successful load forecasting so that
generators may satisfy the demand with less costs of operation.

The work in question discusses some algorithms based on the pattern simi-
larity model and their application in STLF problems, applying models based on
self organizing maps (SOM) neural networks proposed in [4] and employing their
application in UCP considering some adaptation of load forecast case studies to
the problem.

2 Basic review

2.1 Short term load forecasting

The problem of short-term load forecasting is to predict future demand in a range
of a few hours before up to a few weeks ahead, as shown in Figure 1. In this
problem, it is possible to predict statistically a distinct pattern of consumption
resulting from the totality of individual loads, according to [7].
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Fig. 1. Taxonomy and applications of Load Forecasting problems, according to [8].

Some classes of factors may influence the behavior of the system load, such as
seasonal, economic and climatic factors, or even some random effects. In [9], three
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objectives for the problem are listed, such as scheduling generation, providing
safer and more reliable operation of the plants, and increasing system reliability.

In this way, it is possible to model the load demand in time series considering
some tendencies presented in the behavior of the operations of energy systems.
Thus, such information can be predicted, for example in Box and Jenkins time-
series models.

The methodology studied in this work is the approach proposed in [5], which
treats the prediction of load using neural network methods based on pattern
similarity applied to load forecasting according to the daily demand considered.
Result of the adopted techniques are applied to Unit Commitment tasks.

2.2 Pattern similarity-based load forecasting approach

In [10], main aspects of the load forecasting problem were discussed, as well
as the adequacy of pattern recognition methods to the problem. Considering
some factors a seasonality and trends, it is possible to transcribe a simple and
univariate problem based on similarity metrics, based on a simple optimization
process that requires few procedures such as defining the sampling period.

Short-term load forecasting problem can be defined by sampling energy de-
mand in days, with its hourly information as a dimension of the problem, rep-
resenting a fragment of the time series, used in pairs x, which represents the
historical information to be analyzed, and y, which represents the information
to be forecasted.

The prediction model based on pattern similarity can be defined by the fol-
lowing steps:

1. Mapping of the time series (seasonal cycles) in paired patterns x and y.

2. Selection of similar patterns x to the query pattern x?.

3. Definition of the pattern y that pairs with x in order to forecast ŷ related
to x?.

4. Decoding of ŷ in the seasonal cycle referring to ẑ.

This prediction model considers the time series pre-processing to treat speci-
ficities in the series to be analyzed or simply to perform normalizations in the
data, according to the following equations:

xt = fx(zi,t, φi) (1)

yt = fy(zi+τ,t, φi) (2)

where z is the original time series, x is the analyzed pattern and y is the pattern
to be forecasted, i refers to the period analyzed before forecast, t is the hour
of the day, τ is the period to be forecasted related to i and φi is the decoding
variable, usually the daily average load. Usually, pre-processing is defined by the
following functions:
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fx(zi,t, φi) =
zi,t − φi√
N∑
j=1

zi,j − φi

(3)

fy(zi+τ,t, φi) =
zi+τ,t − φi√
N∑
j=1

zi,j − φi

(4)

Note that in the construction of y only prior data used, once y values are not
known at the time of the forecast.

In this model, similarity functions are defined, usually based on linear or
non-linear mapping of distance metric D in order to provide comparisons among
x patterns. In training, data related to y patterns are also analyzed and the
correlation between measured distances is verified. In the test, the y pattern is
estimated by the x-pattern observations.

Usually, the metrics used to assess forecasts quality is the mean absolute
percent error (MAPE) between the forecasted data Ft and the actual data At
in the period of n instants, as follows:

MAPE =
100

n

n∑
t=1

|At − Ft|
At

(5)

This metric is commonly used in load forecasting problems. Its interquartiles,
applied in [10], indicate information on error scattering and smaller values of
them point to more accurate models, since errors are centered around the average
value.

With this, supervised algorithms can be used so that it is able to map x→ y
and then new x patterns are presented and y patterns are obtained as outputs.

2.3 The unit commitment problem

Basically, the UCP [11] deals with the scheduling of generators according to their
status (ON or OFF) during a given period (usually defined by hours, per day
or week) in order to supply demand at the given hours. The problem is defined
by its cost objective and some constraints, which can vary according to some
formulations.

The adopted formulation is based on [11–13]. The cost objective is defined
as in (6), with its components and variables defined in (7) to (11):

minCost =
T∑
t=1

[Cpt + Cet + Sut + Sdt] (6)

Cpt =

NGen∑
n=1

anG
2
n,t + bnGn,t + cn (7)
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Cet =

NGen∑
n=1

αnG
2
n,t + βnGn,t + γn (8)

Sut =

NGen∑
n=1

min(0, Sn,t − Sn,t−1 + 1)× Csun (9)

CSut =

{
CShot,n if Sn,t ≤ ctn
CScold,n otherwise

(10)

Sdt =

NGen∑
n=1

max(0, Sn,t − Sn,t−1 − 1)×−Csdn (11)

where:
Cpt total production costs at hour t, in $/MW ;
Cet total emission costs at hour t, in $/ton;
Sut total unit startup cost at hour t, in $;
Sdt total unit shutdown cost at hour t, in $;
Gn,t active power of unit n at hour t,(MW);
an, bn, cn production cost coefficients of unit n;
αn, βn, γn emission cost coefficients of unit n;
Sn,t state of unit n at hour t,[0,1];
Csun startup costs of unit n,$;
Cshot,n hot startup costs of unit n,$;
Cscold,n cold startup costs of unit n,$;
ctn cold start-up threshold for generation n,$;
Csun shutdown costs of unit n,$;

The UCP equality and inequality constraints are represented as follows:

∀t
NGen∑
n=1

(Gn,t × Sn,t) =

NLoad∑
l=1

Pl,t (12)

Gmin,n ≤ Gn,t ≤ Gmax,n ⇐⇒ Sn,t,∀n, t (13)

−Rpdown,n ≤ Gn,t −Gn,t−1 ≤ Rpup,n ⇐⇒ Sn,t − Sn,t−1 = 0,∀n, t (14)

∀t
NGen∑
n=1

(Gn,t × Sn,t) =

NLoad∑
l=1

Pl,t + Srt (15)

∀t, n
t−1∑

h=t−TON,n

(Sn,h = TON,n) ⇐⇒ Sn,t − Sn,t−1 = −1 (16)
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∀t, n
t−1∑

h=t−TOFF,n

(Sn,h = 0) ⇐⇒ Sn,t − Sn,t−1 = +1 (17)

where:
Pl,t amount of load demand at t time interval and l load point, in

MW ;
Gmin,n minimum power limits of generator n, in MW ;
Gmax,n maximum power limits of generator n, in MW ;
Rpup,n ramp rate upper limit of generator n;
Rpdown,n ramp rate lower limit of generator n;
Srt forecasted spinning reserve at t hour;
TON,n minimum up time of generator n;
TOFF,n minimum down time of generator n;

The UCP can be solved by different optimization methods, such as Dynamic
Programming [12, 6, 13], and some meta-heuristic methods as well [14, 15]. Re-
gardless of the method, this problem is dependent on a successful load forecasting
task.

An earlier work in [16] has performed some tests considering hourly and
daily forecasting by applying a feed-forward neural network to forecast step, the
result was applied to unit commitment schedule decisions. Although the concept
of pattern similarity has not been developed at all, the methodology is directly
linked to this concept.

This work will apply some load forecasting methods based on pattern sim-
ilarity in order to provide information for a dynamic programming-based unit
commitment method in some benchmark cases. Both forecasting and generation
scheduling will be evaluated, as well as the overall process performed in the
research.

3 Experiments

The experiments performed in this work consider a hypothetical system in which
the demand from New England area is supplied by generators from IEEE bench-
mark systems. There are five phases, two of them for data analysis and the others
related to load forecasting, unit commitment and the overall analyses, as illus-
trated in Figure 2 and described throughout this work.

3.1 ISO New England demand

The ISO New England dataset, available in [17], consists of a database con-
taining information regarding the 8 regions within New England area (three of
them in Massachusetts state, see Figure 3), including the measured demand, and
the corresponding prices. These data also served as a basis for a complete and
complex database proposed in [18], also developed for UCP tests.
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Fig. 2. Flowchart of the proposed experiments, described by each task, databases (in
green/black), and methods used (in blue/white).
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Fig. 3. New England region and its states.

This dataset is used during the STLF phase, in which the pattern similarity-
based method is applied to one of 8 zones, The training data consists of load
demand between 2007 and 2012, which is processed in order to forecast infor-
mation regarding 2013 demand.

3.2 IEEE benchmark systems

Two benchmarks systems from IEEE, namely IEEE 14-bus and 30-bus, all of
them illustrated in Figure 4, are tested during the unit commitment phase and
their generators are scheduled in order to handle the demand forecasted during
STLF phase.
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Fig. 4. Illustration of IEEE benchmark systems considered in this work: (I) 14-bus
system, (II) 30-bus system
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All database used for experiments are given in [6], except for the demand,
which is replaced by the ISO NE data, as previously presented.

3.3 Pattern similarity SOM Network

In order to provide information regarding load demand, four different load fore-
cast methods are employed and tested in this research. Three of these methods
are based on Self-organizing maps neural network developed according to the
pattern similarity principles studied in [4] as further explained.

Algorithm 1. Self-organizing map model 1.

1. Concatenation of the paired x and y patterns in the pattern z;
2. Train SOM network according to patterns z;
3. Presentation of the query pattern x? and assigning it to the nearest neuron
wj according to j? = argmin‖x? − wx,j‖;

4. Reconstruction of the y pattern paired with the query pattern based on the
y part of the neuron wy,j .

Algorithm 2. Self-organizing map model 2

1. Independent grouping of patterns x and y, with two SOMs for each pattern;
2. Estimation of the conditional probabilities P (Cy,l|Cx,k).
3. Presentation of the query pattern x? and assigning it to a set of nearest

neurons wx,j ;
4. Reconstruction of the y pattern paired with the query pattern based on

neuron wy,k from SOM of pattern y and probabilities P (Cy,l|Cx,k).

Algorithm 3. Self-organizing map model 3

1. Only y patterns are developed;
2. neurons wj are labeled according to the following information: day numbers
i and day types δ;

3. Calculation of the number of entries ej which satisfy two conditions:
(a) query pattern is from the same period of the year as the forecasted y

pattern;
(b) day type is the same as for the forecasted y pattern.

4. Reconstruction of the y pattern paired with the query pattern based on
neuron wj and label entry numbers ej .

These three methods are tested with their performance mutually compared.
Forecasting results are used in unit commitment phase.

3.4 Dynamic programming

For solving UCP, a Dynamic Programming (DP) approach proposed in [6] is
used, this approach defines a mechanism named hourly state restriction, in which
secondary states are defined, but there are some of these states omitted in favor
of feasibility, the Figure 5 illustrates how it works.

In this work, DP evaluation of UDP is performed in two approaches as follows:

– Daily, with the 24 hours of a day evaluated, considered by its type:
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Fig. 5. Description of the Dynamic Programming approach used in this work, as in [6].

1. Working days;
2. Saturdays;

3. Sundays;
4. Holidays.

– Weekly, with the hours of a week, starting by monday, being evaluated at
once and considered by its season:

1. Winter; 2. Spring; 3. Summer; 4. Autumn.

These data are obtained considering the mean of historical hourly data de-
fined by the described period.

3.5 Solutions evaluation

After STLF and UDP phases, the UDP solutions obtained during these tests are
evaluated according to a hypothesis test, which is defined as follows:

ΩS = H(Sg,t, S
?
g,t) (18)

where S?g,t is the ideal solution, which is obtained considering the actual load
demand of test data. The χ2 test can be used in this case, in order to measure
their closeness according to the ideal case.

4 Results

4.1 Load Forecasting

Load forecasting results are presented in Table 1, according to the Control Area
and the 8 zones.
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Table 1. Load forecasting results per zone, with best solutions in bold.

SOM Model 1 SOM Model 2 SOM Model 3
Zone Dataset MAPE IQR MAPE IQR MAPE IQR

ISONE CA 3.616625 3.440646 3.495636 3.313823 4.131780 3.605780
ME 3.184038 2.698629 2.743899 2.024705 2.988718 2.488731
NH 4.022246 4.022246 3.904023 3.281043 4.139372 3.558926
VT 3.114933 3.531652 3.105123 2.655316 3.201551 2.740366
CT 4.936994 4.519499 4.391825 3.490205 4.208487 4.255713
RI 4.649350 4.005369 3.970818 3.388785 4.287126 4.059443

SEMASS 4.536004 4.144500 4.117994 3.353949 4.590180 4.008678
WCMASS 3.890134 3.983390 3.634790 3.448429 4.268935 3.403963

NEMASSBOST 4.555781 4.592830 3.790459 3.526698 4.750288 4.221285

For these tests, the second model has presented results more closer to the
actual data, except for the Connecticut zone, in which third model has presented
a better result. In fact, the performance was similar, which implies that results
in next phase may not present relevant differences.

4.2 Unit Commitment

In this phase, we consider the demand from Zone 6 (Rhode Island), and its
forecasting will be applied to the IEEE benchmark systems through DP. For
compatibility sake, the per-unit system was applied to generators and loads,
demand used by the evaluated system is about 25% and 30% of the total demand
forecasted for IEEE 14 and 30 bus respectively.

Results are presented in Figure 6 for IEEE 14-bus system and in Figure 7
for IEEE 30-bus system, for both daily and weekly approaches.
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Fig. 6. Unit Commitment results for IEEE 14-bus System.
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Fig. 7. Unit Commitment results for IEEE 30-bus System.

Solutions provided by DP in daily and weekly UC problems imply in different
scheduling according to type of day and the season of year as well.

4.3 Overall Evaluation

In the final evaluation, observed planning is evaluated according to the expected
values. As calculated through ΩS , for all planning results, null hypothesis was
rejected, pointing that planning was according to expected, with p-values of 1
and χ2 = 0, showing that the unit commitment strategy may correspond the
actual demand.

5 Conclusions and future work

This work presented the application of pattern similarity to short-term load fore-
casting and unit commitment. The presented results confirm that good forecasts
may reinforce strategies for generation schedules.

These preliminary results may be reinforce with the use of other forecasting
techniques, such as Fuzzy Time Series, and other UC approaches, based on
evolutionary algorithms, among other examples.

While the influence of load forecasting at UC problem is observed, another
interesting study is the influence of both problems (mainly UC) in Generation
Expansion Planning, which can be discussed with some scenarios in which new
generators are introduced to the system, providing a complete analysis of the
integration among these problems.
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Abstract. Although Granger causality is a widely used technique to de-
tect causal relationship, its direct application for non-linearly modeled
data is not appropriate. There have been proposed several extensions
to non-linear cases, but none of the modifications identifies the correct
causal connectivity in general. We present a new measure for evaluation
of a causal effect between two time series, which is based on the selected
local approximations of time delay embedding reconstruction of state
space by a linear regression model. The novel causal measure reflects
the proportion of variation of the modeled variable, fitted by a linear
regression model including past of the modeled variable and of the sec-
ond variable as predictors, actually predicted by the past of the second
variable only. The suggested measure should be used to identify both
linear and nonlinear causal effects. The proposed estimator is applied to
six data sets with known causal connections and dynamics.

Keywords: Granger causality, time-delay embedding reconstruction, lin-
ear regression model, prediction error

1 Introduction

Assessing the presence of directional interactions between two time series of a
multivariate data set is an important issue in diverse areas including finance,
neuroscience, sociology, and others. The linear Granger [1] approach has become
the most popular method for causality analysis in time series due to its computa-
tional simplicity. A variable X is said to Granger-cause another variable Y if the
prediction error of Y in a linear regression model including its own past values
and the past values of X as predictors is less (in some suitable sense) than the
prediction error of Y in a linear regression model including only its own past val-
ues. Testing for Granger causality is commonly provided by the F-test or Wald
test. X Granger-causes Y means that the variable X was found to be helpful
for forecasting variable Y . So, the causality in the Granger sense identifies with
predictability and precedence. Note, that the procedure for analyzing the causal
link between time series can be theoretically used also for time series actually
not generated by a linear regression model. The most important issue for using
the Granger causality analysis is a validation of the model assumptions, at least
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2 Modified Granger Causality in Selected Neighborhoods

that time series are stationary and no unit roots are presented in the model. If
a model assumption is not satisfied, the result of the test for Granger causality
is not approved.

Extensions of Granger-causality to non-linear cases have been explored e.g. in
[2], [3] and [4]. Also, the causality detection methods that do not directly follow
the traditional Granger causality methodology have been proposed, e.g. [5], [6],
[7]. However, it is not clear how to validate the goodness of using a method
for a particular data and none of the published causality detection methods is
appropriate for analyzing causal influence between time series in general, see e.g.
[8]. Furthermore, extensive computations and no straightforward interpretation
of their numeric results decrease the usefulness of some of these procedures. It
can be concluded that identifying a causal relationship among simultaneously
acquired signals is still not a satisfactorily closed issue, even for the bivariate
case.

Here presented modified Granger causality in selected neighborhoods (MGC)
is based on a local approximation of the reconstructed dynamics by a linear
regression model. A similar approach to ours has appeared in [2], [9]. The pre-
sented procedure differs from the mentioned methods in the way how the local
neighborhoods are selected and the most important difference is in using sta-
tistical quantity for exploring the causal inference between time series. In our
procedure, the direct causal influence of X on Y is evaluated by determining
the proportion of variation of the modeled variable, fitted by the linear regres-
sion model including past values of both variables, explained by the past of the
second variable only. These proportions are calculated only on those local neigh-
borhoods, where the linear regression model fits the observations. The goodness
of fit in neighborhoods is assessed by the coefficient of determination, R-squared
(R2). Finally, MGC is obtained as the average of these proportions from suitable
neighborhoods over the attractor.

We examined suggested measure on numerically generated nonlinear time
series with known patterns of interaction, originally used in the comparative
study of causality detection methods [8]. Six test data sets were analyzed: a
unidirectional connection of two Hénon systems, a unidirectional connection of
chaotic systems of Rössler and Lorenz type and of two different Rössler systems,
an example of bidirectionally connected two-species systems, and a fishery model
as an example of two correlated observables without a causal relationship.

2 Methodology

Consider two systems X and Y , represented by the time series x and y, respec-
tively. The classical Granger causality starts with fitting the series by a bivariate
autoregressive model (V AR(p)), where the Akaike information criterion (AIC) or
the Schwartz-Bayesian information criterion (BIC) is usually used to determine
the order p. In this study, the predictors, which are included in the modeling,
are chosen by employing Takens’ time-delay embedding [10]. The reconstructed

state spaces X̃ and Ỹ corresponding to the time series are formed by the vectors
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Modified Granger Causality in Selected Neighborhoods 3

defined as

xmx,τx(t) = (x(t), x(t− τx), . . . , x(t− (mx − 1)τx))
T , (1)

ymy,τy (t) = (y(t), y(t− τy), . . . , y(t− (my − 1)τx))
T , (2)

where mx, my are the embedding dimensions and τx, τy are the time delays.
The most common practice to determine the reconstruction parameters is to
take the delay as the first minimum of the mutual information between the de-
layed components [11] and the embedding dimension is estimated by the false
near neighbor technique [12]. However, in this study, knowing the complexity of
the generating systems, we used the lowest possible dimensions for the recon-
struction. The joint dynamics of the time series can be expressed by points

zmx,τx,my,τy (t) = (xmx,τx(t)T , ymy,τy (t)T )T , (3)

in the (mx + my)-dimensional space Z̃. The full linear regression models of
current values of the time series including the past of both time-delay embedded
vectors are defined as

x(t) = cxy +

mx∑

j=1

axxx(t− jτx) +

my∑

j=1

axyy(t− jτy) + ǫxy(t),

y(t) = cyx +

mx∑

j=1

ayxx(t− jτx) +

my∑

j=1

ayyy(t− jτy) + ǫyx(t),

(4)

where cxy, cyx are intercepts, ǫxy(t), ǫyx(t) are the prediction error terms and
their magnitudes can be evaluated by their variances, i.e. var(ǫxy), var(ǫyx).
The autoregressive models of current values of the time series with own past
time-delay vectors are of the following form

x(t) = cxx +

mx∑

j=1

axx(t− jτx) + ǫxx(t),

y(t) = cyy +

my∑

j=1

ayy(t− jτy) + ǫyy(t),

(5)

where cxx, cyy are intercepts, ǫxx(t), ǫyy(t) are the prediction error terms and
their variances are denoted as var(ǫxx), var(ǫyy). The intercept-only models,
which have no predictors variable, of current values of the time series are of the
following form

x(t) = x̄+ ǫx(t),

y(t) = ȳ + ǫy(t),
(6)

where ǫx(t), ǫy(t) are the prediction error terms, x̄ and ȳ is mean of x and y,
respectively. The MGC is based on fitting linear regression models (4, 5, 6) in
the selected neighborhoods of the reconstructed dynamics.
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4 Modified Granger Causality in Selected Neighborhoods

2.1 Local neighborhoods

For identifying a causal influence of X on Y , a fit of modeled variable Y by full
linear regression model in a neighborhood is firstly checked in our procedure. For
a point in the (mx+my)-dimensional subspace Z̃, a corresponding neighborhood

is created by its k-nearest points in Z̃ and R-squared (R2) is used to evaluate
the model quality. R2 close to one indicates a good model fit, i.e. a large amount
of response variability is explained by the linear regression model.

Let zmx,τx,my,τy (t[0]) be a point in Z̃ and zmx,τx,my,τy (t[1]), z
mx,τx,my,τy (t[2]),

. . . , zmx,τx,my,τy (t[k]) be its k-nearest neighbors. Define the sum of squares

s2xy =

k∑

j=0

ǫ̂2xy(t[j]), s2xx =

k∑

j=0

ǫ̂2xx(t[j]) s
2
x =

k∑

j=0

ǫ̂2x(t[j]),

s2yx =
k∑

j=0

ǫ̂2yx(t[j]), s2yy =
k∑

j=0

ǫ̂2yy(t[j]), s
2
y =

k∑

j=0

ǫ̂2y(t[j]),

(7)

where ǫ̂xy, ǫ̂yx, ǫ̂xx, ǫ̂yy, ǫ̂x, ǫ̂y are estimates of ǫxy, ǫyx, ǫxx, ǫyy, ǫx, ǫy defined
in (4, 5, 6), respectively. Then, the causal link X to Y is explored in the neigh-
borhood corresponding to zmx,τx,my,τy (t[0]) if the coefficient of determination,
defined as

R2
y/{x,y} = 1− s2yx/s

2
y, (8)

is satisfactorily close to one. A value R2
y/{x,y} is a ratio of the explained sum of

squares by a fitted full linear regression model containing past of both variables
X, Y as predictors and the total sum of squares of the modeled variable Y . Anal-
ogously, the causal link Y to X is explored in the neighborhood corresponding
to zmx,τx,my,τy (t[0]) if the coefficient of determination R2

x/{x,y} = 1 − s2xy/s
2
x is

satisfactorily close to one. A value R2
x/{x,y} is a ratio of the explained sum of

squares by a fitted full linear regression model containing past of both variables
X, Y as predictors and the total sum of squares of the modeled variable X.

2.2 Modified Granger causality index

The idea behind the Granger causality is well comprehended. X Granger-causes
Y , if the autoregressive prediction error of y is reduced by inclusion of past
values of x, that is, var(ǫyy) > var(ǫyx) in a suitable sense. The magnitude
of the classical Granger causality X to Y is defined to be log-likelihood ratio
FX→Y = ln(var(ǫyy)/var(ǫyx)). It is important to note that it is meaningless to
compare the magnitudes from another couple of series since FX→Y is not scaled
on a range. In the extended Granger causality [2] the causal influence of X on
Y is expressed by the variable

δX→Y = 1− var(ǫyx)/var(ǫyy), (9)

which is more pragmatic quantity from this point of view. The value of δX→Y

indicates a proportion of the variance of y in the autoregressive model, which is
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not explained by past of y itself and can be explained by added past of x as pre-
dictors to a linear representation of the observed processes. Granger causality is
focused on improving the prediction error of modeled variable in the autoregres-
sive model, but the value of the prediction error alone is out of interest. It means,
that if (var(ǫyy), var(ǫyx)) = (10, 1) or (var(ǫyy), var(ǫyx)) = (10−4, 10−5), then
δX→Y = 0.9 in both cases, e.g. 90% of unexplained variation of Y by its own
past is expressed by implementing the past of X to linear representation of Y
and the causal link X to Y is indicated. Consequently, δX→Y can lead to the
incorrect indication of a causal effect between time series. In fact, the recent
comparative study [8] of various approaches for detection of causality on differ-
ent data sets demonstrated that the extended Granger causality and the Kernel
Granger causality often detect false causality.

The suggested novel estimator is based on specifying the proportion of the
variation of the modeled variable explained actually by past values of the second
variable in full linear regression model. Furthermore, information about the qual-
ity of fit of the full linear regression model is contained in the novel estimator.
In particular, the causal influence of X on Y is evaluated by the variable

λX→Y =
λ

′

X→Y

R2
y/{x,y}

=
s2yy − s2yx

s2y − s2yx
, where λ

′

X→Y =
s2yy − s2yx

s2y
(10)

in a suitable neighborhood. A value λ
′

X→Y is a ratio of the explained sum of
squares of y from the autoregressive model by the full linear regression model
and the total sum of squares of variable y. Thus, the value λX→Y indicates the
proportion of the variation of the response variable y, explained by the linear
regression model including past of x and y as predictors, actually predicted by
x values only. The magnitude of the suggested modified Granger causality X

to Y , denoted ΛX→Y , is the average of the proportions λX→Y from all suitable
neighborhoods on the attractor. Here, as the significant presence of the causal
influence of X on Y , a value of the MGC index ΛX→Y greater than 0.01 is
considered. ΛX→Y ≥ 0.01 means, that more than 1% of the explained variation
of y by the full linear regression model is actually expressed by past of x in the
linear representation. In a similar way, the magnitude of the MGC of Y on X

denoted ΛY→X can be defined.

3 Numerical Experiments

Six data sets, each of 20 000 points, with known causal links were analyzed: a
unidirectional connection of two Hénon systems, a unidirectional connection of
chaotic systems of Rössler and Lorenz type and of two different Rössler systems,
an example of bidirectionally connected two-species systems, a fishery model as
an example of two correlated observables without a causal relationship, and an
example of mediated causality. For more details about generating the data see
[8].

Time delay for the studied examples was set to τx = τy = τ , τ = 1. Neigh-
borhoods in the reconstructed dynamics consisted of at least 30 points. R2 had
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6 Modified Granger Causality in Selected Neighborhoods

to be at least 0.95 and the number of points in a suitable neighborhood was
increased as long as R2 did not decrease.

In all experiments, we compared the novel measure with the extended Granger
causality (EGC), which is also based on a local approximation of time delay em-
bedding reconstruction of state space by a linear regression model. The local
neighborhood for a point in Z̃ is created by points of Z̃ within specified distance
r. Then, the EGC index for the causal link X to Y is the average of calculated
values of the variable (9) in such local neighborhoods. The distance r was chosen
to obtain comparatively large neighborhoods to those created in the MGC.

3.1 Hénon −→ Hénon

In the first example, we studied two unidirectionally coupled identical Hénon
maps, see e.g. [13], [14], [15]. The first two lines correspond to the driving system
X, and the last two equations describe the response system Y :

x1(t+ 1) = 1.4− x2
1(t) + 0.3x2(t)

x2(t+ 1) = x1(t)

y1(t+ 1) = 1.4− [Cx1(t)y1(t) + (1− C)y21(t)] + 0.3y2(t)

y2(t+ 1) = y1(t),

(11)

where the strength of the coupling is controlled by the parameter C. The systems
are coupled through a one-way driving relationship between variables x1 and y1.
It follows that causal influence of x1 on y1 should increase if the strength of cou-
pling C increases. We varied C from 0.08 to 0.72 with increments of 0.08. From
other studies [16], it is known that x1 and y1 will enter identically synchronized
state for C ≤ 0.7.

The embedding dimension for both series was set up to dx1
= dy1

= 2 and
the distance r = 0.2. Fig. 1 shows results of our experiments. We observe that
the MGC successfully indicates the absence of a causal influence of y1 on x1 at
any C, but the EGC incorrectly indicates the bidirectional causal link between
investigated variables.

C

0.08 0.16 0.24 0.32 0.4 0.48 0.56 0.64 0.72

Λ

0

0.05

0.1

0.15

0.2

0.25

0.3

X → Y

Y → X

Λ = 0.01

C

0.08 0.16 0.24 0.32 0.4 0.48 0.56 0.64 0.72

∆

0

0.2

0.4

0.6

0.8

1

X → Y

Y → X

∆ = 0.01

Fig. 1. Unidirectionally coupled Hénon systems [Eqs. (11)]: X := x1, Y := y1. The
modified Granger causality index Λ (on the left) and the extended Granger causality
index ∆ (on the right).
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3.2 Rössler −→ Lorenz

The next example is a unidirectional coupling of two different chaotic systems,
see e.g. [17], [18]. The Rössler system X drives the Lorenz system Y :

ẋ1 = −6(x2 + x3)

ẋ2 = 6(x1 + 0.2x2)

ẋ3 = 6[0.2 + x3(x1 − 5.7)]

ẏ1 = 10(−y1 + y2)

ẏ2 = 28y1 − y2− y1y3 + Cx2

ẏ3 = y1y2 −
8

3
y3.

(12)

The coupling strength is controlled by the parameter C, which was varied from
0 to 4 with a step of 0.4. Generalized synchronization seems to take place just
before coupling C = 3 [19]. For testing purposes, a causal link between variable
x2 of the driving Rössler system and variable y2 of the driven Lorenz system was
investigated.

The embedding dimension for both series was set up to dx2
= dy2

= 3 and
the distance r = 3. Fig. 2 shows results of our experiments. We observe that the
MGC successfully indicates the absence of a causal influence of y2 on x2 at any
C. As in the previous example, the EGC incorrectly indicates the bidirectional
causal link between the investigated variables.

C

0 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 3.6 4

Λ

0

0.05

0.1

0.15

0.2

0.25

X → Y

Y → X

Λ = 0.01

C

0 1 2 3 4

∆

0

0.2

0.4

0.6

0.8
X → Y

Y → X

∆

Fig. 2. Unidirectionally coupled Rössler-Lorenz system [Eqs. (12)]: X := x2, Y :=
y2. The modified Granger causality index Λ (on the left) and the extended Granger
causality index ∆ (on the right).
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8 Modified Granger Causality in Selected Neighborhoods

3.3 Rössler 0.5 −→ Rössler 2.5

In the next testing example, unidirectionally coupled nonidentical Rössler sys-
tems with coupling strengths C [15] were used:

ẋ1 = −ω1x2 − x3

ẋ2 = ω1x1 + 0.15x2

ẋ3 = 0.2 + x3(x1 − 10)

ẏ1 = −ω2y2 − y3 + C(x1 − y1)

ẏ2 = ωy1 + 0.72y2

ẏ3 = 0.2 + y3(y1 − 10),

(13)

where ω1 = 0.5, ω2 = 2.515. The causal link between variables x1 and y1 was
investigated. The coupling strength C was chosen from 0 to 1 with a step size of
0.2. The synchronization takes place at a coupling of about 1. In addition, these
systems also differ in that the first is chaotic, whereas the other is quasiperiodic
[15].

The embedding dimension for both series was set up to dx1
= dy1

= 3 and
the distance r = 3. Fig. 3 shows results of our experiments. We observe that
the MGC incorrectly indicates no causal influence of x1 on y1 and the EGC
incorrectly indicates the causal link y1 to x1.

C

0 0.2 0.4 0.6 0.8 1

Λ

0

0.002

0.004

0.006

0.008

0.01 X → Y

Y → X

Λ = 0.01

C

0 0.2 0.4 0.6 0.8 1

∆

0

0.2

0.4

0.6

0.8

1

X → Y

Y → X

∆ = 0.01

Fig. 3. Unidirectionally coupled Rössler systems [Eqs. (13)]: X := x1, Y := y1. The
modified Granger causality index Λ (on the left) and the extended Granger causality
index ∆ (on the right).

3.4 Bidirectional Two-Species Model

The next example represents a bidirectional causality between two coupled lo-
gistic difference equations [19]:

x(t+ 1) = x(t)[3.78− 3.78x(t)− 0.07y(t)]

y(t+ 1) = y(t)[3.77− 3.77y(t)− 0.08x(t)].
(14)

The embedding dimension for both series was set up to dx = dy = 2 and the
distance r = 0.02. The results of our experiments are presented in Table 1. We
observe that both measures correctly indicate bidirectional causality.
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3.5 Fishery Model

The fishery model, represents the situation of a correlation between systems that
can be falsely declared as causality. We studied a standard logistic model of two
noninteracting fish populations sharing common environment (e.g., weather) [6],
[7]:

Rx(t+ 1) = x(t){3.1[1− x(t)]}exp(0.5Z(t))

Ry(t+ 1) = y(t){2.9[1− y(t)]}exp(0.6Z(t))

x(t+ 1) = 0.4x(t) +max[Rx(t− 3), 0]

y(t+ 1) = 0.35y(t) +max[Ry(t− 3), 0].

(15)

The variables x and y denote the sizes of the fish populations, Rx and Ry are the
recruitments of the populations, and Z is an environmental influence represented
here by a red noise defined as:

Z(i) = p

i∑

j=i−14

Z
′

(j), Z
′

∼ N(0, 1),

where the variable p was chosen so that var(Z) was equal to 1.
The embedding dimension for both series was set up to dx = dy = 5 and

the distance r = 0.6. The results of our experiments are presented in Table
1. We observe that the MGC successfully indicates the absence of the direct
causal link between the investigated variables. The EGC incorrectly indicates
the bidirectional causal link between variables.

3.6 Mediated Link

In the last example, two uncoupled subsystems X and Y are driven by the third
one, Z. Only the case with coupling of C = 0.06 was tested for which Z and
X were already synchronized, and this was reflected as a mediated causal effect
from X to Y . The equations are as follows:

ż1(t) = −ω1z2(t)− z3(t)

ż2(t) = ω1z1(t) + 0.15z2(t)

ż3(t) = 0.2 + z3(t)(z1(t)− 10)

ẋ1(t) = −ω2x2(t)− x3(t) + C[z1(t)− x1(t)]

ẋ2(t) = ω2x1(t) + 0.15x2(t)

ẋ3(t) = 0.2 + x3(t)[x1(t)− 10]

ẏ1(t) = −ω3y2(t)− y3(t) + C[z1(t)− y1(t)]

ẏ2(t) = ω3y1(t) + 0.15y2(t)

ẏ3(t) = 0.2 + y3(t)[y1(t)− 10].

(16)

The frequencies ω1, ω2, and ω3 were selected to have the following, approximately
unit, ratios: ω1 = 0.985, ω2 = 1, and ω3 = 1.015, respectively. For testing, a
causal link between x1 and y1 was investigated.
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10 Modified Granger Causality in Selected Neighborhoods

The embedding dimension for both series was set up to dx1
= dy1

= 3 and
the distance r = 2. The results of our experiments are presented in Table 1.
As in the previous example, we observe that the MGC correctly indicates the
absence of the direct causal link between variables and that the EGC incorrectly
indicates the bidirectional causal effect.

Table 1. The modified Granger causality index (Λ) and the extended Granger causality
index (∆) for the bidirectional two-species data, the fishery data, and the mediated
link data.

Data ΛX→Y ΛY →X ∆X→Y ∆Y →X

Bidir 0.016811 0.017117 0.99792 0.99826
Fishery 0.0062587 0.0019754 0.061718 0.10703

Mediated Link 0.00071925 0.00086107 0.1591 0.14025

4 Conclusions

We present a novel causality estimator for bivariate time series, the modified
Granger causality in selected neighborhoods (MGC). It is based on fitting linear
regression models in local neighborhoods of the reconstructed joint dynamics of
the time series and reflects the proportion of variation of the modeled variable,
fitted by the linear regression model including past values of both variables, ac-
tually explained by the past of the second variable in the linear representation.
The effectiveness of the suggested causal measure was studied on numerically
generated nonlinear time series. Performance of the Granger vector autoregres-
sive test, the extended Granger test, the kernel version of the Granger test,
the conditional mutual information (transfer entropy), the evaluation of cross-
mappings between state spaces, and an assessment of predictability improvement
due to the use of mixed predictions was analyzed on the similar data sets in a
recently published extensive comparison study [8]. The results showed that the
MGC analysis is superior or comparable to these alternative measures in quanti-
fying the asymmetric causal interdependent bivariate time series data. Except of
the determination of the reconstruction parameters, the evaluation of the MGC
requires only least squares calculation. The computational properties and the
experimental results indicate that the MGC is potentially first choice technique
in many cases to reveal symmetric or asymmetric dependences between coupled
bivariate time series.
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Abstract. Metal air batteries provide a high energy density as the ca-
thodic reaction uses the surrounding air. Different metals can be used
but zinc is very promising due to its disposability and nontoxic behav-
ior. State estimation is quite complicated as the voltage characteristic
of the battery is rather flat. Especially estimating the state of charge
is important as a secondary electrolysis process during overcharging can
lead to an unsafe state. Another technique for state estimation is the
electrochemical impedance spectroscopy. Therefore, this paper describes
the process of setup and measuring a time series of impedance spectra
at known states of charge. Then these spectra are used to derive an
equivalent circuit. Finally the development of the circuit’s parameter are
analyzed to extract most important parameters.

Keywords: zinc air battery, electrochemical impedance spectroscopy,
state of charge, equivalent circuit

1 Introduction and Problem

Zinc air batteries provide a high energy density as the cathodic reaction uses
the surrounding air. Typical characteristics of zinc air batteries are flat charging
and discharging curves. Compared to a lithium-ion battery, the voltage differ-
ence between a fully charged and an empty battery is 10 times smaller[1]. On
one hand this is an advantage for the following power electronics which can be
optimized for smaller voltage ranges. On the other hand, state estimation of the
system becomes more complex as the voltage level is not sufficient to identify
the state of charge. Another possibility is to calculate the state of charge by
measuring and integrating the battery’s current. The unknown self discharge
and aging behavior lead to huge uncertainties, though.
Moreover, there is no end-of-charge voltage which indicates a full battery. While
outer voltage and impressed current stay the same, hydrogen and oxygen are
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produced by a smoothly starting electrolysis instead of deoxidizing the zinc ox-
ide[2]. So the most important factor is to identify if the battery is full as the
hydrogen oxygen mixture can get potentially explosive after some time of over-
charging. In this context, the electrochemical impedance spectroscopy tends to
be a promising candidate. The procedure of impedance spectroscopy in a gal-
vanostatic way is to apply a sinus current to the battery while measuring the
resulting voltage. Both signals are then used to calculate the ac impedance at
a certain frequency. This procedure is repeated several times for different fre-
quencies resulting in an impedance spectrum. Among other parameters, these
spectra depend on the state of charge and can therefore be used in a battery
management system[3][4][5].

2 Procedure

In order to verify this concept, a zinc air battery with a nominal capacity of
100 A h is charged and discharged cyclically while impedance spectra are mea-
sured each 30 min. Furthermore the current state of charge is determined and
logged by integrating the applied charging and discharging current, respectively.
The self discharge rate is negligible as the battery is used permanently. This
results in a set of impedance spectra at known states of charge. These spectra
are then used to determine parameters of an equivalent circuit of the battery.

2.1 Test setup

The setup that is used to measure the impedance spectra is shown in Figure 1. A
PC oscilloscope with an arbitrary waveform generator (AWG) and two voltage
measurement units(In 1 and In 2) is controlled by a computer using MATLAB.
A measurement starts with a sine wave which is generated by the waveform gen-
erator. This voltage signal is the input for a current controller that generates the
sinus current signal that is applied to the battery under test (BUT). The nega-
tive feedback of the current controller is created by a shunt resistor. Its voltage
is also measured by one input of the oscilloscope so that we have information
about the actual current of the battery cell. The resulting voltage response of
the battery is measured as well. Since the oscilloscope got a programmable gain
amplifier[6], an offset unit is used to increase the precision of the measurement.
By eliminating the dc offset of the battery, the smallest measuring range of the
oscilloscope can be used. The ac component could barely measured without this
compensation as its amplitude is quite small (about ±10 mV) compared to the
dc offset which is up to 2.45 V for charging zinc air cell. This compensation re-
sults in an effective number of 5.67 bits to measure the ac voltage response, as
the minimal voltage range of the 8 bit voltage measuring unit is ±50 mV. This
setup is based on a development named picoEIS of the institute for Power Elec-
tronics and Electrical Drives of the RWTH Aachen university[7]. However, its
schematic uses a potentiometer to eliminate the dc offset, so manual controlling
is necessary for each measurement. In order to automate the process for time
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series measurements, a micro controller with an analog digital converter (ADC)
is used. The output voltage of the ADC works as offset and is determined by a
successive approximation.

Matlab

USB

Serial
PC

sc
op

e

AWG

In 1

In 2

μC
with ADC

V

I

Offset

offset

Fig. 1. Test setup that is used for measuring the impedance spectra of the zinc air
battery. The dc current offset (not shown) is applied in a parallel connection to the
battery under test.

Figure 2 shows the resulting process for measuring the time series of impedance
spectra in a flowchart. There are two separate loops. The left one is used to cycli-
cally charge and discharge the battery by controlling a power supply in constant
current mode or a battery discharging unit. Over the entire term, the battery’s
voltage and current are logged. The state of charge is approximated by inte-
grating the measured current and is logged as well. These parameters are also
used to determine when changes from charging to discharging and vice versa are
necessary. The right loop measures the impedance spectrum each 30 min for a
fixed set of frequencies. Each measurement starts with eliminating the battery’s
dc voltage offset. Then the ac current signal is applied and resulting current
and voltage signals of the battery are measured for 3 periods or 1 s, whatever is
longer. A discrete Fourier transform is used to calculate the impedance.Then,
the determined impedance is logged together with the raw measurement data
and the battery’s voltage, current and state of charge.

2.2 Model

The resulting spectra are used to derive an electrical battery model whose param-
eters depend on the state of charge. Separate models for charging and discharging
are used, as the utilized battery has three electrodes. While the zinc electrode is
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measure
current,
voltage

current,
voltage

calc SoC SoC

battery full /
empty ?

switch to
discharge
/ charge

calc impedance

measure voltage,
current signals

apply current signal

compensate
dc offset

set next frequency

last
frequency?

store datapoint

wait 30 min

yes

no

yes

no

Fig. 2. Flowchart that describes the process of training and validation of one combi-
nation of number of frequency and neurons
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State of Charge Depended Modeling of Zinc Air Batteries 5

used for both processes, there are separate electrodes for charging and discharg-
ing. Like in primary bottom cells, a gas diffusion electrode made of graphite is
used for discharging. During charging process a separate nickel grid is used. Both
models consist of three parts, electrolyte, anode and cathode, respectively. The
electrolyte works as an ion conductor and is approximated by a resistor Rel[8].
Anode and cathode consist of three components. The capacitor Cdl describes
the double layer capacity of the electrode while the resistor Rct approximates
the charge-transfer resistance[8][9]. The diffusion process is approximated by a
Nernstian diffusion. Therefore, Ficks second law is solved using the boundary
condition that the gradient of the concentration with respect to the location is
a complex rotating pointer[10]. This results in an impedance

ZNernst = Rd
[sinh(x) + sin(x)] − j[sinh(x) − sin(x)]

x[cosh(x) + cos(x)]
, (1)

where x is

x =

√
2ω

K
. (2)

The diffusion component describes the behavior at two different states of aggre-
gation. So during charging there is one change between nickel net and electrolyte
and one between electrolyte and zinc anode, resulting in one diffusion process
per electrode (see Figure 3).

Rel

Rct,1

N

Nernst1

Cdl,1

Rct,2

N

Nernst2

Cdl,2

Fig. 3. Equivalent circuit of the zinc air battery during charging process.

During discharging a gas diffusion electrode is used. Since it conjuncts three dif-
ferent states of aggregation, here air, graphite and electrolyte, a second diffusion
process is added to the cathodic part of the equivalent circuit (Figure 4)[9].
The parameter of the corresponding equivalent circuit are varied so that the sum
of the squared error Esquare

Esquare =

n∑
i=1

(Zmeasured(fi) − Zmodell(fi))
2
. (3)

is minimized using all measured frequencies fi of one measured spectrum. For
this Matlab is used. As the structure of the equivalent circuit of anode and
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Rel

Rct,1

N

Nernst1

Cdl,1

Rct,2

N

Nernst2,1

N

Nernst2,2

Cdl,2

Fig. 4. Equivalent circuit of the zinc air battery during discharging process.

cathode are equal, the solution of the optimization algorithm might vary the
counterparts of the circuit’s components. So that components with index 1 be-
long to the anode in one solution while belonging to the cathode in different run.
Therefore, the parameter values of the last spectrum are used as starting param-
eters for the next spectrum in order to fix the parameters to the corresponding
part of the circuit.

3 Results

Selected samples of the measured spectra during discharging are shown in Fig-
ure 5. The low-budget setup used is sufficient to measure spectra that differ
with respect to the state of charge. As one can see, the variance between the
spectra is higher at lower frequencies. Reason for this behavior is probably, that
the diffusion processes at the gas diffusion cathode are rather slow. Spectra at
higher states of charges tend to have higher absolute values for both imaginary
and real part. This can be explained by an increasing charge transfer resistance.
At higher frequencies the impedance is mostly defined by the conductivity of the
electrolyte as the double layer capacitors of anode and cathode work as short
cuts. That’s why all spectra end in almost the same impedance value.
Two different spectra of a charging cycle are shown in Figure 6. Here only one
semicircle per spectrum can be seen. While the spectrum of a half charged bat-
tery is reflected by the equivalent circuit, the performance of a fully charged
battery does not fit to the equivalent circuit. Probably the electrolysis is domi-
nant in this case, resulting in a completely different behavior. At low frequencies
the impedance spectrum tends to drift away with a constant phase, that can be
explained with a Warburg element[11]. Once again, the highest variance exist at
low frequencies.

4 Analysis

Figure 7 shows some of the determined parameter values of the equivalent circuit
during a discharge cycle. The cycle measurements belong to an already wearing
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Fig. 5. Some measured sample spectra of a discharging cycle at different state of
charges.
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Fig. 6. Two measured spectra of a charging cycle comparing a battery at half charged
and at overcharged state.
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cell, which explains the end of discharging periods after approx 51 A h. The
values are normalized to the mean values in order to clarify its development.
Nevertheless the variance is still small and plotted in thousandths. Here Cdl,2

and Rct,2 correspond to the gas diffusion cathode. Its parameter values are rather
constant as the oxygen concentration of the surrounding air does not change that
much. The absolute change of Rel is quite small as the resistivity is the minimum
impedance of each spectra. Therefore, the most distinct parameter for evaluating
the state of charge is the charge transfer resistance Rct,1 of the zinc anode.

0 10 20 30 40 50 60
−10

0
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discharged charge [Ah]

th
o
u
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n
d
th

s

Rel/Rel

Rct,1/Rct,1

Cdl,2/Cdl,2

Rct,2/Rct,2

Fig. 7. Development of the normalized parameter of the equivalent circuit during a
discharge cycle.

A closer look at Rct,1 is taken in Figure 8. The absolute change of the parameter
value is rather low, nevertheless a precise trend can be seen. At the beginning
of the discharge cycle, the resistance barely changes. The zinc concentration is
still high enough to not harm the charge transfer. But it increases linearly after
20 A h have been discharged. A quadratic fit provide a good approximation in
both parts of the characteristic.
Figure 9 shows the determined parameter of the model depending on the state of
charge during a whole charging cycle. The parameters of the zinc anode indicate
a significant change at 68 A h. Keeping in mind that we were able to discharge
51 A h of the battery, this change probably results from the secondary electrolysis
process. The electrolysis turns out to be dominant at the end of the charging
period. The measurement data of the plotted charging cycle belongs to an already
wearing cell. So it is very likely that the battery already lost some of its capacity.
The difference between the charged and discharged charge can be explained
by the coulombic efficiency. According to that, the electrochemical impedance
spectroscopy can definitely be used to determine if a zinc air battery is full. A
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Fig. 8. A closer look to the charge transfer resistance of the anode during a discharge
cycle.

closer look to the area where the battery is not yet fully charged does not show
distinct dependence of any parameter from the state of charge.
Nevertheless, Figure 10 takes a closer look at Rct,1 in the area where the battery
is not fully. In this area it shows the most distinct dependence. As one can see, it
can be approximated by a linear fit. However, the noise is quiet high, possibly due
to the power supply that was used for charging and that depends on a switching
regulator. Therefore an improved measurement setup is necessary to explicitly
determine the state of charge during charging process. The resistance of Rct,1

roughly starts at 24.8 mΩ for an empty battery and decreases to 22.8 mΩ for a
full battery. Hence, its absolute value is lower compared to the value during the
discharging process.

5 Conclusion and Outlook

The results of the time series showed, that the electrochemical impedance spectra
of a zinc air battery definitely differ with respect to the state of charge. An
equivalent circuit has been derived from the spectra, revealing that the most
distinct parameter for the state of charge is the charge transfer resistance of
the anode. While the current setup is sufficient to determine the state of charge
while discharging the battery, the noise level during charging is rather high so
that only overcharging can be recognized reliably. Therefore, a new setup, shown
in Figure 11, is being developed in order to improve the accuracy. Furthermore
this setup uses a micro controller resulting in a much smaller embedded system.
The accuracy is going to be improved in two ways. On the one hand the creation
of the stimulus is revised. The amplitude and offset of the applied current are
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Fig. 9. Development of the normalized parameter of the equivalent circuit during a
charging cycle.
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Fig. 10. Development of the charge transfer resistance during a charging cycle while
the battery is not overchaged.
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controlled separately now, maintaining good accuracy of the sine wave during
high dc current offsets. On the other hand, the resolution of the analog digital
is increased. Therefore a two channel 24 bit ADC is used. The effective number
of bits measuring the ±10 mV ac sine signal is increased to 15 bits, although the
dc offset of the battery is not compensated and measured as well. Moreover, the
influence of high temperatures and the oxygen content will be examined.
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Fig. 11. Revised test setup that will be used for future measurements.
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Abstract. This paper introduces cryptanalysis of a chaos-based encryp-
tion algorithm over TCP data packet for secure communication. An at-
tack system is proposed to discover the security weaknesses of the chaos-
based encryption algorithm. Convergence of the attack system is proved
using master-slave synchronization scheme. Future evaluation of the en-
cryption algorithm is obtained from a scalar time series where the only
information available are the structure of the encryption system and a
scalar time series observed from the chaotic system. Simulation and nu-
merical results verifying the feasibility of the attack system are given.

1 Introduction

Because of today’s emerging technology, the need for computer networks has
increased significantly. With the increasing use of the internet, communication
has become very easy around the world. After that, the size and rates of data
transmitted via computer networks is increasing day by day. Security is one of
the important requirements for networking. The information sent and received
during data transfer must be protected against external factors that interfere
with the system.

Today, individuals and corporations allocate large budgets for data security.
Data security is getting worse every day and the losses in data security are
steadily increasing. One of the various approaches to ensure data security is
to use the dynamic properties of chaotic systems [1, 2]. Chaotic ciphering work
attracted more attention than standard ciphering methods. Chaotic systems
depend sensitively on initial conditions and parameters [3]. Chaotic systems have
become more popular because they can successfully maintain the complexity and
propagation of the key components [4] of cryptography such as random number
generators (RNGs).

Although the use of discrete-time chaotic maps in the realization of RNG has
been widely accepted for a long period of time [5–7], it has been shown during the
last decade that continuous-time chaotic oscillators can also be used to realize
RNGs [8–10]. In particular, a chaos-based RNG was proposed in [8] and used
in an encryption algorithm over TCP data packet for secure communication.
In this paper we target the chaos-based encryption algorithm reported in [8]
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and further propose an attack system to discover the security weaknesses of the
targeted system.

Being aware of any knowledge on the design of the RNG should not pro-
vide a useful prediction about the output bit sequence. Even so, fulfilling the
requirements for secrecy of cryptographic applications using the RNG dictate
three secrecy criteria as a “must”: 1. The output bit sequence of the RNG must
pass all the statistical tests of randomness; 2. The previous and the next random
bit must be unpredictable and; 3. The same output bit sequence of the RNG
must not be able to be reproduced [11].

An important principle of modern cryptography is the Kerckhoff’s assump-
tion [12], states that the overall security of any cryptographic system entirely
depends on the security of the key, and assumes that all the other parameters
of the system are publicly known.

Cryptanalysis is the complementary of cryptography. Interaction between
these two branches of cryptology form modern cryptography which has become
strong only because of security analysis revealing weaknesses in existing crypto-
graphic systems [13].

The strength of a cryptographic system almost depends on the strength of
the key used or in other words on the difficulty for an attacker to predict the key.
On the contrary to recent RNG design [9, 10], where the effect of noise generated
by circuit components was analyzed to address security issue, the target chaos-
based encryption system [8] pointed out the deterministic chaos itself as the
source of randomness.

The organization of the paper is as follows. In Section 2 the target RNG
system is described in detail; In Section 3 an attack system is proposed to crypt-
analyze the target system and its convergence is proved; Section 4 illustrates the
numerical results with simulations which is followed by concluding remarks.

2 Target System

Chaotic systems are categorized into two groups: discrete-time or continuous-
time, respectively regarding on the evolution of the dynamical systems. In target
chaos-based encryption system [8], a simple continuous-time chaotic system is
utilized as the core of the RNG. This is a three-dimensional chaotic system with
no real equilibrium points which is also called hidden attractor chaotic system.
The system consists of three different equations as shown in Eqn. 1 with three
state variables:

ẋ1 = ay1 − x1 + z1y1
ẏ1 = −bx1z1 − cx1 + y1z1 + d
ż1 = e− fx1y1 − x1

2

(1)

The equations in 1 generate chaos for different sets of parameters. The chaotic
attractor given in Fig.1 is obtained from the numerical analysis of the system
with a = 2.8, b = 0.2, c = 1.4, d = 1, e = 10 and f = 2. Target random number
generation mechanism is described in [8] by a flow chart. As depicted in [8]
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the core chaotic system given in Eqn. 1 was solved by a 4th-order Runge-Kutta
method and time series were found.

Fig. 1. Numerical analysis results of the chaotic system for a = 2.8, b = 0.2, c = 1.4,
d = 1, e = 10 and f = 2.

Then, floating point numbers to be used in encryption are selected at specific
intervals in this time series. In the next step, the selected floating-point numbers
are converted to a binary number system. When each of floating-point numbers
is converted into a binary system, it creates a 32-bit series. As in the next part
of the procedure, the more sensitive least significant bits are selected to increase
the randomness from these 32-bit series, and a bit series to be used in encryption
is generated.

The bit series generated with consecutive numbers can not exceed the ran-
domness tests. For this reason, bits in the appropriate order are selected from
these 32-bit series. At the end of the RNG design, the NIST 800-22 [14] statisti-
cal test suite have been implemented to test the randomness of the generated bit
sequence. The random bitstreams to be used as keys in encryption must pass all
NIST tests. If the bit string generated here passes all NIST tests, this indicates
that this bit sequence is the proper random feature to use in encryption.

In this design, if the state variables are observable, anyone can reproduce the
same output bit sequence of the RNG and output of the encryption algorithm
can be predicted. The authors of [8] have preferred to use NIST 800-22 [14]
statistical test suite in order to analyze output randomness of their RNG design.

However, Big Crush [15] and Diehard [16] statistical test suites which are
available at the publication date of target paper weren’t applied to output bit
stream of the RNG. It should be noted that, the target random number genera-
tion system [8] doesn’t satisfy the first secrecy criteria, which states that “RNG
must pass all the statistical tests of randomness.”
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3 Attack System

Fig. 2. Synchronization error Log |ex(t)|.

After the seminal work on chaotic systems by Pecora and Carroll [18], syn-
chronization of chaotic systems has been an increasingly active area of research
[19]. In this paper, convergence of attack and target systems is numerically
demonstrated using master-slave synchronization scheme [19]. In order to pro-
vide cryptanalysis of the target chaos-based encryption system an attack system
is proposed which is given by the following Eqn. 2:

ẋ2 = ay2 − x2 + z2y2 + k(x1 − x2)
ẏ2 = −bx2z2 − cx2 + y2z2 + d
ż2 = e− fx2y2 − x2

2

(2)

where k is the coupling strength between the target and attack systems. The
only information available are the structure of the target chaos-based encryption
system and a scalar time series observed from x1.

In this study, we construct the attack system expressed by the Eqn. 2 that
synchronizes (x2 → x1 for t → ∞) where t is the normalized time. We define
the error signals as ex = x1 − x2, ey = y1 − y2, and ez = z1 − z2 where the aim
of the attack is to design the coupling strength such that |e(t)| → 0 as t→ ∞.

The master-slave synchronization of attack and target systems is verified by
the conditional Lyapunov Exponents (CLEs), and as firstly reported in [18],
is achievable if the largest CLE is negative. Largest CLEs are calculated for
different values of coupling strength k while a scalar time series is observable
from x1.

When k is greater than 0.44 and less than 1.60 the largest CLE is nega-
tive and hence identical synchronization of target and attack systems starting
with different initial conditions is achieved and stable [18] (Largest conditional
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Fig. 3. Synchronization error Log |ey(t)|.

Lyapunov Exponent is −0.000356331 for k = 0.45 and −0.0771864 for k = 1.2,
respectively).

However for k is less than 0.44 or greater than 1.60, largest CLE is pos-
itive and identical synchronization is unstable (Largest conditional Lyapunov
Exponent is 0.00521199 for k = 0.4 and 0.00118349 for k = 1.6, respectively).

Fig. 4. Synchronization error Log |ez(t)|.

Log |ex(t)|, Log |ey(t)|, and Log |ez(t)| are shown in Fig.2, Fig.3 and Fig.4
respectively, for k = 1.2, where the synchronization effect is better than that of
k = 0.45. As shown in the given figures, the attack system converges to target
system and master-slave synchronization is achieved in less than 190t.
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4 Numerical Results

We numerically demonstrate the proposed attack system using a 4th-order Runge-
Kutta algorithm with fixed step size and its convergence is illustrated in Fig.2,
Fig.3 and Fig.4, respectively. Numerical results of x1 − x2, y1 − y2, and z1 − z2
are also given in Fig. 5, respectively illustrating the both synchronized and un-
synchronized behaviors of target and attack systems.

It is observed from the given figures that, master-slave synchronization is
achieved and stable. As shown by black lines in these figures, no synchronous
phenomenon is observed before 190t. In time, the proposed attack system con-
verges to the target system and identical synchronization is achieved where col-
ored lines depict synchronized behaviors of chaotic states in Fig. 5, respectively.

Fig. 5. Synchronized and unsynchronized behaviors of target and attack systems.

Since the identical synchronization of attack and target systems is achieved
(x2 → x1) in 190t, the estimated values of output bit which is generated ac-
cording to the procedure explained in Section 2 converge to their corresponding
fixed values. As a result, it is obvious that identical synchronization of chaotic
systems is achieved and hence output bit streams of target and attack RNGs are
synchronized.

It is clearly shown master-slave synchronization of proposed attack system is
achieved. Hence, output bit sequences of target and attack RNGs are synchro-
nized. In conclusion, cryptanalysis of the target chaos-based encryption system
not only predicts the previous and the next random bit but also demonstrates
that the same output bit sequence of the target random number generation
system can be reproduced. As a result, the target random number generation
system [8] satisfies neither the second, nor the third secrecy criteria that a RNG
must satisfy.

In [8], it was reported that the proposed chaos-based encryption algorithm
uses less memory and offers higher encryption data rates compared with the
traditional encryption algorithms. However, output of the chaos-based encryp-
tion algorithm can be predicted which is an unacceptable security weaknesses.

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 642



It should be noted that, deterministic chaos itself cannot be pointed out as the
source of randomness.

5 Conclusions

In this paper, we propose a cryptanalysis method for a chaos-based encryption
algorithm over TCP data packet. An attack system is introduced to discover the
security weaknesses of the chaos-based encryption algorithm and its convergence
is proved using master-slave synchronization scheme. Although the only infor-
mation available are the structure of the chaos-based encryption algorithm and a
scalar time series observed from the target chaotic system, identical synchroniza-
tion of target and attack systems is achieved and hence output bit streams are
synchronized. The target chaos-based random number generator (RNG) used for
the encryption algorithm does not fulfill Big Crush and Diehard statistical test
suites, the previous and the next bit can be predicted, while the same output
bit sequence of the RNG can be reproduced. Simulation results presented in this
paper not only verify the feasibility of the proposed method but also encourage
its use for the cryptanalysis of the other chaos based encryption algorithms.
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Abstract. In geosciences, in addition to proper time series there are one-

dimensional data sequences where time is substituted by space. That is the case, 

for example, with data measured along a borehole or along a transect in the 

field or on a map. In all cases, the fractal dimension of the series is of interest in 

order to identify variability dependence on scale. However, if the entire time se-

ries is used in the analysis, the monofractal model may not be appropriate due 

to multifractality. On the other hand, the monofractal model is more likely to be 

adequate for a smaller range of scales that can be analyzed inside a moving 

window running along the sequence of data. A variogram is proposed for local 

fractal dimension estimation and the result is a new sequence with the local 

fractal dimension. The new time series can be used in different ways, such as 

for signal segmentation and classification.  

 

1 Introduction 

Fractal analysis of time series has different applications in science [1]. Broadly 

speaking, the fractal d imension of a time series is related to its  roughness (or smooth-

ness) [2]. In geosciences, in addition to proper time series there are one-dimensional 

data sequences where time is substituted by space. That is the case with data meas-

ured along a borehole, a stratigraphic sequence, or data taken along transects. Fur-

thermore, in geosciences, fractal analysis along transects is used in the fractal analysis 

of surfaces [3]. In any event, fractal analysis is used across disciplines in medicine 

[4], econometrics [5], engineering [6], and Internet analysis [7].    

 

There are many methods that have been proposed for fractal analysis of time series . 

That is, there are many estimators of fractal dimension. Among these methods , the 

box-count, divider, level crossing, variogram, madogram, power spectra, and wavelet 

methods [2] are some of the most popular. In this work we have chosen the variogram 

because it is especially suited for fractal analysis of short sequences and because it 
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has been chosen as one of the best methods in comparison studies [2], [3]. The fractal 

analysis is made local by using an overlapping moving window as described in the 

next section.  

 

2 Methodology 

A time series (or a space sequence or transect) of n  data can be represented 

as{𝑋1 , 𝑋2 , … , 𝑋𝑛 }, where 𝑋𝑡  is a variable measured at time t or at spatial location t. In 

fractal analysis in  geosciences, the variogram method is based on the observation that 

a fract ional Brownian motion (fBm) is a good stochastic model for spatial variables 

[8] and its variogram [9] has a power-law model [10]: 

  

   𝛾(𝑘) =
1

2
E[𝑋𝑡 +𝑘 − 𝑋𝑡

]2 = 𝛼𝑘𝛽                       (1) 

 

    𝛼 ≥ 0; 0 ≤ 𝛽 < 2, 
 

where t are the coordinates (time or spatial) of a sampled location, k  is a vector of 

time or space distance, 𝛾(𝑘)  is the variogram for a d istance vector k , E{.} is the math-

emat ical expectation operator and 𝛼 and 𝛽 are scaling parameters. The fractal dimen-

sion D is related to the scaling parameter 𝛽 [11] by: 

 

𝐷 = 𝐸 + 1 −
𝛽

2
  ,                              (2) 

 

where E  is the topological d imension of the Euclidean space in which the fBm is 

distributed. For a one-dimensional fBm (i.e . a t ime series, a p rofile or transect, etc.), 

𝐸 = 1, and: 

 

𝐷 = 2 −
𝛽

2
 .                                                        (3) 

Taking logarithms of both sides of equation (1) results in: 

 

log[𝛾(𝑘)] = 𝛽 ∙ log[𝑘] + log[𝛼]         (4) 

 

Thus, 𝛽 can be estimated from the slope of a line fitted to the log-log p lot of the 

variogram and the fractal dimension can be estimated from equation (3).  

The variogram is estimated for a number o f lags equal to K. That is, there are K da-

ta pairs for fitting a straight line in equation (4). Using standard normal regression, 

slope 𝛽 may be estimated, as well as its standard error (SE(𝛽)) and the coefficient of 

determination (R
2
) of the fit [12].  

Local fractal analysis implies calculating the fractal d imension inside a moving 

window of size (2𝑊 + 1), where 𝑊 is half the size of the window. Thus, the result is 

a new time series of fractal dimensions, {𝐷1, 𝐷2, … , 𝐷𝑛}, where each fractal dimension 
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𝐷𝑡  is calculated by the variogram method using the data inside the window centered at 

time t [13]: 

 

𝐷𝑡 = 𝐹𝐷[𝑋𝑡 −𝑊 ,𝑋𝑡 −𝑊+1, … , 𝑋𝑡 −1 , 𝑋𝑡 , 𝑋𝑡 +1, … , 𝑋𝑡 +𝑊 −1,𝑋𝑡 +𝑊
],                (5) 

 

Here, 𝐹𝐷[. ] is the operator that estimates the fractal dimension, that is, the statistical 

estimator of the fractal dimension. The methodology is illustrated in the next section. 

 

3 Case study 

The digital elevation model (DEM) describes topography as a matrix of numbers that 

represent the elevations of the terrain. DEM are often used in the context of Geo-

graphical Information Systems (GIS) [14]. The entire country of Spain is available at 

a resolution of 5 m (i.e . each pixel represents the mean alt itude of the terrain in a 

square measuring 5 m by 5 m in terrain  units) and can be downloaded for free from 

the web page of the Instituto Geográfico Nacional [National Geographic Institute]. 

For example, Fig. 1 shows the DEM of the Sierra de las Nieves karst aquifer [15], 

which has 4600 columns and 3600 rows. A profile has been selected, as indicated by a 

black line in Fig. 1, and has been represented in Fig. 2. The terrain transect of Fig. 2 is 

no different from an evenly sampled time series, where the variable measured is alti-

tude of the terrain in  meters above sea level. Fig. 2 (top) represents the full sequence, 

where the smoothness of the sequence changes along the transect. Fig. 2 (bottom) 

shows a detail of Fig. 2 (top) in order to illustrate the concept of statistical self-

similarity and to show how a section that appears  smooth at a given scale is really 

rough when magnified. Thus , a local fractal analysis will provide the variation of 

roughness along the sequence. 
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Fig. 1. Digital elevation model with 4600 columns and 3600 rows and with a spatial resolution 

of 5m. The solid black line is the chosen transect represented in Fig. 2.  
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Fig. 2. Top: Topography transect represented in Fig. 1 by the solid black line. Bottom: Detail of 

the transect between coordinates 7000 and 9000, which is represented by the shaded rectangle 

in the top figure.  

 

By calculating the fractal dimension of the entire sequence using the variogram 

method, a fractal dimension of 1.1 has been obtained, as shown in Fig . 3. There are 

several problems when calculat ing the fractal analysis of the entire sequence. First, 

the overall fractal dimension averages the fractal variability along the sequence as a 

single number and therefore smooths the fractal dimension, which may actually be 

different at different locations along the transect. Secondly, the graph in Fig. 3 begins 

to show a curvature for large distances , which implies that the mono-fractal model is 

only valid for a scaling range due to the mult ifractal nature of topography [16]. The 

local fractal analysis applies fractal analysis inside a moving window which contains 

a given scaling range and thus the monofractal model can be applied to obtain the 

fractal d imension along the sequence. This result is shown in Fig. 4, where it can be 

seen that the fractal dimension is highly variable, ranging from 1 to 1.56, and with a 

mean  of 1.12. The standard error of the fractal dimension is shown in  Fig. 5, and it 

ranges from 0.019 to 0.0038, with a mean  value of 0.032. Thus, the fractal dimension 

is estimated with high confidence, with a degree of reliability that extends to the sec-

ond decimal place. Furthermore, Fig. 6 shows the coefficient of determination (R
2
), 

which quantifies the goodness of fit o f a straight line to  the regression equation. Its 

mean value is 0.988 and the 10th percentile is 0.972, mean ing that the monofractal 

model is a good approximat ion for the range of scales used in the local fractal analysis 

of the topographic profile. The moving  window had a size of 405 meters (81 cells) 

and the number of variogram lags used in the analysis was 30.     
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Fig. 3. Fractal dimension (D) of the entire transect in Fig. 2. 

 

 

Fig. 4. Local fractal dimension along the transect in Fig. 2. 
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Fig. 5. Standard error of the local fractal dimension in Fig. 4. 

 

 

 
Fig. 6. Coefficient of determination (R

2
) of the estimation of fractal dimension along 

the transect of Fig. 2. 
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The local fractal dimension can be used in signal segmentation. This has been done by 

using a fractal dimension threshold of 1.15 and classifying the topographic transect 

into two kinds of terrain  according to its local fractal d imension. The new sequence is 

shown in Fig. 7. If the local fractal dimension is larger than 1.15, the terrain shows a 

high local fractal d imension and is class ified as rough (with a classificat ion value of 2 

in Fig. 7), and if the local fractal dimension is below 1.15, the terrain is classified as 

smooth (value 1 in Fig. 7). This  method can be used to identify areas of interest in the 

field that could be flagged for future visits in order to understand the origins of such 

irregularities, which in the case study area are related to karst geoforms [17].   

 

 
 

Fig. 7. Reclassification of fractal dimension along the transect using the threshold of 

1.15 and creating a new sequence with low fractal dimension segments (1) and high 

fractal dimension segments (2) along the transect. 

 

4 Conclusions 

Local fractal analysis is a new tool for analyzing the roughness (smoothness) of 

time series and space transects; its main applications are in signal segmentation and 

classification, among others. This method has been illustrated with a transect of to-

pography. In this case, local fractal analysis allows for the use of a monofractal model 

with a variable which is mult ifractal in order to identify areas of special geological 

interest. Further applicat ions could be identified by applying local fractal analysis to 

other time series or spatial sequences.     
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Abstract. Recently, various models have been developed, including the
fractional Brownian motion (fBm), to analyse the stochastic properties of
geodetic time series, together with the extraction of geophysical signals.
The noise spectrum of these time series is generally modelled as a mixed
spectrum, with a sum of white and coloured noise. Here, we are interested
in modelling the residuals, after deterministically subtracting geophysical
signals from the observations. This residual time series is then assumed
to be a sum of three random variables (r.v.), with the last r.v. belong-
ing to the family of Levy processes. This stochastic term models the
remaining residual signals and other correlated processes. We identify
three classes of Levy processes: Gaussian, fractional and stable. In the
first case, residuals are predominantly constituted of short-memory pro-
cesses. Fractional Levy process can be an alternative model to the fBm in
the presence of long-term correlations and self-similarity property. Stable
processes have infinite variance, which can mainly be satisfied in the case
of heavy-tailed distributions in the application to geodetic time series,
and then implying an important misfit in the modelling of both the un-
derlying processes and geophysical signals. Finally, we support that the
use of the α-stable distributions with geodetic time series can only be
justified in the particular case of the stable Levy processes.

Keywords: Levy Processes, Geodetic Time Series, α Stable Distribu-
tion, Mixed Spectra, Heavy Tails, fBm, Coloured Noise, Gaussian Incre-
ments, Hurst Parameter, ARMA, FARIMA

1 Introduction

Among the geodetic data, time series of daily position of Global Navigation
Satellite System (GNSS) receiver have been of particular interest for the study
of geophysical phenomenon at regional and global scales (e.g., study of the crustal
deformation due to large Earthquakes, sea-level rise -(Bock and Melgar , 2016;
Herring et al. , 2016)). However, this data contains white noise and long-memory
processes (i.e. coloured noise). The scientific community agrees with the existence
of a trade-off in estimating both the stochastic and functional models (He et al.
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, 2017). More precisely, the choice of the stochastic model directly influences
the estimation of the geophysical signals included in the functional model (i.e.,
tectonic rate, seasonal variations, slow-slip event - (Bock and Melgar , 2016; He
et al. , 2017)). To name a few, it includes the First Order Gauss-Markov (FOGM)
model, the white noise with power-law noise (Williams , 2003; Williams et al.
, 2004), the Generalized Gauss Markov noise model (GGM), or the Band-pass
noise (Langbein , 2008). The optimal selection of the stochastic model in GNSS
time series analysis remains a hot topic in the scientific community (Bock and
Melgar , 2016; Herring et al. , 2016; He et al. , 2017).

Recently, Montillet and Yu (2015) proposed the use of the fBm, first devel-
oped by Mandelbrodt et al. (1968), in order to model long-memory processes.
Botai et al. (2011) and Montillet and Yu (2015) focused on modelling (resid-
ual) geodetic time series using the family of Levy α-stable distributions (Nolan
, 2009). The application of this family of distribution was supported by the abil-
ity to model long-memory processes and the existence of impulsive signals/noise
bursts in the data sets suggesting deviations from Gaussian distribution (Botai
et al. , 2011).

Here, we discuss several statistical assumptions (i.e. stationary properties,
presence of long-term correlations, Gaussianity of the increments) on the un-
derlying processes in the residual GNSS time series. We focus on justifying the
application of the fractional Brownian motion (fBm) and the family of Levy
α-stable distributions in the work of Montillet and Yu (2015).

The next section starts with the definition of the residual geodetic time se-
ries, the fBm and the relationship with the Fractional Autoregressive Integrated
Moving Average (FARIMA) model. From financial analysis, we introduce the
family of Levy processes (Panas , 2001) and the assumptions in order to relate
to other models (i.e. FARIMA, fBm). Section 3 presents the assumptions and
a discussion on the use of the Levy processes in the model of the residual time
series. To do so, we model the residual geodetic time series as a sum of three
random variables, with the hypothesis that the third one is a Levy process. It
involves some justifications compared with established models in the scientific
community. This section ends with the limits of modelling geodetic time series
with Levy processes.

2 The Stochastic Properties of the Residual Time Series

and the Definition of Levy Processes

2.1 Model of Residual GNSS Time Series

GNSS time series are generally regarded as a sum of geophysical signals (i.e., sea-
sonal signal, tectonic rate) and stochastic processes (e.g., white noise, coloured
noise) (Williams et al. , 2004; Davis et al. , 2012). Here, the residual time se-
ries are defined as the remaining time series after subtracting deterministically
modeled tectonic rate and seasonal components, i.e. the functional model, from
the GNSS observations. The functional model of those signals is based on the
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polynomial trigonometric method (Li et al. , 2000; Williams , 2003; Tregoning
and Watson , 2009)

s0(t) =
N∑

j=1

(cj cos(djt) + ej sin(djt)) + at+ b (1)

with s0(t) the sum of the seasonal signal and tectonic rate at the epoch t. Note
that dj is equal to 2πj/N , and N equal to seven (He et al. , 2017). If x(t)
is the residual time series after subtracting the GNSS observations with the
functional model (i.e. s0(t)), one can then formulate the hypothesis that the
residual time series is a sum of a residual signal and a noise. We can describe
the stochastic noise model with the variance of the vector of noise components
n = [n(t1), n(t2), ..., n(tL)], such as (Williams , 2003):

σ2
n(L) = E{n†n} = σ2

n0I+ σ2
n1J (2)

† is the transpose operator, I is the identity matrix, J is the variance-covariance
matrix of the coloured noise, σ2

n0 and σ2
n1 are the variance of the white noise

and coloured noise respectively. Therefore, this type of time series belongs to
the family of mixed spectra, where the mixed spectrum results from the sum
of the spectra corresponding to the two kinds of noise (Li , 2013). Note that
the length of the time series L is much larger than the number of frequencies
N defining s0(t). In addition, we assume the Gaussian noise to be zero-mean,
whereas the coloured noise with a mean equal to µC , slowly varying with the
length of the time series. That is to satisfy the wide-sense stationary hypothesis
(Kasdin , 1995; Haykin , 2002). Finally, the residual signal is considered to be
the remaining geophysical signals (i.e. seaosnal component and tectonic rate) not
completely estimated due to the mismodelling of the stochastic properties of the
time series and other small amplitude (sub millimeter) signals (i.e. co-seismic
offsets, transients) (Gazeaux et al. , 2013; Herring et al. , 2016; He et al. , 2017).

2.2 Modelling the Stochastic Properties with fBm, FARIMA and

Power-law

The error spectrum of the GNSS time series is best characterised by a stochastic
process following a power-law with index β (0 ≤ β ≤ 2) (Herring et al. , 2016;
He et al. , 2017). A power-law noise model means that the frequency spectrum
is not flat but is governed by long-range dependencies. If the probability density
function of the noise is Gaussian or has a different density function with a finite
value of variance, its fractal properties can be described by the Hurst parameter
(H). Montillet et al. (2013) proposed to use the fBm in order to model the
statistical properties of the residual time series. Following the definition from
Mandelbrodt et al. (1968), if H < 0.5, the process behaves as a Gaussian vari-
able (anti-persistent); if H > 0.5 the process exhibits long-range dependence
(persistent); while the case of H equal to 0.5 corresponds to a pure Brownian
motion (white noise). The same study showed that H is directly connected with
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β by the relation β = 2H − 1.
Long-memory processes are modeled with a specific class of Autoregressive

Moving Average (ARMA) models, the so-called FARIMA (or ARFIMA in Mon-
tillet and Yu (2015)), by allowing for non-integer differentiating. A comprehen-
sive literature on the application of this model can be found in financial analysis
(Panas , 2001), and in computer science (Contreras-Reyes and Palma , 2013). A
time series x(t) follows an FARIMA (p,d,q) process (with p and q in Z+, and d
in R+ ) if it can be defined by

Ψp(Z)x(t) = Θk(Z)(1− Z)−db(t)

Ψp(Z) = 1− a1Z − a2Z
2 − ...− apZ

p

Θk(Z) = 1 + b1Z + b2Z
2 + ...+ bkZ

k

(3)

where [b1, b2, ..., bk] are the MA parameters and [a1, ..., ap] the AR parameters,

with
∑k
i=1

b2i < ∞. The properties of the FARIMA model are presented by
Granger and Joyeux (1980): i) if the roots of the polynomial functions Ψp(Z)
and Θk(Z) are outside the unit circle and d < |0.5|, then x(t) is both stationary
and invertible; ii) if 0 < d < 0.5 the FARIMA model is capable of generating
stationary series which are persistent. In this case the process displays long-
memory characteristics, with a hyperbolic autocorrelation decay to zero; iii) if
d ≥ 0.5 the process is non-stationary ; iv) when d equal to 0 it is an ARMA
process exhibiting short memory; v) when −0.5 ≤ d < 0 the FARIMA process
is said to exhibit intermediate memory or anti-persistence. This is very similar
to the description of the Hurst parameter in the fBm model. In fact, d and H
are linked by the relationship H = d+ 0.5 (Panas , 2001).

2.3 Definition of the Levy Processes and the Relationship with fBm

in Time Series Analysis

The fractional Levy distribution models the Levy processes and in particular the
general family of α-stable Levy processes used in financial time series analysis
(Panas , 2001; Wooldridge , 2010). Let us recall the definition of a stable random
variable.

Definition Nolan (2009), chap. 1, definition, 1.6 A random variableX is stable

if and only if X
d
= aZ + b, where a ̸= 0, b ∈ R and Z is a random variable with

characteristic function ϕ(u), which is the Fourier transform of the probability
density function (Nolan , 2009):

ϕ(u) =

{
exp

(
jµu− γ|u|α[1− jksign(u) tan(πα

2
)]
)
if α ̸= 1

exp
(
jµu− γ|u|[1− j 2

πksign(u)log(|u|)]
)
if α = 1

(4)

Where sign is the signum function, α (0 < α ≤ 2) is the characteristic exponent
which measures the thickness of the tails of the distribution (the smaller the
values of α, the thicker the tails of distribution are), k ∈ [−1, 1] is the symmetry
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parameter which set the skewness of the distribution, γ is the positive scale
parameter, and µ ∈ R is the location parameter. In general, no closed-form
expression exists for this distribution, except for the Gaussian (α equal to 2),
Pearson (α equal to 0.5, k equal to −1) and Cauchy (α equal to 1, k equal
to 0) distributions. Note that the distribution is called a symmetric α-stable
if k = µ = 0 (Wang et al. , 2008; Nolan , 2009). In order to estimate the
four parameters, various methods exist such as maximum-likelihood (Nikias and
Shao , 1995), regression numerical method (Koutrouvelis , 1980) and numerical
integral method (Nolan , 2009).

ϕ(u) is defined for the random variable Z such as ϕ(u) = E{exp (iuZ)}
=
∫∞
−∞ exp (iuz)F (z)dz. F (z) is the distribution function of Z. E{.} is the ex-

pectation operator. When the α-stable distributions are symmetric around zero,
the characteristic function of aZ has the simpler form:

ϕ(u) = exp (−aα|u|α) (5)

Therefore, the Gaussian distribution N (µ, σ2) is stable with α = 2, k = 0,
a =

√
σ/2, b = µ (Nolan , 2009).

If a stochastic process is self-similar, then one can model it with a fBm model
(see (Cont and Tankov , 2004), Definition 7.1). Recently, various works (Benassi
et al. , 2004; Marquadt , 2006) have shown that fBm can be generalized by
(Fractional) Levy processes under specific conditions (i.e. finite variation of the
path, real harmonisable, well-balanced - (Benassi et al. , 2004)). The technical
details of this generalization can be found in (Marquadt , 2006), but it is outside
the scope of our work. Here, we define a Fractional Levy process by integral
transformations replacing the Brownian motion by more general Levy process
in the integral representation of fBm (Mandelbrodt et al. , 1968).

Moreover, there is a relationship between the (symmetric) α-stable Levy pro-
cess and the Hurst parameter (H). A self-similar Levy process is either Brow-
nian (H = 1/2) or must have infinite variance (Cont and Tankov , 2004). For
H ≥ 1/2, a self-similar Levy process is a (symmetric) α-stable Levy process
(Cont and Tankov , 2004) (p. 236). Further important properties of the stable
random variable are not discussed here, but reader can refer to Cont and Tankov
(2004) and Nolan (2009). Finally, this family of distributions is of a particular
interest in this work as the α index is equal to the inverse of the Hurst parameter.
Panas (2001) stated that for 1/α < H, the stochastic processes exhibit persis-
tence or positive increments; whereas for 0 < H < 1/α the stochastic properties
exhibit anti-persistence or negative increments. As a consequence, this family
of distributions should be better suited when modeling the residual time series
with a strong coloured noise or including long-memory processes; whereas if the
white noise is predominant, the time series should be fitted with a Gaussian
distribution.
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3 Application of Levy Processes in Modelling Geodetic

Time Series

3.1 Modelling Time Series of Mixed Spectra with Levy Processes

In order to investigate the application of Levy processes in modelling the residual
GNSS time series, we look at the residual as a sum of three random variables.
Namely, it is the sum of a white noise, a coloured noise and a third random vari-
able (r.v.). It is a comparable approach used previously in Langbein (2012) and
Davis et al. (2012). The stochastic properties of the third r.v. should tell us how
well fits the selected models (i.e., functional and stochastic) to the observations.
To recall the definition of the Levy processes in Section 2.3, we postulate that the
third r.v. belongs to the Levy process. We then list the type of Levy processes
(Wooldridge , 2010; Cont and Tankov , 2004) depending on the assumptions on
the underlying stochastic process:

1- (Gaussian Levy) The Levy process is a Gaussian Levy process if the r.v.
follows the properties of a Wiener process (identity matrix of covariance,
zero-mean, stationary process - (Haykin , 2002; Wooldridge , 2010)). The
residual time series is assumed to contain only short-term correlation pro-
cesses modeled with an ARMA process.

2- (Fractional Levy) The residual time series has Gaussian increments and ex-
hibits self-similarity with possibly long-term correlation processes. The Frac-
tional Levy process models short and long-term correlations similar to the
fBm (Cont and Tankov , 2004). The long-term correlation processes can be
due to the presence of high-amplitude coloured noise (He et al. , 2017). As
explained in Montillet and Yu (2015), the ratio of the amplitude of the
coloured over white noise determines which stochastic model of the residual
time series should be the most suitable between the FARIMA and ARMA
processes.

3- (Stable Levy) The Levy process is a (α) stable Levy process. That is to
generalize important misfit between the selected (stochastic and functional)
model (s0(t)) and the observations. If small jumps are presents and cannot
be detected, the Levy process can be a Poisson Levy process to model those
jumps as Markov jumps (Cont and Tankov , 2004). The result is that the
distribution of the residual time series can be severely skewed, not symmetric,
with the apparition of heavy tails, hence modeling with a Levy α-stable
distribution. With the relationship between α, H and d (see Section 2.3),
the stochastic properties of the residual time series should be best described
with the FARIMA process.

The assumption of modelling jumps as Markov jumps in the residual GNSS time
series may not be intuitive, because the general model is a Heaviside step function
(Gazeaux et al. , 2013; Herring et al. , 2016; He et al. , 2017). Those jumps result
from equipment changes (i.e. antenna, radom) to the receiver, sudden events
(bumps to the antenna), geophysical nature (co-seismic offsets) and variations in
the environment of the receiver occasioning multipath (growing trees, buildings).
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In financial time series, the jumps are generally resulting from the randomness of
the stock prices and modelled as random-walk. That is why in order to assume
a (stable) Levy processes as the underlying stochastic model in geodetic time
series, we need to restrict our assumption to small jumps not detectable by the
human eyes, modelling them potentially as random-walk (Gazeaux et al. , 2013).

Now, one can underline that the sum of the three r.v. should follow the
central limit theorem (CLT) for the Levy Gaussian and fractional Levy processes
in the absence of large tails and finite variance (Papoulis and Unnikrishna Pillai
, 2002) (Chapter 7, p 278). However, the stable Levy process should follow the
generalized CLT (Nolan , 2009)(Chap. 1, Theorem 1.20) due to the properties
of the (α) stable Levy process. Also, very large variance characterizing α-stable
processes, is, in our assumptions, due to residual geophysical signals (i.e. residual
tectonic rate or seasonal signal, large offsets, outliers). Therefore, those features
can be detected a priori by a careful examination of the time series.

3.2 Limits of Modeling with Levy Processes

As discussed in the previous sections, the stable Levy process is characterized by
a very large (or infinite) variance. In Montillet and Yu (2015), it was assumed
that the infinite variance of the residual time series comes from large tails of the
distribution (also called heavy tails -(Wooldridge , 2010)), generated by a large
amplitude of coloured noise, outliers and other remaining geophysical signals.
The same study implied that the values of the noise variance should be bounded,
excluding extreme values. This is an important assumption to decide whether
or not (symmetric) α-stable distributions can be used to model any geodetic
time series. Here, we are investigating how the variance due to residual tectonic
rate or seasonal signal evolves with the length of the residual time series (i.e. L
epochs).

To recall Section 2.1 and the assumption on the noise properties, let us esti-
mate the mean < x(L) > and variance σ2

x of the residual time series (x) over the
L epochs (i.e. considering the L-th epoch defined as tL = Ldt, with the sampling
time dt equal 1 for simplification and without taking into account any missing
epoch in order to have a continuous time series). Based on Papoulis and Unnikr-
ishna Pillai (2002), one can estimate the variance σ2

x in the cases of remaining
linear trend, such as:

x(ti) = arti + br + n(ti)

< x(L) > =
1

L

L∑

i=1

(arti + br + n(ti))

< x(L) > = br + ar
L(L+ 1)

2
+ µC

< x(L) > ≃ ar
L2

2
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σ2
x(L) =

1

L

L∑

i=1

(x(ti)− < x(L) >)2

σ2
x(L) =

a2r(L+ 1)(2L+ 1)

6
− a2r(L+ 1)2

4
+ σ2

n(L)− µC(µC + ar(L+ 1))

σ2
x(L) ≃

a2rL
2

12
+ σ2

n(L) (6)

where ar and br are the amplitude and the intersect of the residual trend (i.e.
remaining tectonic rate). Now, if we assume that the remaining seasonal signal
is a pseudo periodic function at frequencies similar to the seasonal signal in
Equation (1), hence taking the form sr(t) =

∑N
j=1

cr,j cos (djt) + er,j sin (djt).
Thus, we can do the same estimation as above in the case of a remaining pseudo
periodic component in the residual time series, such as:

x(ti) = sr(ti) + n(ti)

< x(L) > =
1

L

L∑

i=1

(sr(ti) + n(ti))

< x(L) > = δ + µC

σ2
x(L) =

1

L

L∑

i=1

(x(ti)− < x(L) >)2

σ2
x(L) =

1

L

N∑

j=1

c2r,j cos
2 (djt) + e2r,j sin

2 (djt) +

σ2
n(L)−

2

L

L∑

i=1

(

N∑

j=1

cr,j cos (djt))(

N∑

j=1

er,j sin (djt)))

− < x(L) >2

σ2
x(L) ≃ σ2

n(L) +
N∑

j=1

c2r,j
2

+
e2r,j
2

(7)

≃ means that we assume L >> 1. From Equation (2), the mean of the noise
is considered to be equal to the mean of the coloured noise µC . δ is the average of
the remaining seasonal signal. It is assumed to be independent of L and bounded
such as a periodic function.

We assume that the deterministic signals and the noise are completely uncor-
related, which is valid with white Gaussian noise (i.e. Wiener process) in signal
processing (Papoulis and Unnikrishna Pillai , 2002; Montillet et al. , 2013). As
previously discussed in Section 2.1, coloured noise can generate long- memory
processes, hence producing non-zero covariance with residual signals. Due to the
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varying amplitude of the coloured noise in geodetic time series of mixed spectra,
the uncorrelated assumption is currently debated within the community (Her-
ring et al. , 2016; He et al. , 2017). Therefore, recent works have introduced
a random component together with a deterministic signal (i.e. nonlinear rate
(Dmitrieva et al. , 2017), non deterministic seasonal signal (Davis et al. , 2012;
Chen et al. , 2015; Klos et al. , 2018)). Thus, strictly speaking, σ2

x(L) should be
seen as an upper bound.

The closed-form solution of the variance σ2
x(L) shows that the variance is

unbounded in the case of a residual linear trend. To recall the discussion in Sec-
tion 3.1, if this residual trend originates from various sources not well-described
in the functional and stochastic model (i.e. undetected jumps, small amplitude
random-walk component ) of the geodetic time series, the amplitude of this trend
should be rather small (a < 1 mm/yr) considering the length of GNSS time se-
ries available until now (L < 30 years). Unless this nonlinear residual trend has a
large amplitude, a correction of the functional model must be done a posteriori.

To conclude, this property of the variance σ2
x(L) limits the characterization

as a stable Levy process of the stochastic properties of the residual time series,
hence restricting the application of the family of α-stable distributions.

4 Conclusions

We have discussed the assumptions that the underlying stochastic processes
belong to the family of Levy processes in order to justify the use of the α-stable
distributions in previous works, such as Montillet and Yu (2015). To do so,
we model the residual GNSS time series as a sum of three r.v. The first two
are defined from the stochastic model and assumptions on the noise properties
of the geodetic time series, considered here as mixed spectra. The third r.v. is
assumed to belong to the Levy processes. We then distinguish three cases.

In the case of a residual time series containing only short-term processes,
the r.v. is a Gaussian Levy process, best fitted with an ARMA model. In the
presence of long-term correlations and exhibiting self-similarity property, frac-
tional Levy processes can be seen as an alternative model of using the fBm,
assuming that the increments remain stationary and Gaussian. Also, due to the
linear relationship between the Hurst parameter within the fBm model and the
the fractional parameter of the FARIMA, it is likely that the FARIMA can fit
the residual time series under specific conditions (i.e. amplitude of the noise
components (Montillet and Yu , 2015)). Stable processes have infinite variance,
which can mainly be satisfied in the case of heavy-tailed distributions in the
application to geodetic time series. This condition is generally satisfied if there
is an important misfit between the models (i.e. functional and stochastic) and
the observations. However, a careful analysis of the time series should be done
a prirori.
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Abstract. Predicting daily reference evapotranspiration is particularly
important for short-term irrigation management in constrained horti-
cultural nurseries. This paper investigates reference evapotranspiration
daily forecasting based hourly observations viewed as functional data
recorded into constant interval of hours. A model is carried out within
the framework of autoregressive Hilbertian process. A package developed
using R software served as simulation tools. Simulation results using
Fourier basis show accurate forecasting in comparison with the seasonal
autoregressive integrated moving-average parametric model, with respect
to mean squares error.

Keywords: Time Series, Functional Data, Autoregressive Hilbertian
Process, Sarima Model, Limited Data, Evapotranspiration

1 Introduction

Horticultural and agricultural systems require an efficient scheduling tool for pro-
duction control, including irrigation, a major consumer of water in the nurserie
or on the farm. The ability to accurate forecast reference evapotranspiration
(ETo) could enhance the capability to manage irrigation systems by predicting
crops water need-ing.

ETo forecasting can be investigated using direct or indirect method, depend-
ing on the approach used and data input. Direct methods in which current and
historical data is used to forecast ETo either using time series or neural networks
(ANNs or CNN). In the indirect method, weather variables needed to compute
ETo are forecasted (of-ten by Numerical Weather Prediction (NWP) models)
and then empirical (as Hagreaves-Simani [1] or analytical (as Penman-Monteith
[2] ) are used to compute ETo.

Monthly or weekly ETo forecast are helpful for planning middle to long-term
irri-gation, while daily ETo forecast are more useful in short-term irrigation
scheduling. Daily forecast is now a trend A few studies dealt with daily ETo
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forecasting using time series technique [3-6]. Over the last decades, intelligent
computational models have been developed as an alternative method for esti-
mating reference evapotranspiration, such as artificial neu-ral network (ANN)
technique. In this area several studies have used ANNs to estimate (forecast)
ETo as function of climatic variable, or based past historical values of ETo, for
example [7] for arid climate, [8] under climate of alava region, Spain. Kisi [9]
developed two different feed-forward neural network models for estimation of
daily ETo from climatic data. Landeras et al. [8] compared ANN and alternative
evapotran-spiration equations with lower input requirements to PM56 under cli-
mate of Alava region, Spain. Yassin et al. [7] investigated the application of ANN
for modelling ETo for aride climate in Arabia peninsula.

Sometime after, Evolutionary algorithms such genetic programming or gene
ex-pression programming (GEP) [10] a natural development of genetic algorithm
and genetic programming have been used in reference evapotranspiration fore-
casting. Gene expression programming have been widely used for daily ETo
forecasting, [7;11-12] evaluated the generalization GEP for estimating ETo in a
coastal environ-ment for eight stations by comparison of locally and externally
trained models , and concluded that the accuracy differences between the local
and the external perform-ance depend on the specific climatic trends of the test
stations. Yassin et al. [7] investigated the application of GEP and ANN for mod-
eling daily ETo for arid climate showed that ANN technique were slightly more
accurate than those developed using the GEP technique. Shiri [12] compared
the GEP technique for estimating daily ETo values in an hyper-arid region of
Iran, with the corresponding empirical or assessed the performance of different
ETo models, which outperform empirical or semi-empirical model (for tempera-
ture/humidity radiation and combination based ap-proach).

By the beginning of the 21th century, the forecasting performance of meso-
scale numerical weather prediction (NWP) model had enhanced consequently
what induced the use of indirect method to forecast daily ETo. Some studies have
attempted to fore-cast ETo using NWP or global climate model for a lead time
up to five days [4,6,13-16]. The results showed that the forecast error increased
as the number of forecasting days increased.

Similarly, studies have also been conducted for daily ETo forecasting from
public weather forecast [17-19], in combination with ANN technique [20;21] or
of GEP [19]. More precisely, [20] combined ANN and data from NWP up to
three days to predict crop cater requirement of maize and onions for seven agro-
meteorological stations of Easter Mancha, Spain.

Most of these approaches are relied on daily mean data climatic variables
observations in combination with PM or HS models, or relied on coarse-scale
NWP model or global climatic model weather forecasts, less accurate on local
scale. Availability of local hourly ETo observations could lead to accurate daily
ETo computation. These approaches also required a fairly long record of data
and observations for training and validation.

Indeed, computation of daily ETo from successive hourly observations from
near-by meteorological stations could induce accurate results than those based
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on mean daily observed climatic data. Thus, considering ETo as functional data
might improve daily prediction. Functional data analysis extends the classical
multivariate statistic to the case of functional data.

The purpose of this work is to propose a prediction method based on Func-
tional Data Analysis (FDA) which has known a rapid development in the late
20th century. The book of Ramsey and Silverman [22] is the indispensable re-
source giving a large panorama on analysis of such data while the book of Bosq
[23] is the reference for prediction methods based on FDA. Bosq in this book
presents the autoregressive process taking values on some function spaces. The
particular case of autoregressive processes taking values on some Hilbert space,
denoted ARH, has been object of study for many researchers. The pioneering
work on ARH processes is due to Bosq [24] which introduces these processes
and give theoretical results concerning the es-timation and convergence for the
unknown parameter and unobserved prediction. Alternative approaches, exten-
sions and numerical implementations with theoretical necessary complements
was proposed by [25-34]. We invite the reader to consider the bibliography cited
in the paper [35] for a more complete list of work on ARH proc-esses and [36]
for some more recent developments.

The paper is organized as follows: the first part defines ETo, the second
introduces forecasting models used, and the last presents simulation results.

2 Reference evapotranspiration modeling

Evapotranspiration (ET) is defined as the evaporation from a soil surface and
the transpiration from plant material [2]. ET is part of a balanced energy budget
that ex-changes energy for outgoing water at the plant surface. Parameters that
drive ET are solar radiation, temperature, relative humidity and wind speed.

Reference ET (ET0) is defined as the ET from a hypothetical reference crop
with the characteristics of an actively growing, well-watered, dense green cool
season grass of uniform height. There exist many equations for estimating ET0,
but the inter-national scientific community has accepted the Penman-Monteith
(P-M) equation as the most precise one for its good results compared with other
equations in various regions worldwide [2].

The FAO-56 PM equation for the hourly time step reads as follows:

ET0 =
0.408∆(Rn −G) + γ( 37

Thr+273 )U2(e0(Thr)− ea)

∆+ γ(1 + 0.34U2)
(1)

where ET0 is the reference evapotranspiration (mmhr−1); ∆ the slope of
the satura-tion vapor pressure curve at Thr (kPa ◦ C−1); Rn net radiation at
the grass surface (MJ m−2 h−1); G the soil heat flux density (MJm−2h−1); γ
the psychrometric constant (kPa ◦ C−1); Thr the mean hourly air temperature
(◦ C); U2 the average hourly wind speed (ms−1); e0(Thr) the saturation vapor
pressure at Thr (kPa); ea is the actual average hourly vapor pressure (kPa).
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For daily time step, the ’37’ value in Eq. (1) changes to ’900’ for ETo in
(mmday−1), Rn and G (MJ m−2 day−1), e0(Thr) is computed as (e0(Tmax) +
e0(Tmin))/2, where e0 is the saturation function and Tmax and Tmin are daily
maximum and minimum air temperature.

3 Time series modeling

3.1 Sarima time series

The statistical prediction of a time series is used in the industrial, climatic,
medical and environmental fields, and in open and furrow irrigation systems
[37-39]. We used the estimation procedure suggested by Box et al., [40] in this
context.

The general multiplicative SARIMA model of order (p, d, q) × (P,D,Q)S is
defined as follows:

φp(B)ΦP (BS)∇d∇D
S zt = θq(B)ΘQ(BS)at (2)

where

∇ = 1−B (3)

∇S = 1−BS (4)

- B is the backward shift operator,
- zt are formed from the sampled original series at time t,
- at is a purely random process (corresponding to a zero-mean Gaussian white
noise with variance σ2

e)
-∇ is the differencing operator, S is the period of the series, d is the ordinary
differencing order and D is the seasonal differencing order.
∇S is the seasonal differencing
φp, ΦP , θq and ΘQ are polynomials in B of order p, P, q and Q, respectively,
that fulfill the stationarity and invertibility condition.

P and Q are the degrees of the autoregressive and moving average seasonal
polynomials , p and q are the degrees of the autoregressive and moving average
polynomials . The selected model is expected to forecast the next value of ET0,
based on past measurements. The forecast model was obtained by the iterative
strategy of specification, estimation and checking. The values of p, P, q and
Q were thus assessed by studying the autocorrelation function (acf) and the
partial autocorrelation function (pacf) of the differenced series, and by choosing
a SARIMA model where acf and partial acf had a similar form [40]. d, D, p, q,
P and Q values were computed using R software package.

3.2 Autoregressive Hilbertian process modeling

The model generalizes the classical AR(1) process for scalar or multivariate time
series to functional data. It was introduced by [24]. Let X1, · · · , Xn be a sample
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of random curves for which a stochastic dependence is suspected (for instance
the curve of temperature observed during n days at a given place). We shall
assume that all the Xi-s belongs to some separable Hilbert space H endowed
with scalar product 〈·, ·〉 and norm || ·
. An autoregressive process of order one, denoted ARH(1), is a H-valued process
(Xi, i ∈ Z) satisfying

Xi = ρ(Xi−1) + εi (5)

where

– ρ is a linear operator from H to H such that ||ρj0|| for some positive integer
j0,

– (εi)i∈Z is a sequence of independent and identically distributed H-valued
variables with common covariance operator (see [32] for instance for the def-
inition of covariance operator in Hilbert spaces) and such that E(εi|Xi−j , j >
1) = 0.

The model is simple, with a single unknown operator, leaving however the
possibility to decline various assumptions either on the operator ρ. Bosq [23]
shows that 5 admits a unique stationary solution, which is a Markov process.
As often noted, the interest of the model relies in its predictive power. The
estimation of ρ is the first and necessary step before deriving the statistical
predictor of Xn+1. The estimation of ρ is based on some Yule Walker equivalent
equations for real AR process (see [42]). So, let us first define the covariance
operator of X1 as an operator defined on H by Γ (·) = E[〈X1, · > X1〉] where
E is the expectation operator defined on H. The crossed covariance operator of
X2, X1 is given by ∆(·) = E[〈X2, · > X1〉] defined on H. On can show that
Γρ = ∆. The estimated operators of Γ and ∆ are respectively

Γn(·) =
1

n

n∑
i=1

〈Xi, ·〉Xi and ∆n(·) =
1

n− 1

n−1∑
i=1

〈Xi+1, ·〉Xi (6)

The real interest for ARH processes is when the dimension of H is infinite,
since otherwise the space is isomorph to Euclidean space Rd, d being the dimen-
sion of the space. In the infinite case the difficulty to estimate ρ comes from the
fact that the Yule Walker equation is an ill posed problem. Bosq tackle this dif-
ficulty by projecting data in some finite Hilbert subspace and suitable choosing
the dimension k of this sub-space. Let us briefly define the estimator of ρ which
will be denoted ρ̂n,k in the following and the corresponding predictor X̂n+1,k.
Let (φn,j , j ≥ 1) be a complete orthonormal system of eigen-functions of Γn and
(λj , j ≥ 1) in decreasing order the corresponding eigen-values. Denoting Vk the
subspace of H generated by the first eigen-functions φn,j and Πk the orthogonal
projection operator on Vk the estimator of ρ is (see for exemple Bosq [24]) :

ρ̂n,k = (ΠkΓnΠk)
−1

(Πk∆nΠk) (7)

It depends on n and k the dimension of the subspace Vk.
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Bosq proves under mild conditions that the predictor converges to when n
and k go to infinity (note that k depends on n and sometimes one notes knin
place of k).

Alternative approaches are proposed by [25], [41] for the estimation of ρ based
on an idea that consists to add a small perturbation in order to regularize the
un invertible covariance operator (see Tikhonov and Arsenin, [43]).

4 Simulation results

In order to compute hourly ET0, a climatic database with four types of measure-
ments (global radiation, air temperature, relative humidity and wind speed) was
used. These measurements were made in the INRA agrometeorological station
of Montreuil-Bellay (47 07 56 N. 00 09 08 W), neighboring the city of Angers in
the West region of FRANCE. The climate in this area is typically oceanic (cool
and relatively humid summers), with continental influences (wide temperature
ranges). The hardest period for the crops (corresponding to maximum water
loss) extended from June to September, 2015. This period included steady-state
weather, but also cloudy skies and unsettled weather with brief spells of rainfall.
The first part of data was used for identification and the second for validation
forecasting.

Fig. 1. Identification and validation data

From a technical point of view the different approach for implementing an
ARH proceed in two steps. The first step consists in decomposing data in some
functional basis in order to reconstruct them on the whole observed interval.
Most of the methods [26,34,25] use spline or wavelet basis and suppose that
the curves belong to the W 2,k space of functions such that the k-th derivative
is squared integrable. The second step consists in choosing tuning parameters
required by these methods, for exam-ple the dimension of the projection subspace
for the projection estimations. A general method used is cross-validation.

A software has been carried out using R environment [44]. The model struc-
ture for sarima was of order (1, 0, 0) × (1, 1, 0)24 (see eq.2), and for ARH with
Fourier basis, k = 1 (see eq.7).
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Fig. 2. validation: ETo forecasting June 25-31, 2015

Data from June 1-23 was used for identification, and those for June 24-30
for vali-dation. For this period obtained models under predict daily ETo except
on day 27 where ARH(1) forecast is above observation. However, in most of the
days, ARH gives better results compared to sarima model.

Fig. 3. validation: ETo forecasting July 26-31, 2015

Figure 3 shows forecasts validation for days of July 26-31, with training data
of July 1-24. Daily observation has different forms each other, due to unsettled
weather conditions. For example, observed value of days 26 and 28 have par-
ticular low mag-nitude compared to standard values expected for this period.
In this context, model fails to capture in advance these behaviors. ARH gives
better results for days 29 and 30, while sarima model is slightly better for day 28.

Figure 4. presents forecasts validation results for July 26-31 with training data
ex-tending from June 1rt to July 25. ARH(1) gives results similar to those of
the previous case. For sarima model with long training data validation results
are slightly better than those with short training data.
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Fig. 4. validation:ETo forecasting July 26-31, 2015.(long identification data)

Fig. 5. validation: ETo forecasting August 26-31, 2015
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Figure 5 presents validation results for August 2015. One can observe that due
to missing observation of day 27, prediction errors or daily ETo forecasts for day
28 can not be evaluated. ETo forecast for days 30 and 31 with ARH(1) are much
close to observed values in comparison with sarima model. The observed and

Fig. 6. validation: ETo forecasting Sept 25-29, 2015

forecast daily values of ETo were compared using mean-squared error criteria,
provided in table 1.

Table 1. validation forecast mean squared errors

day N–5 N–4 N–3 N–2 N–1 N mean

June, N=30 SARIMA 0.009 0.017 0.017 0.026 0.003 0.052 0.021
ARH 0.008 0.016 0.017 0.027 0.002 0.052 0.020

July, N=31 SARIMA 0.071 0.005 0.081 0.003 0.004 0.023 0.031
ARH 0.071 0.003 0.076 0.004 0.003 0.022 0.030

Aug, N=31 SARIMA 0.008 NA NA 0.052 0.014 0.011 0.021
ARH 0.013 NA NA 0.024 0.007 0.010 0.014

Sept, N=30 SARIMA 0.007 0.015 0.001 0.004 0.000 NA 0.005
ARH 0.003 0.003 0.000 0.004 0.000 NA 0.002

5 Conclusion

We have proposed in this study, daily ET0 forecasting based on functional
data analysis. The study was conducted with data from local near-by agro-
meteorological station, now a day, easily accessible. Compared to standard men-
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tioned techniques, the approach does not need a long historical data. The ap-
proach used produces an accu-rate forecasting in steady-state, but the perfor-
mance decreases somewhat during un-settled weather conditions. Future work
could consist to get better results with ARH by differentiation of raw data before
estimation. The behaviour of the model on the simulated data encourages the
use of the approach for short-term irrigation scheduling.

References

1. Hargreaves GH, Samani ZA (1985) Reference crop evapotranspiration from tem-
perature. Appl. Eng. Agric. 1 (2), 96-99

2. Allen R.G, Pereira L.S, Raes D, Smith M (1998) Crop evapotranspiration: Guide-
lines for computing crop requirements. Irrigation and Drainage Paper N 56 FAO,
Rome Italy, 300pp.

3. Hess T (1996) A microcontroller scheduling program for supplementary irrigation.
Computers and Electronics in agriculture. (15) 233-243.

4. Duce P, Snyder RL, Spano D (2000) Forecasting reference evaporation. Proceed-ings
of 3rd International Symposium on Irrigation horticultural crops. Int. Soc. Hortic.
Sci. ISHS 537 (1), 135-141.

5. Trajkovic S, Todorovic B, Stankovic M (2003) Forecasting of reference evapotran-
spiration by artificial neural network, J. Irrigation and drainage engineering 129 (6)
454-457

6. Arca B, Duce P, Spano D, Snyder RL, Fiori M (2004) Use of numerical weather
forecast and time series models for predicting reference evapotranspiration In Proc
IVth Int Symp Irrigation of Horticultural Crops Ed Snyder RL, Acta Horticulturae
664, 39-46.

7. Yassin MA, Alazba AA, Mattar MA (2016) Artificial neural networks versus gene
expression programming for estimating reference evapotranspiration in arid cli-mate
Agricultural water management 163, 110-124

8. Landeras G, Ortiz-Barredo A, Lopez JJ (2008) Comparison of artificial neural net-
worh models and empirical and semi-empirical equations for daily reference evapo-
transpiration estimation in the Basque country (Northern Spain) Agricultural water
management 95, 553-565

9. Kisi O (2016) Modeling reference evapotranspiration using three different heuristic
regression approaches, Agricultural water management 169, 162-172

10. Ferrera C. (2011) Gene expression programming:a new algorithm for solving prob-
lems. Complex Syst. 13 (2) 87-129

11. Shiri J, Sadraddini AA, Nazemi AH, Kisi O, Landeras G, Fard AF, Marti Pau
(2014) Generalizability of gene expression programming-based approaches for es-
timating daily evapotranspiration in coastal station of Iran J. Hydrology 508, 1-11

12. Shiri J (2017) Evaluation of FAO-PM empirical semi-empirical and gene expres-
sion programming approaches for estimating daily reference evapotranspiration in
hyper-arid region of Iran Agricultural water management 188, 101-114

13. Perera KC, Wester AW, Nawarathna B, George B (2014) Forecasting daily refer-
ence evapotranspiration for Australia using numerical weather prediction outputs
Agricultural water management 194, 50-63

14. Tian D, Martinez CJ (2012) Comparison of two analog-based downscaling meth-
ods for regional reference evapotranspiration forecasts. J. Hydrol. 475 350-364

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 674



Title Suppressed Due to Excessive Length 11

15. Ishak AM, Bray M, Remesanm R, Han D (2010) Estimating reference evapotran-
spiration using numerical weather modelling. Hydrol. Process. 24 (24) 3490-3509

16. Silva D, Meza FJ, Varas E (2010) Estimating reference evapotranspiration using
numerical weather forecast data in centre Chile J Hydrology 382, 64-71

17. Cai J, Liu Y, Lei T, Pereira LS (2007) Estimating reference evapotranspiration
with the FAO Penman-Monteith equation using daily weather forecast messages.
Agri. Forest Meteorol. 145 (1-2) 22-35

18. Luo Y, Chang X, Peng S, Hkan S, Wang W, Zeng Q, Cai X (2014) Shirt-term
forecasting of daily reference evapotranspiration using the Hagreaves-Samani model
and temperature forecasts. Agricultural water management 136, 42-51

19. Yang Y, Cui Y, Luo Y, Lyu X, Traor S, Khan S, Wang W (2016) Forecsting refer-
ence evapotraspiration using Penman-Monteith model and public weather forecasts.
Agricultural water management 177, 329-339

20. Ballesteros R, Ortega JF, Mareno NA (2016) Foreto new software for reference
evapotranspiration forecasting, J. arid environments, 124, 128-141

21. Traor S, Luo Y, Fipps G (2016) Deployment of artificial neural network for short-
term forecasting of evapotranspiration using public weather forecast restricted mes-
sages Agricultural water management 163, 363-379

22. Ramsay J.O., Silverman B.W. (1997). Functional Data Analysis, Springer Series
in Statistics.

23. Bosq D. (2000). Linear processes in function spaces. Lectures notes in statistics,
Springer Verlag.

24. Bosq D. (1991). Modelization, nonparametric estimation and prediction for con-
tinous time processes. in Roussas (Ed), Nato Asi Series C, 335, 509-529.

25. Antoniadis A. and Sapatinas T. (2003). Wavelet methods for continuous-time pred-
ction using representations of autoregressive processes in Hilbert spaces. J. of Mul-
tivariate Analysis, 87, 133-158.

26. Besse P. and Cardot H. (1996). Approximation spline de la prvision d’un pro-cessus
fonctionnel autorgressif d’ordre 1, Canad. J. Statist, 24, 467-487.

27. Besse P., Cardot, H. and Stephenson, D. (2000). Autoregressive forecasting of some
climatic variations. Scand. J. Statist, 27, 673-687.

28. Kargin V. and Onatski A. (2008). Curve forecasting by functional autoregression.
J. of Multivariate Analysis, 99, 2508-2526.

29. Damon J., Guillas, S. (2005). Estimation and Simulation of Autoregressive Hil-
bertian Processes with Exogenous Variables. Stat. Infer. for Stoch. Proc., 8(2), 185-
204.

30. Labbas A. and Mourid, T. (2002). Estimation and prediction of a Banach valued
autoregressive process. C. R. Acad. Sci. Paris, 335(9), 767-772.

31. Marion J.M., Pumo B. (2004). Comparaison des modles ARH(1) et ARHD(1) sur
des donnes physiologiques, Annales de l’ISUP, 48(3), 29-38.

32. Mas A. and Pumo, B. (2007). The ARHD process. J. of Statistical Planning and
Inference, 137, 538-553.

33. Merlevde, F., Peligrad M., Utek, S. (1997). Sharp conditions for the CLT of linear
processes in Hilbert space. J. of Theoritical Probability, 10(3) 681-693.

34. Pumo B. (1998). Prediction of continuous time processes by C[0,1]-valued auto-
regressive process. Statist. Infer. for Stoch. Processes, 3(1) 297-309.

35. Mas A. and Pumo, B. (2010) Linear processes for functional data, in The Oxford
Handbook of Functional Data Analysis, edited by Frdric Ferraty and Yves Ro-main

36. Horvath L., Huskova M and Kokoszka P. (2010). Testing the stability of the func-
tional autoregressive process. J. of Multivariate Analysis, 101, 352-367.

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 675



12 Rousseau Tawegoum, Besnik Pumo, and Pierre Santagostini

37. Brockwell P. J, Davis R.A (1996) Introduction to time series and forecasting.
Springer, 420p.

38. Crosbie R.S, Binning P. and Kalma J.D (2005) A time series approach to inferring
ground water recharge using the water table fluctuation method. Water Resources
Research 41, W01008, doi 1029/2004WR003077.

39. Young P.C (2006) New approaches to volcanic time series analysis. In Mader H.M,
Coles S.G., Connor C.B. and Connor L.J. (Eds.), Statistic in volcanology, Bath,
UK, pp. 143-160, Geological Society of London.

40. Box G. E P, Jenkins G. M, Reinsel G. C (1994) Time series analysis, forecasting
and control. 3rd Edn., Englewood Cliffs, NJ: prentice-Hall.

41. Mas A., Menneteau L. (2003). Perturbation appraoch applied to the asymptotic
study of random operators. Progress in Probability, 55 127-134.

42. Brockwell P. and Davis A. (1991). Time series: Theory and methods. Springer
Verlag.

43. Tikhonov A.N. and Arsenin V.Y. (1977) Solutions of ill-posed problems, V.H.
Winstons and sons, Washington.

44. R: A language and environment for statistical computing

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 676



1 
 

Characterization and detection of potential fraud taxpayers in 
Personal Income Tax using data mining techniques. 

 
Camino González Vasco 
Dirección de Estudios 

Instituto de Estudios Fiscales –Universidad Rey Juan Carlos 
Avenida Cardenal Herrera Oria 378, 28035 Madrid 

Email: camino.gonzalez@ief.minhafp.es 
 

Mª Jesús Delgado Rodríguez 
Departamento de Economía Aplicada II 

Universidad Rey Juan Carlos 
Campus de Vicálvaro, 28032 Madrid 
Email: mariajesus.delgado@urjc.es 

 
Sonia de Lucas Santos 

Departamento de Economía Aplicada (Udi de estadística) 
U. Autónoma de Madrid 

Campus de Cantoblanco, 28049 – Madrid 
Email: sonia.delucas@uam.es 

 

(preliminary version) 
 

            May, 2018 
 

Keywords:  Tax evasion; Data mining techniques; Multilayer Perceptron;  Decision Trees; Fiscal 

fraud detection; Tax evaluation; 

JEL Classification:  H26 Tax Evasion and Avoidance; C55 Large Data Sets: Modeling and Analysis; 
C38 Classification Methods; Cluster Analysis; Principal Components; Factor Models 

           ABSTRACT: 
 

This paper contributes to the empirical literature on the development and estimation of a 

classification model for Personal Income Tax (PIT) evasion detection focusing on the study of the 

deductible expenses and reductions in the tax base that lead to this behavior. In this regard, the 

purpose of this study is twofold. Firstly, it attempts to determine those deductible expenses and 

reductions in the tax base that are more likely to be used by potential fraud taxpayers by means of 

investigating the design of PIT structure. Secondly, it aims at characterizing through socioeconomic 

variables the profile of the potential fraud taxpayer to provide an audit selection strategy for 

improving tax compliance. We apply a two-step methodology combining dimension reduction and 

classification data mining techniques to obtain a sample segmentation according to potential fraud 

probability. Using the micro data contained in the annual Spanish PIT sample designed by the 

Institute for Fiscal Studies, we identify hidden patterns in data and select suspicious evasion reports 

on deductible expenses and reductions in the tax base for further auditing and design considerations. 

The conclusion provides evidence that the combination of these data mining techniques is a 

promising alternative to potential fraud prediction and tax design evaluation.  
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The views expressed in this paper are those of the authors and do not necessarily reflect those of the 

Spanish Institute for Fiscal Studies, the Department of Applied Economics II at the Rey Juan Carlos 

University of Madrid and the Department of Applied Economics (Statistics Unit) of the  Autonomous 

University of Madrid. 

0. Introduction.   
 

Fiscal fraud detection is an important issue that incurs expenses in terms of the loss of 

government revenues, which leads to less efficient tax programs and the inequity between evaders 

and honest filers. Effective control of income tax evasion requires addressing a fundamental 

statistical problem of non detection, which can bias estimates of the overall amount of evasion and 

the relative evasion propensities of different socioeconomic groups. 

Traditional ways of data analysis have been in use for a long time as a method of detecting fiscal 

fraud and revenue potential. Both supervised learning methods (where a dependent variable is 

available for training the model) and unsupervised learning methods (where no prior information of 

dependent variable is available for use) can be potentially employed to solve this problem.  

In this paper we focus on exploring the potential applicability of the data mining techniques in 

developing a segmentation model that can detect and predict fraud suspicion in personal income tax 

micro data from deductible expenses and reductions information. Unlike previous studies focused in 

donations and tax benefits, deductible expenses and reductions of the tax base are are particularly 

interesting tax items for taxpayers to reduce the payment of this tax. The model is based on invidual 

level data drawn from the annual Spanish PIT sample designed by the Institute for Fiscal Studies.  

Data mining techniques include different methodologies aimed at exploring and analyzing large 

quantities of data in order to discover meaningful patterns and rules, oriented to classification and 

prediction. Despite its importance, most of the data mining models developed for the detection of 

fraud are focused on financial fraud detection, and hence there is a lack of applications  published in 

official tax data aimed at fiscal fraud detection. 

That being the case,  data mining techniques have been applied most extensively to the detection 

of insurance, corporate and credit card fraud but  mortgage fraud, money laundering, and securities 

and commodities fraud have also attracted a great deal of attention in recent years. The main data 

mining techniques used for financial fraud detection are logistic models, artificial neural networks, 

the Bayesian belief network, and decision trees, all of which provide primary solutions to the 

problems inherent in the detection and classification of fraudulent data.  

The classification model presented in this paper performs, as a prior step, a principal component 

analysis (PCA) as a dimension reduction technique of the group of economic and demographic 

variables to obtain a group of orthogonal indicators. Reducing or eliminating statistical redundancy 

between the components of high-dimensional vectors enables a lower-dimensional representation 

without significant loss of information. Secondly, we test Multilayer Perceptron (MLP) to assign 
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scores /probabilities that result in fiscal fraud.  Finally we use decision trees (CHAID) to segment the 

Spanish PIT sample records according to the probabilities assigned by the MLP. 

The purpose of this study is twofold. Firstly, it attempts to determine those deductible expenses 

and reductions in the tax base that are more likely to be used by potential fraud taxpayers. In this 

context this paper uses Principal Component Analysis to investigate the design of tax structure and 

will be of interest for making proposals aimed at improving the design of the Personal Income Tax 

Using the orthogonal factors resulting from the Principal Components Analysis, the Multilayer 

Perceptron scores more than two million PIT records corresponding to 2013. These Neural Network 

scores can be of use as an early warning indicator for potentially fraudulent activity. The CHAID 

segmentation of the taxpayers universe according to these scores is the last part of the methodology 

and allows for the second main objective of the study: characterizing through socioeconomic 

variables the profile of the potential fraud taxpayer to provide an audit selection strategy for 

improving tax compliance. 

 

This paper is divided in six sections and proceeds as follows. Section I specifies the literature 

review. Section II presents how data mining techniques have facilitated the detection of tax evasion 

in tax administration. Section III describes the Spanish PIT Microdata included in the analysis. 

Section IV illustrates the algorithm used to generate the target variable of the model and points out 

the limitations of the study. Section V outlines the estimation technique and the empirical results 

obtained. Section VI evaluates the overall performance of the model and presents the segmentation 

results. Section VII concludes. 

I. Literature Review. 

In recent years, the techniques of data mining and artificial intelligence have been incorporated into 

the audit planning activities mainly to detect patterns of fraud or evasion, which are used by tax 

authorities for specific purposes. Most of the papers mentioned focus on Corporate Income Tax and 

Value Added Tax but there are few applications designed for Personal Income Tax. 

 

Examples include examining how commodity flows respond to destination sales taxes, allowing for 

tax evasion as a function of distance between trade partners  (Fox et al. 2014), identifying clusters or 

groups of taxpayers who have similar behavior  using a clustering algorithm named the SOM method 

(González et al. 2013), using association rules to develop a screening model, mining tax evasion 

patterns from the universe of taxpayers (Wu et al. 2012), applying data mining techniques such as 

Multilayer Feed Forward  Neural Network (MLFF), Support Vector Machines (SVM), Genetic 

programming (GP) , Probabilistic Neural Networks  (PNN), and Logistic Regression (LR) to identify 

companies that resort financial statement fraud (Ravisankar et al.2011), testing a list of input 

variables and compare the performance of techniques as Classification trees, Logistic Regression and 

Discriminant Functions to assign records  to fraud /non-fraud cases (Gupta, et al. 2007), using Linear 

Regression and Neural Network models for designing an audit selection strategy for the State of 

Texas (Micci-Barreca et al.2004), using Backpropagation Neural Networks, Recurrent Neural 

Networks and Artificial Immune Systems for fraud detection (Weatherford et al. 2002),  taking 

advantage of clustering and classification techniques for constructing profiles of fraudulent 

behaviour, aimed at supporting audit planning (Bonchi et al.1999), among others. 
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Despite these screening and classification models for detecting fraud patterns oriented at audit  

planning, there are few studies that focus on the identification  of those tax items or  tax amounts  in 

the PIT structure that are more likely to be used by potential fraud taxpayers .This study aims to fill 

this gap by developing a data mining framework based on a combination of Principal Components 

Analysis, Neural Networks and Decision Trees to identify most influential tax items for fraud 

detection and generate useful rules for potential fraud characterization.  

II. Data mining methods for fiscal fraud detection. 

Micci-Barrera et al. (2004) list and classify data mining applications in tax administration as follows: 

Audit selection is one of many possible data mining applications in tax administration. In the area of 

tax compliance alone, tax collectors face diverse challenges, from underreporting to nonreporting to 

enforcement. Data mining offers many valuable techniques for increasing the efficiency and success 

rate of tax collection. Data mining also leverages the variety and quantity of internal and external 

data sources available in modern data warehousing systems. Here are just a few of the many 

potential uses of data mining in the context of tax compliance:  

Outlier-based selection: This is an alternative approach to audit selection that uses specific data 

mining algorithms to build profiles of typical behaviors and then select taxpayers that do not match 

the profiles. This modeling process involves creating valid taxpayer segments, characterizing the 

normative taxpayer profile for each segment, and creating the rules for outlier detection. Though this 

method is similar to that applied by many audit selectors on a daily basis, the added benefit of the 

data mining approach is its ability to process large amounts of data and analyze multiple taxpayer 

characteristics simultaneously. 

 Lead prioritization:  Many tax agencies flag potential nonfilers by, for example, cross-matching 

external data with internal lists of current filers. This type of application often produces many leads, 

each of which must be manually verified and pursued. Given the limited staff available to follow up 

on leads, it is important to develop criteria for prioritizing the leads. Data mining, however, can 

predict the tax dollars owed by an organization or individual taxpayer by modeling the relationship 

between the attributes and reported tax for known taxpayers.  

Profiling for cross-tax affinity:  Agencies can use data mining to analyze existing taxpayers for 

associations between the types of businesses and the tax types (more than 30 in Texas) for which the 

taxpayers file. Co-occurrence of certain tax types may infer liability for another tax type for which 

the taxpayer did not file. 

Workflow analysis : Following up on leads can be a lengthy process consisting of multiple mail 

exchanges between the tax agency and the organizations classified as potential nonfilers. Tracking 

this process, however, generates data that is useful for modeling the process. The process models can 

then be used to predict the value of current pipelines and to optimize resource allocation. 

 Anomaly detection : Taxpayers self-report several important attributes (SIC, organization type, etc.). 

Due to unavoidable data entry errors, however, some taxpayers are categorized incorrectly or even 
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uncategorized. Since these attributes and categories drive audit selection and other processes, it is 

always a good idea to apply data mining‟s rule induction techniques to detect errors and anomalies.  

Economic models for optimal targeting: In most traditional targeting applications, such as target 

marketing or e-commerce fraud detection, there is a tradeoff between the number of audits to target 

and the cost per audit. When audit cost information is available, agencies can use data mining to 

develop targeting strategies that maximize overall collections. 

III. The data set. 
 

Our starting point is the microdata contained in the annual Spanish PIT sample. In this 

particular paper we use the sample for the year 2013, which includes 2.161.647 records extracted 

from a population of 19.203.031 registers providing personal income tax returns (Picos Sánchez, F. 

2014). This database has been developed by the Spanish Institute of Fiscal Studies (Instituto de 

Estudios Fiscales, IEF henceforth), in collaboration with the Spanish National Tax Administration 

(Agencia Estatal de Administración Tributaria - henceforth AEAT), the entity in charge of extracting 

annual samples from its administrative registers of Spanish personal income tax. 

 

For the construction of this annual sample the minimum variance stratification under 

Neyman‟s allocation method has been used. Three stratification variables have been used in the 

sampling process: 

 

a) Territorial stratum: the province. 46 provinces with commun fiscal regime plus the 

Autonomous Cities of Ceuta and Melilla in addition to Non-resident taxpayers who are 

taxed under Article 10 of Law 35/2006.  

 

b) Income stratum: income level of the tax filers. The sample income was calculated as the 

sum of net incomes, imputed income and capital gains and losses. 

The sample income was divided into 12 groups for stratification: 

 

• Income group 1: negative up to 0 euros. 

• Income group 2:  up to 6.000 euros. 

• Income group 3: from  6.000,01 to 12.000 euros  

• Income group4: from 12.000,01 to 18.000 euros  

• Income group5; from  18.000,01 to 24.000 euros  

• Income group6: from 24.000,01 to 30.000 euros  

• Income group7: from 30.000,01 to 36.000 euros  

• Income group8: from 36.000,01to 42.000 euros  

• Income group9:from 42.000,01 to 48.000 euros  

• Income group10: from 48.000,01 to 54.000 euros  

• Income group11: from  54.000,01 to 60.000 euros  

• Income group12: more than  60.000 euros. 

 

c) The type of tax return stratum: separate or joint. 

Hence, the “original weight” is calculated for each observation as the ratio between the 
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size of the population of its belonging stratum h and its corresponding sample size , h

hh

n
Nw    . To 

select the sample, the tax returns were classified in each of the 49x12x2=1.176 strata. The sample 

size n was calculated for a sampling error (in the average of the income variable) less than 1,1% with 

a confidence level of 3 per 1,000. A restriction of statistical confidentiality has been imposed on 

design sizes. Therefore, the population for each stratum  (Nh) was determined using the population 

quasi-variance of the sample income 2

hS . Finally, using the values Nhand 2

hS , the sample size of each 

stratum hn was determined so that  nn
h h  . 

 

Table1: Final micro-data sample sizes and their distribution by income (sum of net incomes, imputed 

income and capital gains and losses) 

 

 
Source: own production using data drawn from the Spanish Personal Income Tax 2013 annual sample. 
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Graph1: Micro-data sample sizes and their distribution by income group (1-12) and province: 

 

 

As shown in the graph above, provinces with the highest proportion of low income groups 

(relative to the total number of tax payers in the province) are Valencia, Alicante, Málaga, Jaén, 

Cuenca and Zamora.  

In contrast, provinces with the highest proportion of high income groups (relative to the total 

number of tax payers in the province) are Madrid, Barcelona, Baleares, Valencia and Zaragoza. 

IV- The problem of identifying tax evaders. Scope and limitations of the study. 

The main aim of this research is to explore the applicability of data mining techniques for fraud 

prediction and detection. In this scope, using historical patterns to identify suspicious behavior 

similar to known fraud patterns would be ideal, but the lack of information about real fraud records 

makes this task unapproachable.  

Instead, we have built an algorithm that searches data for anomalies that could indicate fraud 

or error. In order to generate our dependent variable, the key data for the construction of this 

algorithm are the “tax deductions”, that is, the expenses declared by tax payers that reduce their 

taxable income. We calculate those tax deductions as the difference between the gross income tax 

payable and the net income tax payable. 
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The algorithm segments the sample population according to the income group criteria (1-12, 

Table1) and labels as “potential fraud” those taxpayers who declare tax deductions and reductions 

that are above  95 percentile of their segment. The results of this criterion are described as follows: 

Table2: Potential fraud and no-potential fraud sample sizes in Spanish PIT sample. 

 

 

The above information shows that the percentage of potential fraud according to this algorithm is 

1.6% (34.586 individuals), so there is a significant imbalance in the proportion of  '1' values 

(potential fraud)  in the target variable. This imbalance can lead the model to assign a false  '0'  (no 

potential fraud)  forecast to all the taxpayers in the sample and, consequently, obtain a 98.40% of 

well classified registers ( percentage near to 100% in terms of accuracy) .  

In the next section we propose several approaches to correct the confusion matrix for this 

imbalance target variable. 
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Graph2: Potential fraud based on deductions/reductions percentile. Distribution by province (as 

percentage of province sample size). 2013 Spanish PIT sample 

 

 

As shown in Graph2, provinces with more proportion of potential fraud relative to their sample size 

are Madrid, Barcelona and Girona. 

Next graph shows the distribution by income segment. 
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Graph3: Potential fraud based on deductions/reductions percentile. Distribution by income 

segment (as percentage of income segment sample size). 2013 Spanish PIT sample 

 

 
 

From the information provided in Graph3, highest potential fraud is more probable in medium 

income groups (3 and 4) and upper income groups (11 y 12). Note that income groups 1 and 2 do not 

include enough taxpayers with deductions for applying a percentile criterion.   

 

V- Estimation Strategy. 

We have divided the estimation strategy into two steps. To begin with, we try to find  the 

smallest subset of dimensions that results in an accurate model, that is, the parsimonious solution. 

For our data set, which contains 469 input variables, it  is a necessary task to prevent the model to be 

over-trained or simply fail to be built, both alternatives possible with large data sets. Despite the fact 

that we are aware of the great amount of algorithms available for quantifying variable importance, 

most of these selection processes identify the significance of each variable individually, and skips the 

opportunity to incorporate the interaction between variables. In most cases, the interaction of two 

statistically insignificant variables may have a significant effect on the target variable. Even though 

artificial neural networks and decision trees
1
 are still capable of incorporating these effects, the 

technique that best summarizes the information of all the input variables into ortogonal factors is 

Principal Components  Analysis. 

Therefore, we firstly apply a Principal Components analysis as a dimension reduction technique 

and then we introduce the resulting principal components (that account for  just under 80% of the 

total variance of the initial set of 469 variables) in the input layer of a Multilayer Perceptron. We will 

now outline the techniques applied. 

                                                           
1
 Building multiple C5 models using different random row samples, which is called the Monte Carlo Method. The 

variable importance results from each trial are averaged to minimize the variability between single scoring runs. 
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 V. A. Principal Components analysis as a dimension reduction technique.  

 

Given the initial number of variables in the data set in order to effect the characterization and 

identification of patterns, we first perform a principal component analysis as a dimension reduction 

technique. 
 

 The goal in principal components analysis is to find the minimum number of dimensions that 

are able to explain the largest variance contained in the initial set of indicators. We intend to simplify 

the information which gives us the correlation matrix to make it easier to interpret. 

  Principal component analysis was originated by Pearson (1901) and later developed by 

Hotelling (1933). The application of principal components is discussed by Rao (1964), Cooley and 

Lohnes (1971), and Gnanadesikan (1977). Exceptional statistical treatments of principal components 

are found in Kshirsagar (1972), Morrison (1976), and Mardia, Kent, and Bibby (1979).  

 

 Given a data set with p numeric variables, we can compute up to p principal components. 

Each principal component is a linear combination of the original variables, with coefficients equal to 

the eigenvectors of the correlation or covariance matrix. The eigenvectors are customarily taken with 

unit length. The principal components are sorted by descending order of the eigenvalues, which are 

equal to the variances of the components. 

 

The principal components meet the following properties (Rao 1964; Kshirsagar 1972): 

 

• The eigenvectors are orthogonal, so the principal components represent  jointly 

perpendicular directions through the space of the original  variables. 

 

• The principal component scores are jointly uncorrelated. This property ensures the 

lack of multicollinearity when we use then as input variables in a regression model. 

 

• The first principal component has the largest variance of any unit-length linear 

combination of the observed variables. The jth principal component has the largest 

variance of any unit-length linear combination orthogonal to the first j-1 principal 

components. The last principal component has the smallest variance of any linear 

combination of the original variables. 

 

• The scores on the first j principal components have the highest possible generalized 

.Variance of any set of unit-length linear combinations of the original variables. 

 

• The first j principal components provide a least squares solution to the model: 

 

    Y=XB+E 

                 Where: 

 

 Y is an nxp matrix of the centered observed variables;  

 

               X is the nxj matrix of scores on the first j principal components;  

               B is the jxp matrix of eigenvectors;  

               E is an nxp matrix of residuals; 
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Our goal is to minimize the trace of E‟E. That means that the  first j principal components are the 

best linear predictors of the original variables among all possible sets of j variables, although any 

nonsingular linear transformation of the first j principal components would provide an equally good 

prediction.  

 

V.B. Principal Components analysis. Experimental results.  

 

Applying PCA to a set of more 469 variables related to the sample, we select the first 48 principal  

components (Graph5) which are able to explain just under 80% of the total variance of the initial 

group. We have computed the principal components from the correlation matrix instead of the 

covariance matrix for two reasons. First, because of the dependency of the covariance matrix on the 

units of the input variables. Second, the variance differences of the input variables  

 

The initial communalities, i.e. the amount of common variance of the variables explained is 1. That 

is because PCA is based on the assumption that the whole variance can be explained by the factors. 

In Graph4 and Graph5 we can find the eigenvalue corresponding to each factor and the % cumulative 

variance explained (scree plot).  

 

  

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 688



13 
 

Graph4: Eigenvalues table from PCA to a set of 469 variables from 2013 Spanish PIT Sample.  

 

 
Eigenvectors are determined to transpose the given data. Every eigenvector has an eigenvalue that 

measures the amount of variance which is in the data in the direction of the eigenvector.  

 

Graph5: Scree Plot. % Cumulative variance explained related to the number of factors. 

 
 

The Scree Plot (Graph5) visualizes the number of components versus the cumulated percentage of 

variance explained. The results are based on the unrotated components. As shown in the graph 

above, with 48 factors we are able to explain just under 80% of the total variance of the group. 
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V.C. Multilayer Perceptron: some details about the algorithm. 
 

 The multilayer perceptron (MLP) is a feed-forward, supervised learning network with up to 

two hidden layers. It is a function of one or more predictors that minimizes the prediction error of 

one or more targets. This model uses predictors and targets of both types, continuous and categorical. 

References to fundamentals of this type of  artificial neural network can be found, among others, in 

Parlos (1994) , Bishop, C. M. (1995),Ripley, B. D. (1996) ,Haykin, S. (1998) andFine, T. L. (1999). 

 

 As for the advantages of this network, unlike some other statistical techniques, it does not 

need to make prior assumptions concerning the data distribution. Another advantage to take into 

account is that it can model highly non-linear functions and can be trained to accurately generalize 

when presented with new, unseen data.  

 

 We will provide a brief description of the model and the most basic algorithm for training the 

MLP, known as backpropagation. This technique, used for solving the problem of error 

minimization in MLP, was first stated by D.E, Rumelhart, C. E. Hinton and R. J. Williams
2
. 

  

 To be more precise, the MLP consists of a system of simple interconnected neurons (or 

nodes). We represent in graph7 the non-linear mapping between the input vector and the output 

vector in the 2013 Spanish PIT sample. In our model, there is one  hidden layer which consists of 

seven neurons. The nodes are connected by weights and output signals, which are a function of the 

sum of the inputs to the node modified by a simple nonlinear transfer  function called “activation 

function”. It is the overlapping of many simple nolinear transfer functions that enables the MLP to 

approximate extremely non-linear functions. 

 

In this particular case, we use IBM Spss Modeler software implementation of MLP which uses the 

Hyperbolic Tangent function as activation function for the hidden layers: 

 

 

γ 𝑥 = tanh 𝑥 =
𝑒𝑥 − 𝑒−𝑥

ex + e−x
 

 

 

and the following function for the output layer : 

 

 

γ 0 =
1

1 + e
 

 

 

γ 1 =
e

1 + e
 

 

as in the output layer we only have the  binary variable “potential fraud”, that only accounts for 0 or 

1 values. 

 

                                                           
2Published in Nature 323, 533-536, 9  October 1986. 
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 The output of a node is scaled by the connecting weight and fed forward to be an input to the 

nodes in the next layer of the network. This implies a direction of information processing and this is 

the reason why the MLP is known as a feed fordward neural network.  

 

 As shown in graph7,  the structure of our MLP consists of three layers of neurons: the input 

layer, the hidden layer (seven neurons) and the output layer (potential fraud variable). The input 

layer plays no computational role but merely serves to pass the input vector to the network.   

 

 MLP are fully connected, with each node  connected to every node in the next and previous 

layer. Hornik et al. (1989) showed that selecting a suitable set of connecting weights and transfer 

functions, the MLP can approximate any smooth measurable function between the input and the 

output vectors.  

 

 MLP has  the ability to learn through training. The objetive of the training phase is to adjust 

the weights in the network until the desired input-output mapping occurs. Therefore the MLP learns 

in a supervised manner. During training the output from the MLP for a given input vector may not 

equal the desired output.  An error signal is defined as the diference between the desired and the 

actual output.We use the  Cross-Entropy function to define this error signal for our model. 

 

 Training uses the magnitude of this error signal to determine to what extent the weights in the 

network should be adjusted so that the overall error of the MLP is reduced. The training of aMLP is 

the procedure by which the values of the individual weights are adjusted so the resulting error is 

minimized. 

 

The problem of estimating the weights consists in the following parts: 

 

a) Initializing the weights: we take a random sample and apply the algorithm
3
 to derive the 

initial weights.  

 

The algorithm is used to break out of the local minimum that trainning finds by perturbing the 

local minimun a certain number of times. If the break-out is successful, the algorithm sets a 

better initial weight for the next training. The objetive is to find a global minimum by 

repeating this procedure.  As the procedure is expensive for large data sets it is only used on a 

random sample. 

 

 

b) Computing the derivative of the error function with respect to the weights . This is solved via 

the error propagation algorithm.  

 

c) Updating the stimated weights. This is solved by the gradient descent. The backpropagation 

training algorithm (Rumerhart et al.,1986) is the most computationally straightforward 

                                                           
3The exact procedure is called “Alternated simulated annealing and training” and it is available at 

the document  IBM SPSS Modeler 18.0 Algorithms Guide  
ftp://public.dhe.ibm.com/software/analytics/spss/documentation/modeler/18.0/en/ModelerApplications.p

df 
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algorithm for training the MLP and uses the gradient descent technique to locate the absolute 

minimun of the error function.   

 

It is important to notice that the error function could contain more than one minimun (local 

minimum) and it is desirable that the training algorithm does not become trapped in one of 

these local minimuns. The backpropagation algorithm contains two adjustable parameters,a 

learning rate and a momentum term, that can assist the training process in avoiding this 

problem. 

 

The learning rate determines the step size taken during the iterative gradient descent learning 

process. If the step is too large the network error changes erratically due to large weight 

changes, with the possibility of jumping over the global minimum.  On the contrary, if the 

learning rate is too small then training will take a long time. The momentum term is used to 

assist the gradient descent process if it becames stuck in a local minimum. It is possible that 

the weights can escape the local minimum, adding a proportion of the previous weight change 

to the current weight change. 

 

Training proceeds during at least one complete pass of the data and the search stops according to 

several stopping rules based on the performance of the MLP. 

 

V.D. Multilayer Perceptron: empirical results. 
 

Graph6: MLP with a hidden layer using the first 48-th principal components as input vector and 

the potential fraud (pf) as the output vector. Overall performance . 

 

The table above shows that the percentage of accuracy (wrongly calculated ) combining PCA and 

MLP is 95,2% of the sample. As we mentioned in the previous section, this percentage of accuracy is 

a consequence of the low percentage of records with target values equal to 1 (potential fraud) related 

to the „0‟ value ( target class imbalance).  

There are several approaches to handle class imbalance: the conventional solution is to resample 

the data so that the proportions of 1s and 0s are modified. The second one is incorporating priors. 
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The latest option is based on the assumption that the classification decisions assigned to  value '0' is 

not because the model is not working properly. If we assume no prior probabilities to both values (0 

and 1) the threshold to convert the probability to a 0 or 1 label is 0.5. But we can modify this 

threshold assigning priors to each value and avoiding the model to classify most of the records to the 

'0' class. 

We choose a combination of both techniques to overcome the imbalance target problem. Firstly we 

under-sample the subset of records assigned to the '0' class (non potential fraud) using the income 

segment as stratification variable and selecting a random sample of the 20% for each segment
4
. After 

merging this sample with the subset of records assigned to class '1', the resulting set contains 460000 

records with a potential fraud class '1' equal to 7.51% of the total group. In a second step we use 

priors to correct the initial confusion matrix  taking into account the distribution of the class „1‟ 

probability previously assigned by MLP (seeMcCormick, K., et al. ,p.255-261, 2013)  

The confusion matrix is usually calculated assigning label '0' to all the records with a probability 

lower than 0.5 of being in the '1' class. Moving the threshold (equivalent to assigning priors ) will 

help us to provide a real interpretation of the performance of the model.  

Graph7: MLP structure graph with a hidden layer using the first 48-th principal components as 

input vector and the potential fraud (pf) as the output vector. There are 7 neurons in the hidden layer. 

 

 

 

 

 

 

                                                           
4
 Trials with values higher than 20% (30%  and 35%) led to very similar results 
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Graph8: Predictors importance in the MLP. 

 
Graph8 shows the predictor importance in the MLP. We see that most important input variables are 

factors 42, 27, 7, 25, 28, 34, 1, 24, 22 y 47.  

 

The graphical plots of the Varimax-rotated factor loadings show a better association of the inputs 

variables with the factors. Graphs 9 and 10 illustrate this association with the most important 

predictors (factors 42, 27, 7 and 25). 
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Graph9: Rotated Factor Pattern for the most important predictors in the MLP (Varimax rotation). 

Factor 27 (horizontal axis) and factor 42 (vertical axis). 

 

 
As we can see, most important predictors (those input variables that scored significantly higher than 

the others on the axis associated to the factor) related to factor 42 are par443 and par365.  

 

 The factor42 is strongly influenced by predictors related to exempted income corresponding 

to the taxable base on savings. 

 

The predictor whose scoring coefficients are bigger on factor 42 is PAR443 "exempted income 

corresponding to the taxable base on savings". Although the scoring coefficients of PAR365 (see 

Graph9) are not as big as those of the previous variable, PAR365 does play an important role in the 

interpretation of this factor, as shown in the graph above. This variable is "negative net balance 

resulting from all capital  gains and losses corresponding to 2013 treated as taxable income, with 

the limit of 10% of the net balance of the yields to be included in the general tax base plus income 

allocations"   

 

 The factor 27 is strongly influenced by income from capital gains included in the saving tax 

base.   

 

As we can observe from Graph9, the biggest scoring coefficients in this factor correspond to 

PAR224 "income allocation from entities under the international fiscal transparency system (art.91 
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of the Spanish PIT Law)
 5

  and PAR29 " Tax-deductible expenses:deposit and administration of 

negotiable securities". 

 

Graph10: Rotated Factor Pattern for most important predictors in the MLP (Varimax rotation). 

Factor 25 (horizontal axis) and factor 7 (vertical axis) . 

 

 
 

 The factor 7 is strongly associated with deductions for investments in primary residence 

and deductions in labor income. 

 

Most important variables in this factor are "deductions for investments in primary residence" 

PAR470  (State part) and PAR471 (Regional part). 

 

 The factor 25 is strongly associated with reductions in low labor income and with rental 

deduction. 

 

Most important variables in this factor are PAR16 "Reductions for labor income (regulated in art. 20 

of the Spanish PIT Law) whose annual net labor income is lower than 14.450 euros" and PAR487" 

rental deduction :  for the rent of the taxpayer's usual residence", PAR180 "net reduced return on 

agricultural, livestock or forest activities",PAR19 "additional reductions applied to income from 

work for active workers who are disabled",  
 

The following table summarizes this information and presents the original variables from the Spanish 

PIT Sample that most influenced the scores obtained by the neural network. 

                                                           
5
 This article of the Spanish PIT Law explains the income allocation from entities not resident in Spain.  
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Table3: Most important factors used by the Multilayer Perceptron (in order of importance) and the 

input variables from the Spanish PIT Sample associated with the factors. 

 

 

VI-Overall performance of the model. Classification results. 

We first analyze the distribution of the scorings assigned to the group of taxpayers with target 

variable equal to 0 („non potential fraud‟ group): 

 

Graph11: Distribution of  probability assigned by the model to „1‟ value for the group with a real „0‟ 

value.  

 
 

      

FACTOR 42 
 

Exempted income corresponding to the taxable base on savings. 

 Negative net balance resulting from all capital  gains and losses corresponding to 2013 treated 
as taxable income, with the limit of 10% of the net balance of the yields to be included in the 
general tax base plus income allocations. 

FACTOR  27 Income allocation from entities under the international fiscal transparency system (art.91 of 
the Spanish PIT Law) 

 Tax-deductible expenses: deposit and administration of negotiable securities. 

FACTOR 7 Deductions for investments in primary residence, State part. 

 Deductions for investments in primary residence, Regional part. 

FACTOR 25 Reductions for labor income (regulated in art. 20 of the Spanish PIT Law) whose annual net 
labor income is lower than 14.450 euros. 

 Rental deduction : deduction for the rent of the taxpayer's usual residence. 

Net reduced return on agricultural, livestock or forest activities. 

Additional reductions applied to income from work for active workers who are disabled. 
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Graph12: Distribution of probability assigned by the model to „0‟ value for the group with a real „0‟ 

value.  

 

 
 

From graphs 11 and 12 we can conclude that the performance of the model in the „non-potential- 

fraud‟ group is excelent. From the histrograms above, it is showed that the probability of assigning 

this group of taxpayers correctly  to the “non-potential fraud” group is very high (between 0.8 and 1), 

and nevertheless the probability of assigning this taxpayers to the “potential fraud” group  

accumulates in low values (between 0 and 0.2). 
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Graph13: Distribution of the probability assigned by the model to „1‟ value of potential fraud for the 

group with a real „1‟ . 

 

 
 

 

As we can see, the distribution of the probability of value „1‟ in the group with potential fraud equal 

to 1 is less discriminant. As mentioned before, the use of priors consist of assigning  a different 

threshold for labeling the registers to the “potential fraud” or “non-potential fraud” class (for 

example, we could move the thresold for the probability of potential fraud =1 from 0.5 to 0.08) 

Those taxpayers with a probability greater than 0.08 of  value would be assign to „ potential fraud‟ 

group. This could be a good classifier given the distribution of this variable in the other group shown 

in graph11 and graph12). To better understand how to assign priors, that is, how to choose a 

threshold for  the variables _RP_pf (probability of potential fraud=1) and _NC_pf  (probability of 

potential fraud=0) we follow McCormick, K.,et al (2013) in the following section. 

 

 

VI.A- Using classifications trees to explore the predictions of a neural network. 

In this section we follow McCormick, K.,et al (2013) using  a decision tree algorithm to obtain a 

population segmentation based on the probability of potential fraud obtained by the MLP. Although 

MLP are strong performers and we have analyzed the original input variables that have higher 

weights within the factors that are more important in the MLP, this kind of neural networks do not 

present an easily-understandable model.  

There are various implementations of decision trees we could use to segment the population in 

terms of the scores produced by MLP. These algorithms mainly differ in the splitting mechanism, 

that is, the method of finding the optimal partition and the number of new nodes that can be grown 

from a single node. We use a CHAID algorithm (Chi-square automated interaction detection; (Kass, 
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1980; Applied Statistics) and (Biggs et al., 1991; Journal of Applied Statistics)) for this task. The 

CHAID uses the Chi-square independence test to decide on the splitting rule for each node and 

allows splitting into more than two subgroups. Notice that, the Chi square test is only applicable to 

categorical data and therefore requires the discretization of all numerical input variables. For each 

input variable, the classes are merged into a "upper-class", based on their statistical similarity, and 

manteined if they are statistically dissimilar. These “upper class” variables are then compared to the 

potential fraud variable for dependency using the Chi-square independence test. The one with the 

highest significance is then selected as the splitting criteria for the node. 

The following graph shows  the CHAID structure for our analysis.  
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Graph14: Segmentation of the 2013 Spanish PIT Sample according to potential fraud - probabilities assigned by MLP. 
6
 

 

                                                           
6
 NC_PF  is the probability of  '0' value in potential fraud assigned by MLP. 

  RP_PF   is the probability of  '1' value in potential fraud assigned by MLP. 
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We are especially interested in nodes 14, 15 and 16 whose potential fraud percentages are 

between 80 and 87%. From now on, the name of the population segments will be that of the nodes of 

the CHAID tree that generated them. 

Graph15: Subpart of CHAID structure :when probability of potential fraud assigned by MLP  is 

greater than the thresold 0.349. Segmentation of the 2013 Spanish PIT Sample according to  

potential fraud probabilities assigned by MLP. 
7
 

 

 

Next subsection explores the characterization of these population segments with high percentage  

potential fraud records, nodes 14, 15 and 16  (potencial fraud percentage between 80 and 87%) with 

respect to those which, on the contrary, have a low potential fraud percentage ( less than 0.2% : 

segments 5 and 6). 

VI.B- Discriminant input variables that characterize population segments. 

The following table summarizes the results explained in this subsection. 

                                                           
7
 NC_PF  is the probability of  '0' value in potential fraud assigned by MLP. 

 RP_PF   is the probability of  '1' value in potential fraud assigned by MLP. 
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Table4: Most important regressors detected by IBM Spss Modeler using the Chi-square test to 

discriminate population segments (in order of importance). 

 

 
  

 

We will show the differences in income, province, age, marital status and deductions for 

investments in main residence, which are the most influential regressors in our model .We will focus 

on low percentage potential fraud segments (5 and 6) compared to high percentage potential fraud 

segments (14, 15 and 16).   

One of most discriminant variables is the income group. Segments 5 and 6 with low percentage 

records of potential fraud (less than 0.2%) show more tax payers in low income groups. 
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Graph16: Histrogram table of income groups in segment 5 left  (99.9% of non potencial fraud) 

compared to segment 15 right  (80% of  records with  potential fraud). 
 

 

The distribution of the income group variable in this segment 5 is similar to segment 6 and, in 

general, for the taxpayer segments with low percentage of potential fraud records. The frequencies 

accumulate in the lower income groups. On the contrary, in population segments with high 

percentage of potential fraud records (nodes 14,15,16), frequencies accumulate in higher income 

groups. 
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Graph17: Bar chart table of province in segment 5 (99.9% of non potencial fraud). 

 

 

High frequency provinces in this segment of taxpayers with low percentage of potential fraud are 

Madrid, Barcelona, Valencia , Alicante, Zaragoza and Sevilla. This distribution is similar to the total 

population of tax payers. 
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Graph18: Bar chart table of province in segment 15 (80% of potencial fraud taxpayers). 
 

 

The bins in the histogram corresponding to Madrid (28) and Barcelona(08) accumulate many 

more frequencies of observations than the previous one (segment 5)  The frequency distribution of 

province variable is more biased about  Madrid and Barcelona provinces in this segment (80% of 

potential fraud). 

Graph19: Bar chart table of marital status in segment 5 (left) (99.9% of non potencial fraud) and 

segmet 15 (right) (80% of potencial fraud taxpayers). 
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The single category (Marital Status '1') is much less frequent in the high percentage potential 

fraud segment compared to segments 5 and 6. This distribution is similar to those segments with high 

percentage potential fraud population  

Graph20. Histogram of age in segment 6 (left) (99% of non  potencial fraud taxpayers) compared to 

segment 15 (right) (80% of  potencial fraud taxpayers) 

 

The Kurtosis of the distribution in segment 15 
8
leads to focus the attention on population with  

ages between 40 and 55 years old in 2013.  

  

                                                           
8
 The shape of the histrogram in segments 14 and 16 are similar, with a  high number of records in the 40-55 gap. 
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Graph21: Bar chart table of gender. First row: segments 5 and 6 (99.9% and  of non potencial 

fraud). Second row: segments 15  and 16 (80% and 85% of  potencial fraud taxpayers) 

 

The graph above shows that the distribution of frequencies between the two categories of sex 

variable is more balanced in segments with low percentage of potential fraud (5 y 6, first row). On 

the contrary, in segments with high percentage of potential fraud (15, and 16 , second row)  the 

imbalance between men and women is more evident and biased toward men. 

  

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 708



33 
 

 

The following graph presents the distribution of variable “deductions for investment in main 

residence” for the total sample. As we can see, this deduction affects only 20% of the total 

population. 

Graph22: Histogram of deductions for investment in main residence. Total population. Figures 

in cents of euro. 
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Graph23: Histogram of deductions for investment in main residence. First row: segments 5 and 

6 (99.9% and  of non potencial fraud). Second row: segments 15  and 16 (80% and 85% of  potencial 

fraud taxpayers). Figures in cents of euro. 

 

Both segments with low percentage of potential fraud (5 and 6, first row) accumulate all the 

records in the „0‟ bin. On the contrary, for the high potential fraud segments, more than 70% of the 

taxpayers accounts for deductions of investment in main residence between 600 and 800 euros in 

2013, and aproximately 15% accounts for deductions between 800 and 1000 euros. 

Graphs 16-23 reveal that high percentage of potential fraud segments are significantly different 

and accumulates more records in the categories of male, ages between 40-55, married, Madrid and 

Barcelona,  income greater than 54.000 euros ( sum of net incomes, imputed income and capital 

gains and losses greater than 54.000 euros, ie, income groups 11 and 12) and deductions on 

investment in main residence between 600 and 1000 euros. 

Next subsection formalizes differences between segments using non-parametric test to contrasts  

population homogeneity in financial variables. 
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VI.B.1- Testing for differences between segments in financial variables: a non-parametric 

approach. 

In this section we formalize that there are significant differences in the distribution of certain 

input financial variables depending on the segment of tax-payers.  This is equivalent to testing 

whether two samples (segments of tax-payers) are pulled from the same population. The first point to 

keep in mind is that most of these financial variables contained in the Spanish PIT sample (and 

analyzed in previous sections) do not follow a Normal distribution, and therefore, the application of 

any parametric approach (the T-Student approach for example, where the distribution functions were 

assumed to be known Normal) for this purpose is open to very serious objections. This is the reason 

why we are going to use a non-parametric approach. 

The Mann–Whitney U test (also called Wilcoxon rank-sum test, or Wilcoxon–Mann–Whitney 

test) is a nonparametric test of the null hypothesis that it is equally likely that a randomly selected 

value from one sample will be less than or greater than a randomly selected value from a second 

sample. As a non-parametric test, it does not require the assumption of Normal distribution and it is 

nearly as efficient as the T-test on Normal distributions. 

Wilcoxon scores are the ranks of the observations, which can be written as: 

    a(𝑅𝑗 )= 𝑅𝑗  

Where 𝑅𝑗  is the rank of observation j, and a(𝑅𝑗 ) is the score of observation j.  

Using Wilcoxon scores in the linear rank statistic for two-sample data produces the rank sum 

statistic of the Mann-Whitney-Wilcoxon.    

The following table contains those financial variables that showed significant differences 

between segments. 

Variable Label 
 

PAR22 
Interest on financial assets entitled to the bonus provided for the 11th 
Provisional Regulation  of the Corporate Income Tax Law 
 

PAR23 Dividends and other income from participation in equity of entities 
  

PAR505 Deduction for double international taxation, due to the income 
obtained and taxed abroad 

 

Next graph shows the distribution of Wilcoxon Scores for these variables. 
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Graph24: Distribution of Wilcoxon scores for the following variables: PAR22 “Interest on 

financial assets entitled to the bonus provided by the 11
th

 Provisional Regulation of the Corporate 

Income Tax Law” PAR23 “Dividends and other income from participation in equity of entities” and 

PAR505” “Deduction for double international taxation, due to the income obtained and taxed 

abroad” . 

 

As seen in the distribution of the scores, segments with high percentage of potential fraud have 

higher means in these three variables. This result makes us focus attention on those tax-payers with 

investments abroad who have these investments as sources of income and take advantage of 

deductions for double international taxation, due to the income obtained and taxed abroad.  
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VII-Conclusions 

Predicting potential fraud is a challenging and daunting task, due to the complexity of the patterns 

involved and the size of the data sets. In this study, a combined model is proposed to explore the 

probability of "potential fraud", a binary target variable built from the difference between the gross 

income tax payable and the net income tax payable for every income segment. 

 

 One of the main problems of this approach is the large number of predictor variables which are 

multicolinear in nature. In our particular case, we have used 469 variables related to the Spanish 

Personal Income Tax in 2013. Applying Principal Components Analysis as a dimension reduction 

technique we have been able to obtain 48 orthogonal regressors that best summarize 80% of the total 

variance of the group. These principal components are the independent variables that are taken into 

account for predicting the probability of potential fraud using the Multilayer Perceptron (MLP) 

model. With the challenge of providing more information related to the initial input variables and 

their relationship with the MLP scores, we have used the probabilities obtained by the MLP as input 

variables for a CHAID algorithm, to produce a tax-payers segmentation in terms of potential fraud 

percentage. 

 

The  significant imbalance in the proportions of the target variable (1.6%  of records with target 

value equal to '1' of the total in the sample) has generated problems in the confusion matrix of the 

MLP model , as the classification model predicted at first wrongly all values equal to '0' . Using a 

combination of under-sampling methods in the „non potential fraud” group and incorporating priors, 

ie, varying the threshold of 0.5 in the probability that the record belongs to the non- potential fraud 

class, has help to overcome this problem.  

 

The empirical results showed that most important input variables (deductible expenses and 

reductions in the tax base) used by the Multilayer Perceptron (in order of importance) to assign 

potential fraud scores are: 

 

 Exempted income corresponding to the taxable base on savings. 

 Negative net balance resulting from all capital  gains and losses corresponding to 

2013 treated as taxable income, with the limit of 10% of the net balance of the 

yields to be included in the general tax base plus income allocations. 

 Income allocation from entities under the international fiscal transparency system 

(art.91 of the Spanish PIT Law) 

 Tax-deductible expenses: deposit and administration of negotiable securities. 

 Deductions for investments in main residence,  

 Reductions for labor income (regulated in art. 20 of the Spanish PIT Law) whose 

annual net labor income is lower than 14.450 euros. 

 Rental deduction: deduction for the rent of the taxpayer's usual residence. 

 Net reduced return on agricultural, livestock or forest activities. 

 Additional reductions applied to income from work for active workers who are 

disabled. 

 

 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 713



38 
 

 

Characterization of segments reveals that high percentage of potential fraud groups are significantly 

different and accumulates more tax-payers in the categories of male, ages between 40-55, married, 

live in Madrid and Barcelona, their income is greater than 54.000 euros (calculated as the sum of net 

incomes, imputed income and capital gains and losses) and deductions on investment in main 

residence are between 600 and 1000 euros.  

In addition, a non- parametric analysis of financial input variables recommends focusing attention on 

tax-payers with investments abroad who have these investments as sources of income and take 

advantage of deductions for double international taxation, due to the income obtained and taxed 

abroad. 

The empirical results reveal that the proposed approach is a promising alternate to potential fraud 

identification. 

 

  

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 714



39 
 

REFERENCES 

 Bishop, C. M. (1995). Neural Networks for Pattern Recognition, 3rd ed. Oxford: Oxford 
UniversityPress. 
 

 Bonchi, F., & Giannotti, F. (1999). A Classification-based Methodology for Planning Audit 
Strategies in Fraud Detection. In Proceedings of the Fifth ACM SIGKDD International 
Conference on Knowledge Discovery and Data Mining. 

 
 Cybenko, G. (1989). Approximation by superpositions of a sigmoidal function. Mathematics of 

Control, Signals, and Systems (MCSS), 2(4), 303-314. 
 

 DANIEL, M. (2013). Application of Data Mining Technology to Support Fraud Protection: The 
Case of Ethiopian Revenue and Custom Authority. 

 
 Fine, T. L. (1999). Feedforward Neural Network Methodology, 3rd ed. New York: 

Springer-Verlag 
 

 Fox, W. F., Luna, L., & Schaur, G. (2014). Destination taxation and evasion: Evidence 
from US inter-state commodity flows. Journal of Accounting and Economics, 57(1), 43-
57. 

 
 Gardner,M.W. , & Dorling, S.R. (1998). Artificial neural networks (the multilayer 

perceptron)- a review of applications in the atmospheric sciences. Atmospheric 
environment, 32 (14) 2627-2636. 

 
 González, P. C., & Velásquez, J. D. (2013). Characterization and detection of taxpayers 

with false invoices using data mining techniques. Expert Systems with Applications, 
40(5), 1427-1436. 

 
 Gupta, M., & Nagadevara, V. (2007). Audit selection strategy for improving tax compliance–

Application of data mining techniques. In Foundations of Risk-Based Audits. Proceedings of 

the eleventh International Conference on e-Governance, Hyderabad, India, December (pp. 
28-30). 
 

 Haykin, S. (1998). Neural Networks: A Comprehensive Foundation, 2nd ed. New York: 
MacmillanCollege Publishing 
 

 Hornik, K., Stinchcombe, M., & White, H. (1989). Multilayer feedforward networks are 
universal approximators. Neural networks, 2(5), 359-366. 
 

 Kaiser, H. F. (1960). The application of electronic computers to factor analysis. Educational 
and psychologicalmeasurement, 20(1), 141-151. 
 

 McCormick, K., Abbott, D., Brown, M. S., Khabaza, T., & Mutchler, S. R. (2013). IBM SPSS 
modelercookbook. Packt Publishing. 

 
 Micci-Barreca, D., & Ramachandran, S. (2004). Improving tax administration with data mining. 

White paper. Elite Analytics LLC. 
 

 Ngai, E. W. T., Hu, Y., Wong, Y. H., Chen, Y., & Sun, X. (2011). The application of data 
mining techniques in financial fraud detection: A classification framework and an academic 
review of literature. DecisionSupportSystems, 50(3), 559-569. 

 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 715



40 
 

 Picos Sánchez, F. (2014). Microdatos fiscales en España: caracterización y aplicaciones 
prácticas. 

 
 Ravisankar, P., Ravi, V., Rao, G. R., & Bose, I. (2011). Detection of financial statement fraud 

and feature selection using data mining techniques. Decision Support Systems, 50(2), 491-
500. 

 
 Ripley, B. D. (1996). Pattern Recognition and Neural Networks. Cambridge: Cambridge 

UniversityPress. 
 

 Rumelhart, D. E., McClelland, J. L., & PDP Research Group. (1986). Parallel distributed 
processing: Explorations in the microstructures of cognition. Volume 1: Foundations. 

 
 Wu, R. S., Ou, C. S., Lin, H. Y., Chang, S. I., & Yen, D. C. (2012). Using data mining 

technique to enhance tax evasion detection performance. Expert Systems with Applications, 
39(10), 8769-8777. 
 

 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 716



Detecting Anomalous Pattern-of-Life from
Human Trajectory Data

Yazan Qarout and David Lowe

Aston University, Mathematics Department,
Aston Triangle, B4 7ET Birmingham, UK

{qarouty,d.lowe}@aston.ac.uk

Abstract. In smart city data analytics, the observation of human be-
havioural characteristics from automated sensor analysis can be used to
identify sub-clusters and anomalous activity relative to the population’s
pattern-of-life dynamic. This paper explores this idea using GPS trajec-
tory data obtained from consumer devices. By exploiting both dynamical
signal models and probabilistic information derived from non Gaussian
departures of the stochastic residual signal, we demonstrate the iden-
tification and subclustering of anomalous individuals’ behaviours. The
methodology uses a dissimilarity framework allowing both identification
of anomalies and visual analytics of the high dimensional trajectory dy-
namics.

Keywords: Smart cities, time series modelling, residual analysis, dis-
similarity visualisation.

1 INTRODUCTION

Currently, there are 7.6 billion people in the world and approximately 55% live in
urban environments. The integration of analytical technology and smart sensor
deployment can provide new avenues to explore and reveal human behavioural
characteristics in interacting with the urban landscape in order to improve the
life experience of the urban citizen.

Recent literature [1,2] analysing human mobility typically uses video surveil-
lance technology. However, this type of data is typically sparse in its coverage,
expensive and intrusive, raising concerns, founded or not, around individual pri-
vacy. Other studies [3–5] have used GPS trajectory data. This type of data is
informative about peoples movement and is often more cost effective than video
surveillance, sampling can be higher, is not geographically anchored, is more di-
verse, and is without many of the privacy concerns of video or accessing sensitive
data in the person’s mobile phone.

In this paper we investigate population sub-group characterisation based on
simple trajectory data. We propose a dynamic-data model combining explicit
time series analysis and error distribution modelling using a dissimilarity frame-
work, following the work of [6]. Using the Geolife dataset [7] to test the frame-
work, the basic GPS tracks are converted into sliding window features. Model
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space dissimilarity metrics are used to topographically visualise intra-group clus-
tering. The approach is augmented by also exploiting the uncertainty which is
contained in the distribution of residuals. Through a combination of kernel den-
sity estimation and the Jenssen-Shannon divergence to map into the dissimilarity
space we increase the robustness of the visualisation results.

Section 2 discusses some related studies. Section 3 explains the details of the
proposed framework. Section 4 summarises the algorithm experiments and its
results, concluded by section 5.

2 Related Work

Recent approaches to automated citizen profiling through behavioural studies
have focussed on various machine learning techniques to derive classification
models and direct time series methods. Classification models rely on accurate
labelled data; however, typically most data of this nature is unlabelled.

Jiang et al. [5] investigated the pattern of daily clustering of human activi-
ties. Using the Chicago Regional Household Travel Inventory (CRHTI) dataset,
which is one of the few data sources with fine labelled information. PCA and k-
means clustering were used to visualize the daily activity of subjects and cluster
their behaviour to reveal socio-demographic information. The clusters segregated
the data into appropriately labelled segments using trajectory information. How-
ever, the problem of identifying mobility patterns is often unsupervised and the
proposed methodology may only be used with supervised data and so is not
generalisable.

Another paper by Shih et al. [3] used the Geolife dataset [7] to uncover
personal mobility patterns from trajectory data with the aim of identifying
pre-condition sufferers of Alzheimer’s disease (on the basis that a symptom of
Alzheimer’s patients is spatio-temporal confusion). The algorithm used training
data representing ‘normal’ behaviour then it was exposed to test data. If the
similarity between the movement patterns of the training and test data is lower
than a pre-set threshold, the test data was considered anomalous. Although the
results showed up to 97% accuracy rate in detecting abnormal mobility pat-
terns, there was no ground truth data, and explicitly, no real information on the
Alzheimer state of each subject.

Suzuki et al. [4] used a Hidden Markov Model (HMM) to analyse trajectory
data. Using Multi-Dimensional Scaling (MDS), the data was projected onto a
lower dimensional space, then, by K-means clustering, human motion pattern
clusters were acquired. Anomalies were detected by firstly computing the likeli-
hood of the trajectory to the HMM. If the maximum likelihood value is smaller
than a predefined threshold, the trajectory is considered anomalous. This method
was tested on trajectories extracted from video imagery and has not been demon-
strated successfully on GPS data. This was also the case with Fu et al. [8] and
Piciarelli et al. [9] where they used two level hierarchical clustering and Support
Vector Machine (SVM) clustering respectively in order to detect anomalies in
trajectories from video feeds.
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3 Methodology

Our alternative approach combines dynamical and stochastic models of time
series unified by a dissimilarity framework. The main stages are (i) Feature ex-
traction, (ii) Time series modelling, (iii) Residual Modelling, (iv) Dissimilarity
representation, (v) Visualisation and finally (vi) Anomaly investigation. We con-
sider each of these in turn.

3.1 Feature Extraction

GPS data often contains three main variables of interest: longitude, latitude, and
time. These three variables are used to trace a person’s movements. A time series
of these variables will be called a trajectory. The first step is to calculate the
trajectory descriptors: change of distance ∆d, change in speed ∆s, and change in
rate of turn ∆r. Assuming the trajectory sequence X = (x1,x2, . . . ,xT ), where
xt ∈ R3 = (time, longitude, latitude), the data is transformed to the sequence
Y = (y1,y2, . . . ,yT ) where yt ∈ R4 = (time,∆d,∆s,∆r).

Using the Haversine formula [10], the distance between two trajectory points
can be calculated. Assume T points with longitude λt and latitude τt, the dis-
tance travelled between two points is

h(
∆dt
r

) = h (∆λ) + cos(λt−1).cos(λt).h (∆τ) , (1)

where h(θ) = sin2
(
θ
2

)
and r = 6371km is the radius of the Earth assumed

to be constant on all locations on its surface. The change in speed ∆s is then
calculated by ∆dt

∆timet
. The remaining feature, change in rate of turn ∆r, describes

the angle at which the persons trajectory turns in comparison with the previous
trajectory point:

∆rt = arctan

(
λt − λt−1

τt − τt−1

)
. (2)

GPS data is usually non-uniformly sampled and either over or under sampled
making them difficult to analyse by conventional modelling. In order to tackle
this problem, we convert to an equivalent set of uniformly sampled time series
by passing the data through a sliding window with a fixed time length in order
to generate a uniformly sampled window sequence. The window passes through
sequence Y , storing a subset of the series within it. This will form a sequence
of windows W = (W1,W2, . . . ,WM ), where Wm = (ytm , . . . ,ytm+Lm−1) with
cardinality |Wm| = Lm and tm is the index for the first recorded element in
sequence Wm.

The data within each window is then reduced to a 12-dimensional vector as
follows: In each window Wm in the window sequence W, the mean µ, variance
σ, minimum min, and maximum max of each of the trajectory descriptors ∆d,
∆s, and ∆r are evaluated and chosen to represent that window, replacing the
original data.

g(Wm) = g(ytm , . . . ,ytm+Lm−1), (3)
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g(Wm) = g

∆dtm∆stm
∆rtm

 , . . . ,
∆dtm+Lm−1

∆stm+Lm−1

∆rtm+Lm−1

 , (4)

where g(·) = mean, var,min,max(·). By applying this function to all Wm, this
results in the feature sequence F = (f1, f2, . . . , fM ) where the feature vector fm =
{im} and i = {µ∆d, σ∆d, min∆d, max∆d, µ∆s, σ∆s, min∆s, max∆s, µ∆r, σ∆r,
min∆r, max∆r}. These feature sequences may then be modelled as described
next. Note, for this paper we will be assuming the three primary descriptors are
uncorrelated for simplicity.

3.2 Time-Series Modelling

We assume an underlying and unknown generative process drives each individ-
ual in the population. Therefore we seek a time series model which explains the
trajectory features. Since we have no prior knowledge on which models are rel-
evant, we use a simple set of AR processes (a different one for each trajectory),
and accept that the uncertainty derived from our model ignorance will still be
retained in the distribution of the residuals. We deal with the residuals later.

We assume an autoregressive process of a linear time series model. Assum-
ing the time series data sequence x = (x1, x2, ..., xT ) has a mean of zero, an
autoregressive model of order p, (AR(p)), will predict the value of xt such that

xt = φ1xt−1 + · · ·+ φpxt−p + zt, (5)

where φ = (φ1, φ2, . . . , φp) are constant weights, and zt is noise at time t. The
order p is determined using the partial autocorrelation function.

The AR coefficients φ are estimated as:
xp+1

xp+2

...
xT

 =


xp . . . x1
xp+1 . . . x2

...
...

...
xT−1 . . . xT−p

 ·

φ1
φ2
...
φp

 , (6)

x = Xlag · φ, (7)

φ = X+
lag · x, (8)

where X+
lag is the pseudo-inverse of Xlag.

We repeat this process for each feature sequence of each trajectory separately.
Thus in principle each trajectory and each person has a different time series
model describing their local dynamics. The feature sequence F is converted into
a set of AR coefficients Φ = {φi}, φi = (φ1, . . . , φpi) and pi is the AR model
order of the ith feature in the feature sequence.
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3.3 The Time Series Dissimilarity And Cepstral Analysis

Comparing characteristic differences between individuals’ behaviours has been
reduced to comparing the distance between models in model space, where each
model can have different complexity. Therefore, we convert the time domain
models into a set of cepstral coefficients c which are estimated for each model.
Cepstral coefficients quickly decay to zero for a stationary linear model, there-
fore, only the first few coefficients are necessary to describe the model. Note,
we are assuming our observed trajectories are technically stationary. If not the
method needs to be modified to approximate the nearest stationary trajectory.
We select a fixed number N of cepstral coefficients c = (c1, . . . , cN ) for each
model. The cepstral coefficient distance in equation 11 is used to create a Model
Proximity matrix MP between all trajectories.

Cepstral analysis is commonly used in speech processing. However, studies
such as those by Martin [11] and Kalpakis et al. [12] have shown the benefit of
using cepstral coefficients as a dissimilarity measuring tool for time series data.
Given a time series xt, the cepstral domain can be calculated as

c(t) = F−1(log|F(xt)|), (9)

where F(.) denotes the Fourier transform and F−1(.) is the inverse Fourier trans-
form. As demonstrated by Kalpakis et al. [12], the cepstral coefficients c1, . . . , cN
for an AR(p) model can be derived from the AR coefficients φ1, . . . , φp by

cn =


−φ1 n = 1,

−φn −
∑n−1
m=1(n−mn )φmcn−m 1 < n ≤ p,

−
∑p
m=1(n−mn )φmcn−m p < n.

(10)

Martin [11] proposed the following metric to calculate the distance d between

time series models k and l with cepstral coefficients c
(k)
n and c

(l)
n respectively.

d(x(k),x(l)) =

[
N∑
n=1

an|c(k)n − c(l)n |2
] 1

2

, (11)

where an is a pre-specified weight. Martin [11] used an = n. Different problems
may require different definitions for the weight to enhance separation.

One of the main advantages of using this metric is based on the fact that
cepstral coefficients decay rapidly to zero. This means that only the first few
coefficients are needed to represent the time series; thus, making it an effective
technique at distinguishing time series of different lengths. Kalpakis et al. [12]
also argue that cepstral analysis has high discriminatory power, and is invariant
under basic transformations such as amplitude translations/scaling and time-
shifting.

The result of this process are the model space dissimilarity matrices {MPi}
for each feature i. They may then be consolidated into one matrix M =

∑
i MPi,

where Mk,l = [d(k, l)], summarising the relative separation between the models
of all the trajectories.
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3.4 Residual Analysis

In addition to model uncertainty, with real data there will also be observational
error and intrinsic noise. All such uncertainties are reflected in the distribution
of the residuals: the difference between the model predictions and the observed
data [6]. Therefore, to complete our modelling framework we also need to exploit
the uncertainty in the noise distribution.

Let x̂t = E[xt] be the expected value of observation xt, then the residual
may be simply calculated by

zt = xt − x̂t. (12)

The probability density function may then be estimated for each residual corre-
sponding to models of different time series as

p̂(y) =
1

Th

T∑
t=1

K

(
y − zt
h

)
, (13)

where K(·) is the Kernel function, y is the point where the density is estimated
at, and h is the bandwidth that acts as the smoothing factor for the distribution.

In this paper we choose to evaluate a separate one-dimensinoal pdf for each
feature for each person. To compare dissimilarities between pdfs we use the
(symmetrised) Jensen-Shannon divergence

JSD(p‖q) =
1

2
(DKL(p‖m) +DKL(q‖m)) , (14)

where m = 1
2 (p+q), and DKL(p‖q) is the Kullback Leibler divergence between

distributions:

DKL(p‖q) =
∑
i

p(i) log
p(i)

q(i)
. (15)

Thus, for each feature i, a comparative Residual Proximity matrix RPi is evalu-
ated across all individuals’ trajectories using the Jensen-Shannon divergence as
a measure of dissimilarity. To consolidate this information, the aggregated sum
over all features is taken, ie. R =

∑
i RPi.

This finally provides the combined dissimilarity matrix:

D = αM + (1− α)R (16)

where α ∈ [0, 1] controls the convex combination of the dynamical and stochastic
components.

3.5 Visualisation

To visualise the high dimensional information in MPi and D, we use Princi-
pal Component Analysis (PCA) as a benchmark method and compare with t-
distributed Stochastic Neighbour Embedding (tSNE) [13]. Therefore any anoma-
lous trajectories (being anomalous relative to other trajectories) ought to be
visualised as a distinct pattern in the visualisation space. Locally Linear Em-
bedding (LLE) [14] and Isomaps [15] are also used with D in an attempt to
preserve the topographic information contained within the matrix.
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4 Results

The methodology was validated using the Geolife dataset [7]. This dataset con-
tains 17,621 GPS trajectories recorded from 182 people over a period of 5 years.

The algorithm was tested on 464 trajectories {X1, . . . , X464} that were recorded
from the movements of 9 different people. The calculated trajectory descrip-
tors {Y1, . . . , Y464} were passed through a sliding window with a length of 3
minutes and an overlap duration of 1 minute. After extracting the feature sets
{F1, . . . , F464}, they were approximated using AR models and the cepstral coeffi-
cients were calculated. Equation 11 was then used to construct the 12 proximity
matrices {MPi}. The metric was tested using weights an = 1

n , an = 1, an = n
and an = n2. It was concluded that an = n2 forms the most observable and
distinct clusters, therefore an = n2 was selected for the distance metric. Figures
1 and 2 depict the respective visualisations for each proximity matrix MPi using
tSNE and PCA.

In order to understand the clusters, the trajectories were plotted on geolo-
cated maps. For example, the middle cluster in the tSNE visualisation of the
‘Speed Maximum’ plot contains the trajectories in figure 3. The journeys have a
similar outline and mostly contain movements that are on foot. This movement
pattern was absent from other clusters in the tSNE visualisation. Moreover, it is
interesting to note that trajectories 313.17 and 1254.17, which belong to person
163 and person 153 respectively, are almost identical although they belong to
two different people. Person 153 and person 163 may have been together when on
this journey, thus explaining the high similarity in the trajectory outline. The al-
gorithm was able to successfully place these journeys in overlapping proximities.
Another cluster within the same plot shows a different pattern. The ‘C’ shaped
cluster on the left mostly consists of trajectories similar to those in figure 4.
The cluster contains trips on highways and main roads. Vehicles driving on open
roads tend to have different speed behaviours to journeys on foot. Therefore, the
algorithm correctly segregated the open road trajectories from those in figure 3.
As seen in figure 5, the method is also able to differentiate between vehicular
trips of different natures. Examining the topmost cluster in the ‘Speed Vari-
ance’ plot shows trajectories that take place near the centres of main cities such
as Shanghai and Beijing. Being two of the most congested cities in the world,
it is reasonable that these trajectories can be segregated from others using a
speed-dependent feature.

Figure 2 shows the PCA plots for each of the features. When compared to
the remaining data, outliers in the plots can be depictions of anomalous trips.
For example, figure 6 shows some of the outliers observed in the ‘Speed Variance’
PCA plot. Although they may seem similar to the journeys in figure 3, these
trajectories have subtle differences causing them to be labelled as anomalous.
Trajectories start with small movements that appear to be walking/cycling, how-
ever, the final points in the journey show significant alterations in speed. This
may have been caused by transition into means of faster transportation, or due
to errors in the data recording. The alterations in speed also occurs for a short
distance on the map. This is interesting since using a fast form of transport to
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Fig. 1: tSNE representation of MPi. Each plot consists of 464 points representing
trajectories from 9 different people. Clusters within the plots represent similar
movement patterns between trajectories.

cover a very short distance after walking/cycling to complete the majority of the
journey, is unusual.

The residual for each model was also computed to yield the residual probabil-
ity density functions and in turn, the residual proximity matrices {RPi}. R and
M were then calculated as the aggregated sum over all features for the residual
and model proximity matrices respectively. In order to effectively combine the
two matrices, R and M were normalised then combined using equation 16. A
value of α = 0.1 was experimentally selected to highlight the information avail-
able in the model residuals. The resulting matrix D was visualised using four
different visualisation techniques to validate the distribution of the projected
data.
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Fig. 2: PCA representation of MPi. Each plot consists of 464 points representing
trajectories from 9 different people. Outliers represent anomalous trajectories.

Figure 7 shows the visualisation of D. In order to achieve fully connected
graphs for the LLE and Isomaps representations, the number of neighbours was
experimentally set to 30. Although there are no obvious clusters, trajectories
representing the same person are in close proximity, and tend to group. This is
especially apparent when examining trajectories from persons 41 (orange) and
128 (green). It may also be the case that these groupings are separated more dis-
tinctly in higher dimensional space. Such patterns are meaningful since a single
person’s journeys often have intrinsic similarities and will be expected to group
together when compared. This information was not found when using model
analysis exclusively, however it is obvious with the inclusion of residual mea-
sures. Therefore, it can be concluded that model residuals contain information
about the data that will otherwise be lost should residual analysis be neglected,
as is the norm in literature.
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10 Detecting Anomalous Pattern-of-Life from Human Trajectory Data

Fig. 3: Trajectories belonging to one cluster in the ‘Speed Maximum’ plot. The
trips appear similar in nature and mostly comprise of walking movements.

Fig. 4: Trajectories belonging to one cluster in the ‘Speed Variance’ plot. The
images depict journeys of travel on highways and main roads.

Fig. 5: Trajectories belonging to one cluster in the ‘Speed Maximum’ plot. The
cluster mostly has trajectories of vehicular travel within main cities in China.

Fig. 6: Outlier trajectories in the ‘Speed Variance’ PCA plot. These trips differ
from major clusters in the graph making them anomalous trajectories.
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Fig. 7: PCA, tSNE, LLE and Isomap visualisations of the D proximity matrix. It
can be seen that trajectories representing the same person are in close proximity,
and tend to group

5 Conclusion

This paper has demonstrated an approach to detecting anomalous patterns of
behaviour from GPS data may be achieved by a dissimilarity approach combin-
ing deterministic and stochastic time series models. It was possible to identify
clusters relating to mobility patterns such as travelling between cities, driving in
congested streets, or travelling by foot. Moreover, analysis of outliers visualisa-
tions has shown successful detection of anomalous journeys. The paper has also
illustrated that information lost due to imperfect model fitting can be retrieved
by residual analysis. By comparing between model residuals, each person’s tra-
jectories were grouped in close proximity; demonstrating the similarities between
the movement patterns of a person across different trajectories.

Acknowledgements. Special thanks goes to Dr. Peter Van Manen and Living
PlanIT AG for encouraging, supporting and funding this research.
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Abstract. Data exploration is an approach of visually exploring data in order to 

understand the characteristics of the dataset. As both size and complexity of da-

tasets increase substantially, data scientists take less look at the data directly but 

conduct experiments by training models and assess the outcome when applying 

these models on test data. We denote the use of ML models to experimentally 

obtain insights into the data at hand as model-based data exploration and show 

some examples from a recent industrial project. 

Keywords: Root Cause Analysis, Failure Prediction, Offset Printing Machines, 

Data Quality, Data Labeling 

1 Introduction 

There are many publications on improving Machine Learning (ML) methods and 

demonstrating their achievements on benchmark data. These efforts have a strong focus 

on model optimization while leaving the benchmark data as is. 

  In contrast, in industrial projects, the sensor data available has usually never been 

used for ML purposes before. Issues of data quality are mainly unknown at the begin-

ning of the project. Typically data quality issues become aware once models are built 

using ML methods and evaluation shows strange effects, e.g., on some data samples 

which are then inspected and discussed with domain experts in detail.  

Industrial sensor data is high dimensional (i.e. many sensors), contains high fre-

quency time series data, and may be created under many modes of operation. It is hard 

to plot in a comprehensive way and hard to interpret. 

Therefore, inspection is a difficult and time consuming procedure, which can only 

be performed on few data samples. Interactive labeling by domain experts, as proposed 

by [11] e.g. on image segmentation tasks, is not a feasible approach for industrial senor 

data, because high-dimensional time series data is not the right medium to communicate 

to domain experts. Finding potentially interesting subspaces in the input data, which 

could simplify the communication to domain experts, is difficult when investigating 

statistics or distance measures in the input space because of its dimensionality and its 

time dynamics. 
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 Our approach to this setting not to investigate the input data directly, but to conduct 

sequences of experiments by training ML models and assessing their outcome. Exper-

iments are motivated by hypotheses (e.g. by information coming from domain experts). 

The outcome of experiments may or may not support these hypotheses, or may show 

interesting phenomena, which may give rise to new hypotheses/experiments. During 

this process, we obtain insights on the data and the learning problem. We denote the 

use of ML models, while conducting experiments on the data, as model-based data 

exploration. 

  The most obvious motivation to do model-based data exploration is to detect and 

filter low-quality data. This includes data containing measurement errors, data from 

non-calibrated sensors, data obtained under irregular operating conditions (e.g. ma-

chines runs in some cleaning mode, or some machine parts are not working as usual), 

or there is interference with other events (previous failures or external intervention). 

Outlier detection has been explored since decades and many ML methods, starting from 

simple clustering and regression methods to sophisticated ones, have been used for this 

purpose [2, 6]. 

  Another well-known example of using ML methods for data exploration is feature 

selection [4] (e.g. backward deletion [9]) and sensitivity analysis [12]. 

  When carrying this idea along to time series data, relevant events may happen in 

certain time periods only, leaving other parts of the time series being useless for the 

prediction task at hand. 

  Of course, most ML methods can cope with useless data if it covers only a small 

fraction of the total data. In that case, useless data can be regarded as noise. However, 

if that fraction becomes dominant, measures have to be taken to filter useless data, i.e. 

to improve signal-to-noise ratio. 

  Another motivation for model-based data exploration is building models on only a 

subset of the data. Suppose, for example, operating conditions and/or data collection 

differ between machines due to different software versions. In this case, it is worth 

building models for each machine and compare their performance with the one of a 

model trained on the data of all machines. 

  The bottom line of all these examples is that (lots of) experiments are conducted by 

building models on subsets of data and comparing their results. The focus is not on the 

quality of the particular model but the question of the experiment, e.g., can we regard 

some particular data samples as outliers, or not. 

In this paper, we demonstrate procedures for model-based data exploration applied 

to an industrial project. 

2 Failure Prediction for Printing Machines  

Offset printing machines are big high-performance machines containing several 

printing units. On each printing unit, printing plates are mounted/replaced automatically 

for each page to be printed. This is a highly complex mechanical procedure. Failures 
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occurring during this procedure may have many causes. Knowing the reason of a par-

ticular failure and accumulation of such information should give valuable hints for 

maintenance, see www.sake-projekt.de. 

The root cause of a particular failure may be some event seconds or even minutes 

before the failure. In case of the mounting of printing plates, the purpose of prediction 

is not to trigger any action for preventing the failure or mitigating its effect. Instead, a 

prediction model should identify the root cause. Technically, there should be one pre-

diction model (classifier) for each root cause and the ones, which respond above some 

threshold, are considered for failure analysis. 

Unfortunately, there is no knowledge about how root cause events are represented 

in the sensor data. We first extracted various features from the time series (thus trans-

forming each multi-dimensional time series to a feature vector) and applied a bunch of 

well-known ML methods (Random Forest, Gradient Boosting Tree, Logistic Regres-

sion) with little success. Therefore, it can be assumed that, for the current application 

(plate change failure detection at printing machines), root cause events can’t be detected 

by simple rules. 

Furthermore, it is unknown which event caused a particular failure. It is assumed 

that these events are quite different in terms of the sensors involved, the time distance 

to failure, etc. Therefore, measures (e.g. in data pre-processing) may be beneficial for 

detecting some events, but not for others. Such effects may only be revealed when ap-

plied on particular subsets/clusters of the data. We were further told that some rare root 

causes are not detectable by the current set of sensors. 

Besides this, there are data quality issues well known from similar projects: There 

may be data missing (time gaps in logging data). Data is collected from different 

sources having non-synchronized clocks. Sensor data comes from different machines, 

which are operated differently and may differ regarding software, sensors, material 

used etc. 

2.1 Data Pre-Processing 

The log channel, where the failure event is recorded, and the sensor data have different 

clocks, which show differences of one minute and more. For each failure event, we 

search in the sensor data within a time window of plus/minus 60 seconds for hints, 

which signal the occurrence of the failure. If no hint can be found, the failure is not 

considered. In case of ambiguity (multiple hints), decision is made under uncertainty. 

Sensor data may contain gaps, i.e. timestamp values of consecutive data entries differ 

substantially. In probably most cases, these are artifacts, i.e. there is no sensor data 

skipped, but examples for information loss have been detected during data inspection. 

We filter time series containing time gaps of more than 10 seconds. 

There is data of more than hundred sensors available. Domain experts selected the 

ones most relevant for the task, yielding 34 sensor channels. Data is collected at 50 Hz. 

Sensors range from being very high-frequent to changing only a few times throughout 

the time series. Domain experts told us to consider a time period of 5 minutes before 

the failure event. Therefore, the data for a particular failure event consists of a 34-di-

mensional time series of length 15,000 (i.e. 300 seconds, 50 Hz). There were data of 
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4,707 failures1 available. We also collected 8,130 time series of periods where no fail-

ure occurred. 

We regard time series of length 15,000 to be rather long, even as input to state-of-

the-art deep neural networks [1]. We plotted some data and concluded that, even for 

high-frequent sensors, it is sufficient to segment the time series into non-overlapping 

intervals and to compute features of these intervals. Intervals have different length de-

pending on their distance to the failure event, i.e. an interval, which is close in time to 

the failure event, is shorter than one containing sensor information recorded e.g. 4 

minutes before the failure. This way we got 160 intervals, i.e. a time series of length 

160. 

For each interval, we computed some features, simply mean and standard deviation. 

This resulted into time series having length 160 and 68 dimensions (2 features for each 

of the 34 sensors). 

Data normalization is done for each sensor separately, first removing the median and 

scaling the data according to the interquantile range (IQR). The IQR is the range be-

tween the 1st quartile and the 3rd quartile. This scales most values well but few can 

become quite large. Therefore, a non-linear scaling (tanh) is applied thereafter. Most 

sensors are normalized globally, i.e. using the data of all machines. A few sensors are 

not calibrated across all machines; for those sensors, we compute the average per ma-

chine and subtract it from all sensor values. 

It turned out that Recurrent Neural Network (RNN) models show quite good preci-

sion-recall results when applied on this data. However, it was argued that this was be-

cause the failure is detected in the sensor data, but not the root cause, which is assumed 

to occur seconds of even minutes before. 

Therefore, we cut off the sensor data up to one second from the time series. This 

way, it becomes a forecast task having a forecast horizon of 1 second. We increased the 

forecast horizon during later experiments, see section 5. 

2.2 RNN learning task 

We designed failure prediction as a regression task. Time series, which lead to failures, 

was given label 1, and time series without failure was labeled 0. An RNN was trained 

to compute from each time series a value y. Classification is done using a threshold t. 

If y > t, the model classifies the time series as failure, else not.  

By varying threshold t, one can obtain different precision-recall results, e.g. t =1 will 

yield precision close to 1 but very low recall. Lowering t will lower precision too and 

increase recall. This way, also the receiver operating characteristic (ROC) curve can be 

computed.  

In the sequel, we denote a time series as a single sample, because from the regres-

sion’s point of view, a time series is only one data point. 

                                                           
1 In similar projects, often less failure data is available. From the application’s point of view, it 

is preferred that failures occur as less as possible. However, ML methods suffer predicting 

rare failures having little statistics. 
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2.3 First Result 

On the forecast task, we trained both Long Short Term Memory (LSTM) [5] and Echo 

State Network (ESN) [7, 10] models. Both were able to show almost perfect results on 

training data, but not on test data. Regularization (noise injection on LSTM, and ridge 

regression for ESN) improved this, but still results on test data were not acceptable. 

Figure 1 shows the test results for samples recorded from 14 printing machines sorted 

along the x-axis. For each machine, the non-failure time samples are printed first, and 

then followed by the ones for failure samples. For example the samples of the first 

machine are plotted at indices 0 to 95. 

 

Fig. 1. ESN output (blue dots) for 1000 samples used for testing. The green line denotes the target 

labels (1 = failure, 0 = non-failure).  

When faced with a disappointing result as in Figure 1, one can improve the model (e.g. 

using deep RNNs each layer having thousands of units; try out various regularization 

techniques, etc.). After some first try, we did not pursue this approach anymore, because 

we suspect low data quality. 

We assume that there are problematic failure samples. This is because some types of 

failure cannot be detected by sensor data. For other failure samples, the corresponding 

sensor data may not correctly selected because of badly synchronized time stamps, and 

there may be other interfering events not recorded by the sensors selected. 

3 Simplification of the Prediction Task 

Domain experts reported to us that they do not expect a model to predict all failures, 

but if a failure is predicted, there should be much confidence (i.e. low false alarm rate)2. 

In other words, precision is first and recall is of minor priority. Therefore, we sought 

for models having high precision.  

                                                           
2 We encounter this requirement in several other projects too.  
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We applied outlier detection on failure samples only. We followed the approach of 

Torr and Murray [13] by iteratively removing samples having biggest error and then 

re-train the model on the reduced data set. 

Note that it is important that only failure samples are removed during this process, 

but not non-failure samples. Otherwise, even randomly labeled data samples could be 

perfectly separated by removing about half of the data samples.  

During each iteration, we pruned 5% of failure samples having biggest train error. 

We also ensured that the number of failure samples per machine does not drop below 

1003. We stopped after 10 iterations, so at the end 50% of all failure samples and 100% 

of all non-failure samples are left. In each iteration, we applied the current model to the 

whole data set and computed the mean prediction and standard deviation for failure 

samples and non-failure samples separately for the training set. Figure 2 shows that the 

margin between failure and non-failure samples is increasing during iteration. This im-

proves the separability of the two classes and therefore validation results. 

 

 

Fig. 2. Mean (+- standard deviation) of model output for failure samples and non-failure samples, 

first without removal of any sample, and then removing 5% failure samples after each step. 

We applied 12-fold cross validation on the reduced data set. For different values for 

threshold t, precision and recall for the 12 test data sets are computed. Averaging test 

precision gives us an estimate about the precision to be expected when applying the 

model on unseen data samples. For the average test recall, it has to be considered that 

50% of the failure samples are not included in this evaluation. So half of the average 

test recall can be expected for unseen data. So for threshold t = 0.7 (see table 1), the 

expected precision of the model is 0.95 and expected recall is 0.115. 

  

                                                           
3 Otherwise, trained models tend to detect only failure samples of a few particular machines. 
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 Precision Recall 

Test fold 1 0.93 0.28 

Test fold 2 1.00 0.21 

Test fold 3 1.00 0.23 

Test fold 4 0.94 0.22 

Test fold 5 0.96 0.23 

Test fold 6 0.88 0.18 

Test fold 7 0.93 0.22 

Test fold 8 0.98 0.25 

Test fold 9 0.93 0.26 

Test fold 10 0.98 0.21 

Test fold 11 0.93 0.22 

Test fold 12 0.97 0.18 

Mean 0.95 0.23 

Table 1. Test precision and recall for 12-fold cross validation, threshold t = 0.7. 

  

 

Fig. 3. Result on one of 12 test folds computed during cross validation. The line shows that for 

threshold t = 0.7, there is only one false positive, at position 811. 

It is likely that pruning 50% of all failure samples filters not only outliers. We will 

refine this procedure later in order to improve our understanding of outliers and filter 

as less samples as possible. Note that at this point, the focus was not on perfect outlier 

detection. Instead, we wanted to get some model for testing design decisions, like in 

the following section. 

As an alternative simplification of the learning task, we trained a model for each 

machine separately. Compared to a model trained on all data, none of the specialized 

models shows better performance. For some machines, in particular ones having only 

few training samples, the results were worse. Therefore, we did not pursue this ap-

proach any more. 
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4 Model-based assessment of preprocessing variants 

In section 2.1, the various steps performed during preprocessing of the data are de-

scribed. This included choices for parameters (e.g. interval length) which appear rea-

sonable, but can be debated, of course. Once we have a prediction model, we can eval-

uate different parameter settings for preprocessing. 

In particular, we were interested in the question, whether we should filter more sam-

ples during preprocessing, hopefully increasing data quality. Therefore, we experi-

mented in 

 narrowing the time window from plus/minus 60 seconds to plus/minus 30 seconds, 

and  

 reducing the maximal tolerated gap between consecutive time stamps from 10 sec-

onds to 2 seconds. 

We tried out several choices to explore how many failure samples remain for training 

(Table 2). We see that, on the downside, filtering can reduce the amount of failure sam-

ples substantially.  

 

 time window 

+/- 60 seconds 

time window 

+/- 30 seconds 

No filtering because of gaps 7,997 6,287 

Gaps < 10 secs tolerated 4,707  

Gaps < 5 secs tolerated  3,605 

Gaps < 2 secs tolerated 4,362 3,337 

Gaps < 1 secs tolerated 2,611  

Table 2. The amount of failure samples left under different filtering options. 

We compared two settings +/-60sec_gaps<10 and +/-30sec_gaps<2. As shown in the 

previous section, cross validation yielded an expected precision of 0.95 and an expected 

recall of 0.115 for +/-60sec_gaps<10. On the data set produced by  

+/-30sec_gaps<2, an expected precision of 0.94 and an expected recall of 0.082 is com-

puted by cross validation. 

Finally, we concluded, that a substantial reduction of training data can only be justi-

fied by a significant improvement of the ROC curve. This was clearly not the case, and 

so we continued with +/-60sec_gaps<10. 

5 Exploration of forecast horizons 

If the effect of a failure can be mitigated, it is desirable to predict its occurrence as early 

as possible. However, even if no mitigation is possible (as in the application at hand), 

the prediction time can give valuable hints to the root cause for the particular failure.  

Failures may be caused by a broad spectrum of events, some of which may occur 

minutes before the failure; others may cause a failure directly. Knowing the earliest 
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time, when a failure can be reliably predicted, would help to group failures into failure 

classes. This would enable to train models specific for failure classes. 

The previous sections describe experiments on data for forecast horizon of 1 second. 

By cutting off more time steps at the end of the time series (i.e. close to the failure 

event), we created data sets having forecast horizons of 4 seconds, 17 seconds and 79 

seconds.  

For later test, we selected the most recent 10% of the failure samples per machines. 

The remaining 90% of the failure samples were used for training prediction models for 

the above-mentioned forecast horizons according to the procedure introduced in section 

3. The procedure was modified as follows: a) after each iteration, results (training sam-

ples used, error plots) are stored, b) iteration continues until almost no failure samples 

are left in the training data, and c) there is no longer a minimum number of failure 

samples per machine to be contained in the training data. 

For each forecast horizon (1 second, 4 seconds, 17 seconds, 79 seconds), the results 

after each iteration are examined by manual inspection. First, we had a look after which 

iteration the margin between failure and non-failure samples has sufficiently large. 

Then we chose the result of one of the subsequent iteration steps, thereby determining 

the set of failure samples, which can be reliably predicted for the particular forecast 

horizon. 

Again, we can adjust the trade-off between precision and the number of predictable 

failure samples. We used this degree of freedom to ensure that all failure samples, 

which are predictable 79 seconds before the failure event, are also contained in the set 

of failure samples, which can be predicted 17 seconds ahead. This is because, for each 

sample x, the time series used for 17-seconds prediction contain the time series used for 

79-seconds prediction. This holds for shorter prediction horizons too. 

 𝑥 ∈ 𝑋𝑖 ⇒  𝑥 ∈ 𝑋𝑗           for  𝑖 > 𝑗,     𝑖, 𝑗 ∈ {1, 4, 17, 79}       (1) 

where Xi is the set of failure samples x which can be predicted for forecast horizon i. 

For each forecast horizon, we chose the iteration (i.e. the resulting failure sample set) 

such that overall constraint (1) is satisfied. This way, for forecast horizon i (i ∈
{1, 4, 17, 79}), Xi is identified for training model Mi.  

We applied the models Mi on the failure samples of the test set. For 93% of the 

failure samples, on which one Mi computed an output > 0.6, constraint (1) was satisfied. 

These failure samples x can be classified having the largest prediction horizon i, for 

which Mi (x) > 0.6. 

The failure samples, which were not in the test set, could be assessed (i.e. labeled) 

too in a cross validation scheme. In order to speed this up in the future, we are seeking 

for replacing the manual inspection step by some automatic procedure. 

Furthermore, we will try to identify disjoint failure sets having root causes, which 

(according to the application experts) can be detected by disjoint sets of sensors. This 

will be performed in a similar way as above, just using another constraint (𝑋𝑖 ∩ 𝑋𝑗 =

∅, 𝑖 ≠ 𝑗). 
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6 Training of many models 

Training of many models may be prohibitive depending on the method used and the 

computing sources available. The procedure described in section 3 requires the training 

of one model per iteration, plus a final 12-fold cross validation. This results in training 

of 22 models. [We also experimented using the cross validation error during each iter-

ation4. With 12-fold cross validation, this gives 10 * 12 = 120 models trained.] We 

repeated this procedure many times, for example 

 for refining the procedure (e.g. to ensure that failures of all machines are predicted), 

 for collecting and refining metrics (RMSE, average values, standard deviations, F 

scores etc.) 

 for assessment of preprocessing variants (section 4) 

 for exploration of forecast horizons (section 5) 

 for other outlier detection experiments 

Up to now, we have trained several hundred models and we expect to train by far more 

than thousand models throughout the project. 

We trained Echo State Networks (ESNs) of size 10,000. ESNs can be trained quite 

fast by training only the weights on the connections to the outputs using linear regres-

sion. In contrast, LSTMs or GRUs [3] train the weight matrices of the RNN and the 

connections between the input and the RNN as well. 

Using a ESN of size 10,000, computation of the final RNN state for each of the 

12,837 samples (i.e. time series of length 155) took about 5 hours on a laptop computer 

(Intel I7, 32 Giga Byte RAM). ESN training performs linear regression on these 12,837 

states. This is done within 10 minutes. Training 6 models in parallel (during cross val-

idation) takes about 30 minutes. Therefore, 12-fold cross validation takes 2 * 30 

minutes. 

ESN states can be re-used. Note that during cross validation and iterative pruning of 

outliers, different sets of training samples are used. Therefore, to train a model on a 

training set, the pre-computed states of these samples are collected, and then only linear 

regression has to be performed to train the output weight matrix. When re-using pre-

existing states, the procedure of section 3 takes 10 * 10 minutes for the ten iterations, 

and 2 * 30 minutes for 12-fold cross validation. In total, this results in 2 hours and 40 

minutes. 

Using gradient descent, like with LSTM or GRU networks, states computed during 

previous training cannot be re-used, because the weight matrices, which are used to 

compute the state, are modified during training. This way, training takes much longer 

compared to ESNs, unless reducing network size by at least two magnitudes. 

Using ESNs, we feel free to run as many experiments we want to. We think that this 

an important prerequisite to explore and validate ideas quickly. 

                                                           
4 We abandoned this, because models tend not to detect failures of machines having only a few 

failure samples. 
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7 Conclusions 

In this paper, we describe an experiment-driven working style which we call model-

based data exploration and which we use in several industrial projects. Experiments 

are used, for example, to simplify a learning task (e.g. learning a model for each ma-

chine vs. learning a model on data of all machines), to filter outlier samples, to assess 

preprocessing variants, to do feature selection, and to classify failure samples by deter-

mining the time, when they can be predicted.  

Interpretation of results is always an issue, For instance, once we classified samples 

according their forecast horizons, each class has to be investigated. We will determine 

important sensors for each class by feature selection & sensitivity analysis. In the end, 

findings have to be plotted and discussed with domain experts. 

In all these experiments, neither the training data set nor the learning task is fixed. 

These are varied and evaluated by training models, and assessing their outcome. Opti-

mization of hyper parameters of a model is not in the focus of these experiments. 

Filtering of data (e.g. during preprocessing, exclusion of outlier samples, filtering 

data of other machines, feature selection, filtering not-needed time periods in time se-

ries data) can be viewed as improving the signal-to-noise ratio of the data. 

Even the improvement of the signal-to-noise ratio may characterize the process, 

model-based data exploration has to be understood as gaining insights into the data at 

hand, and the application, which has generated the data. This process is centered on the 

data scientists who analyze data, generate hypotheses, set up experiments, and evaluate 

their outcome. This is some kind of data exploration, but this time, data scientists do 

not inspect the data directly but look at the outcome of ML models applied on the data. 
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Maciej Niedźwiecki and Damian Chojnacki?

Faculty of Electronics, Telecommunications and Computer Science,
Department of Automatic Control
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Abstract. The problem of off-line identification of a nonstationary au-
toregressive process with a time-varying order and a time-varying degree
of nonstationarity is considered and solved using the parallel estimation
approach. The proposed parallel estimation scheme is made up of several
bidirectional (noncausal) exponentially weighted lattice algorithms with
different estimation memory and order settings. It is shown that opti-
mization of both settings can be carried out by means of minimization
of the locally evaluated accumulated forward/backward prediction error
statistic.

Keywords: Identification of nonstationary processes, selection of model
order, selection of estimation memory

1 Introduction

Autoregressive analysis is a popular modeling tool, used to solve practical prob-
lems in many different areas, such as biomedicine [1]–[3], geophysics [4]–[6],
telecommunications [7]–[8] etc. When the analyzed processes are nonstation-
ary, identification of their autoregressive models can be carried out using local
estimation techniques, such as the well-known sliding-window or exponentially
weighted least squares (EWLS) approaches. Local estimation algorithms are of-
ten called finite-memory since they relay on the limited (or effectively limited)
number of signal samples. Owing to this property they are capable of tracking
the time-varying signal parameters.

Two important decisions that must be taken when identifying the time-
varying autoregressive model are the choice of the number of estimated autore-
gressive coefficients, i.e., the model order, and selection of the size of the local
analysis interval, i.e., the estimation memory. Both decisions may have impor-
tant quantitative (estimation accuracy) and qualitative (estimation adequacy)
implications.

? This work was partially supported by the National Science Center under the agree-
ment UMO-2015/17/B/ST7/03772. Calculations were carried out at the Academic
Computer Centre in Gdańsk.
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In this paper we will focus on noncausal estimation techniques, which can
be applied when the analyzed signal is prerecorded and can be analyzed off-
line. Noncausality means that at any given time instant t the local parameter
estimates can be based on both “past” observations (collected prior to t) and “fu-
ture” observations (collected after t). When applied to identification of nonsta-
tionary processes, noncausal estimators can significantly reduce the estimation
bias (due to elimination of the so-called estimation delay, typical of all causal
algorithms [9]).

In the proposed approach, which is a nontrivial modification of the method
described in [10], noncausal estimates are obtained by combining results yielded
by the exponentially weighted least squares lattice/ladder algorithms [11] run-
ning forward and backward in time, respectively. The problem of model order
and estimation memory adaptation is solved using the parallel estimation ap-
proach. In this approach several competing algorithms, with different order and
memory settings, are operated simultaneously and compared according to their
locally assessed predictive abilities.

The proposed technique is computationally attractive and yields time-varying
models with guaranteed uniform stability property which is important is such
applications as parametric spectrum estimation.

2 Nonstationary autoregressive processes

Suppose that the analyzed discrete-time signal {y(t)}, t = . . . ,−1, 0, 1, . . ., can
be described or at least approximated by the following time-varying autoregres-
sive (AR) model

y(t) =
n∑
i=1

ai,n(t)y(t− i) + en(t) = ϕT
n (t)αn(t) + en(t)

var[en(t)] = ρn(t)

(1)

where ϕn(t) = [y(t − 1), . . . , y(t − n)]T denotes regression vector, αn(t) =
[a1,n(t), . . . , an,n(t)]T denotes the vector of autoregressive coefficients, and {en(t)}
denotes white noise with a time-dependent variance ρn(t). In the sequel we will
assume that the entire history of the signal {y(t), t = 1, . . . , T0} is available,
along with the “boundary” conditions {y(1− i), y(T0 + i), i = 1, . . . , N}, where
N denotes the maximum model order that will be considered.

When the driving noise variance ρn(t) is bounded, αn(t) is a “sampled”
version of a sufficiently smooth continuous time parameter trajectory, and at
all time instants t all zeros of the characteristic polynomial A[z,αn(t)] = 1 −∑n
i=1 ai,n(t)z−i are uniformly bounded away from the unit circle in the com-

plex plane, the process (1) is uniformly exponentially stable [12]. According to
the theory developed by Dahlhaus [13], under the conditions specified above
{y(t)} belongs to the class of locally stationary processes with uniquely defined
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Lattice filtering with joint model order and estimation memory adaptation 3

instantaneous spectral density function given by

Sn(ω, t) =
ρn(t)

|A[ejω,αn(t)]|2
(2)

where j =
√
−1 and ω ∈ (−π, π] denotes the normalized angular frequency.

3 Equivalent parametrizations of a stationary
autoregressive process

It is known that a zero-mean stationary AR process characterized by the set Pn =
{ρn, a1,n, . . . , an,n} (further referred to as direct parametrization) can be equiv-
alently specified in terms of autocorrelation coefficients Rn = {r0, r1, . . . , rn}
where ri = E[y(t)y(t− i)] (autocorrelation parametrization), or in terms of par-
tial autocorrelation coefficients Qn = {r0, q1, . . . , qn} where qi is the normalized
autocorrelation between y(t) and y(t − i) with the linear dependence on the
intermediate variables y(s), t− i < s < t removed (lattice parametrization).

All three parametrizations are equivalent, i.e., given any of them, one can
determine the remaining two using invertible mappings

Pn = F [Rn], Rn = F−1[Pn]

Rn = G[Qn], Qn = G−1[Rn]

Qn = H[Pn], Pn = H−1[Qn].

Description of these mappings can be found e.g. in [14].

4 Causal lattice algorithm

The exponentially weighted least squares normalized lattice/ladder algorithm
proposed by Lee, Morf and Friedlander [11], further referred to as EWLMF
algorithm, is a time- and order-recursive estimation procedure known of its low
computational cost and numerical robustness. The EWLMF algorithm is a lattice
approximation of the EWLS algorithm. The EWLS algorithm, equipped with the
forgetting constant λk, 0 < λk < 1, provides a direct signal parametrization

P̂n|k(t) = {ρ̂n|k(t), â1,n|k(t), . . . , ân,n|k(t)}

where

α̂n|k(t) = [â1,n|k(t), . . . , ân,n|k(t)]T

= arg min
αn

t−1∑
i=0

λik[y(t− i)−ϕT
n (t− i)αn]2

(3)

ρ̂n|k(t) =
1

Lk(t)

t−1∑
i=0

λik[y(t− i)−ϕT
n (t− i)α̂n|k(t)]2 (4)
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and Lk(t) =
∑t−1
i=0 λ

i
k denotes the effective width of the applied exponential

window. The explicit solution of (3) can be obtained in the form

α̂n|k(t) = R̂−1n|k(t)r̂n|k(t), ρ̂n|k(t) = r̂0|k(t)− r̂Tn|k(t)α̂n|k(t) (5)

where

R̂n|k(t) =
1

Lk(t)

t−1∑
i=0

λikϕn(t− i)ϕT
n (t− i)

r̂n|k(t) =
1

Lk(t)

t−1∑
i=0

λiky(t− i)ϕn(t− i)

r̂0|k(t) =
1

Lk(t)

t−1∑
i=0

λiky
2(t− i) = r̃0|k(t).

The EWLMF algorithm estimates the normalized partial autocorrelation coeffi-
cients directly from the data, yielding the lattice signal parametrization

Q̃n|k(t) = {r̃0|k(t), q̃1|k(t), . . . , q̃n|k(t)}

The estimates q̃1|k(t), . . . , q̃n|k(t) are usually called reflection coefficients. Due
to appropriate normalization, the estimates provided by the EWLMF algorithm
obey the condition

|q̃i|k(t)| < 1, ∀t, i = 1, . . . , n (6)

which guarantees that the corresponding AR models are at all times stable.
Denote by

P̃n|k(t) = H−1[Q̃n|k(t)] = {ρ̃n|k(t), ã1,n|k(t), . . . , ãn,n|k(t)}

the direct parametrization that is an equivalent of the lattice parametrization
yielded by the EWLMF algorithm. Since the EWLS algorithm does not guar-
antee model stability, it is clear that P̂n|k(t) 6= P̃n|k(t). We note, however, that

both parametrizations become identical if the matrix R̂n|k(t) and the vector
r̂n|k(t) appearing in (5) are replaced with

R̃n|k(t) =

 r̃0|k(t) r̃n−1|k(t)
...

. . .
...

r̃n−1|k(t) r̃0|k(t)

 , r̃n|k(t) =
[
r̃1|k(t) . . . r̃n|k(t)

]T
where

R̃n|k(t) = {r̃0|k(t), r̃1|k(t), . . . , r̃n|k(t)} = G[Q̃n|k(t)]

denotes an autocorrelation parametrization equivalent to Q̃n|k(t). Therefore, the

parametrization P̃n|k(t) can be regarded as a stable approximation of P̂n|k(t).
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5 Noncausal lattice algorithm

To obtain noncausal estimator of ρn(t) and αn(t) we will combine results yielded
by two lattice algorithms – the forward-time (−) EWLMF algorithm equipped
with a forgetting constant λk− , providing the estimates

Q̃−n|k(t) = {r̃0|k−(t), q̃1|k−(t), . . . , q̃n|k−(t)}

and the backward-time (+) EWLMF algorithm equipped with a forgetting con-
stant λk+ providing the estimates

Q̃+
n|k(t) = {r̃0|k+(t), q̃1|k+(t), . . . , q̃n|k+(t)}.

We will not assume that the forward and backward time EWLMF algorithms
are equipped with the same forgetting constants. Setting k− 6= k+, one can
fuse long-memory forward time estimation results with short-memory backward
time ones or vice versa. Such asymmetric variants may be useful in the presence
of abrupt parameter changes. Let π = {k−, k+}, T−(t) = {1, . . . , t − 1} and
T+(t) = {1, . . . , T0 − t}. The combined estimate can be obtained using a three-
step procedure.

First, one can determine the autocorrelation parametrizations corresponding
to Q̂−n|k(t− 1) and Q̂+

n|k(t+ 1)

R̃±n|k(t± 1) = G[Q̃±n|k(t± 1)] = {r̃0|k±(t± 1), r̃1|k±(t± 1), . . . , r̃n|k±(t± 1)}

Since parametrizations Q̃−n|k(t − 1) and Q̃+
n|k(t + 1) are stable, the covariance

matrices made up of the estimates {r̃i|k−(t), i = 0, . . . , n} and {r̃i|k+(t), i =
0, . . . , n} must be positive definite [14]. Second, the two-sided autocorrelation
parametrization

R̃n|π(t) = {r̃0|π(t), r̃1|π(t), . . . , r̃n|π(t)}

can be obtained using the formula

r̃i|π(t) = µ−(t)r̃i|k−(t− 1) + µ+(t)r̃i|k+(t+ 1), i = 0, . . . , n (7)

where µ±(t) = L±k±(t±1)/Lπ(t), Lπ(t) = L−k−(t−1)+L+
k+(t+1) and L±k±(t±1) =∑

i∈T±(t) λ
i−1
k± . Note that since the sequence {r̃i|π(t), i = 0, . . . , n} is a convex

combination of {r̃i|k−(t − 1), i = 0, . . . , n} and {r̃i|k+(t + 1), i = 0, . . . , n}, the

parametrization R̃n|π(t) is at all times stable. Finally, based on R̃n|π(t), one can
obtain the direct parametrization

P̃n|π(t) = F [R̃n|π(t)] = {ρ̃n|π(t), ã1,n|π(t), . . . , ãn,n|π(t)}

The doubly exponentially weighted Lee-Morf-Friedlander (E2WLMF) algorithm
described above differs from the one proposed in [10] in one important aspect –
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unlike [10] the obtained parameter estimates do not depend (in a deterministic
sense) on the “central” sample y(t).

Similarly as in the case of the EWLMF estimate, one can show that the
E2WLMF estimate α̃n|π(t) = [ã1,n|π(t), . . . , ãn,n|π(t)]T can be regarded as a
“stable approximation” of the estimate obtained using the noncausal doubly
exponentially weighted least squares (E2WLS) algorithm

α̂n|π(t) = [â1,n|π(t), . . . , ân,n|π(t)]T

= arg min
αn

[ t−1∑
i=1

λi−1k− {y(t− i)− [ϕ−n (t− i)]Tαn}2

+

T0−t∑
i=1

λi−1k+ {y(t+ i)− [ϕ+
n (t+ i)]Tαn}2

]
where ϕ±n (t) = [y(t± 1), . . . , y(t± n)]T. Actually, note that

α̂n|π(t) =
[
µ−(t)R̂−n|k−(t− 1) + µ+(t)R̂+

n|k+(t+ 1)
]−1

×
[
µ−(t)r̂−n|k−(t− 1) + µ+(t)r̂+n|k+(t+ 1)

]
(8)

where

R̂±n|k±(t± 1) =
1

L±k±(t± 1)

∑
i∈T±(t)

λi−1k± ϕ
±
n (t± i)[ϕ±n (t± i)]T

r̂±n|k±(t± 1) =
1

L±k±(t± 1)

∑
i∈T±(t)

λi−1k± y(t± i)ϕ±n (t± i).

Similarly, since α̃n|π(t) must obey Yule-Walker equations defined in terms of
{r̃i|π(t), i = 0, . . . , n} [14], it holds that

α̃n|π(t) =
[
µ−(t)R̃−n|k−(t− 1) + µ+(t)R̃+

n|k+(t+ 1)
]−1

×
[
µ−(t)r̃−n|k−(t− 1) + µ+(t)r̃+n|k+(t+ 1)

]
where

R̃n|k±(t± 1) =

 r̃0|k±(t± 1) r̃n−1|k±(t± 1)
...

. . .
...

r̃n−1|k±(t± 1) r̃0|k±(t± 1)


r̃n|k±(t± 1) =

[
r̃1|k±(t± 1) . . . r̃n|k±(t± 1)

]T
.

Hence, the estimates α̂n|π(t) and α̃n|π(t) coincide if the quantities R̂±n|k±(t± 1)

and r̂±n|k±(t±1) are replaced in (8) with R̃±n|k±(t±1) and r̃±n|k±(t±1), respectively.
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6 Model order and estimation memory adaptation

Based on P̃n|π(t), the parametric estimate of the instantaneous spectral density
function Sn(ω, t) can be obtained in the form

S̃n|π(t) =
ρ̃n|π(t)

|A[ejω, α̃n|π(t)]|2
(9)

where α̃n|π(t) = [ã1,n|π(t), . . . , ãn,n|π(t)]T.
Selection of the order n of the autoregressive model, and the choice of for-

getting factors λk± plays an important role in parametric spectral analysis. If
the order is underestimated some important features of the resonant structure
of {y(t)} may be not revealed, while when it is overestimated some nonexistent
resonances may be indicated. In both cases one may arrive at false qualitative
conclusions. The optimal choice of λk− and λk+ , i.e., the one that trades off the
bias and variance components of the mean squared parameter estimation error,
depends on the rate of parameter variation – forgetting factors should be smaller
(which corresponds to shorter memory) when process parameters are subject to
fast changes, and larger (which corresponds to longer memory) when parameters
vary slowly with time.

Our solution to the order/memory optimization problem will be based on
parallel estimation. Consider several E2WLMF algorithms with different order
and memory settings, running in parallel. Denote by N = {1, . . . , N} the set of
all model orders that will be considered, and by Π the set of all considered pairs
π = {k−, k+}. The data-adaptive version of (9) can be expressed in the form

S̃n̂(t)|π̂(t)(t) =
ρ̃n̂(t)|π̂(t)(t)

|A[ejω, α̃n̂(t)|π̂(t)(t)]|2
(10)

where

{n̂(t), π̂(t)} = {n̂(t), k̂−(t), k̂+(t)} = arg min
n∈N
k∈K

Jn|π(t)

and Jn|π(t) denotes the local decision statistic.
The proposed selection criterion takes advantage of the fact that, unlike the

estimates considered in [10], the estimates α̃n|π(t) are not functions of y(t) and
therefore they can be used to compute unbiased forward and backward prediction
errors

ε±n|π(t) = y(t)− [ϕ±n (t± 1)]Tα̃n|π(t).

Consequently, one can adopt for Jn|π(t) the following prediction error (PE)
statistic

Jn|π(t) =
M∑

i=−M
[ε−n|π(t− i)]2 +

M∑
i=−M

[ε+n|π(t+ i)]2 (11)

where M ∈ [20, 50] is the parameter that controls the size of the local decision
window [t−M, t+M ] centered around t.
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7 Computational complexity

Denote by Kπ ≤ K(K + 1)/2 the number of considered forward-backward pairs
π = (k−, k+). For the assumed maximum model order N the per sample compu-
tational load (the number of multiply-add operations) of the proposed parallel
estimation scheme is pretty low and is approximately equal to

l(N) = 2KA(N) + 2KB(N) +KπC(N)

where A(N) = 30N denotes the load of the ELMF algorithm (given that the
Newton-Raphcon method is used to evaluate square roots), B(N) = 2N + N2

denotes the load of the G transform (computation of autocorrelation coefficients
based on reflection coefficients), and C(N) = 2 + 4N + N2 is the load of the
F transform (computation of autoregressive coefficients based on autocorrela-
tion coefficients). Note that the first stage of processing is the computationally
cheapest one and that the only quantities that have to be memorized during the
forward/backward sweep of the EWLMF algorithms are the forward/backward
reflection coefficients.

8 Simulation results

To verify the proposed order and estimation memory selection rule, a nonsta-
tionary variable-order autoregressive process was generated. Process generation
was based on 4 time-invariant AR anchor models M1, M2, M3 and M4, of orders
2, 4, 6 and 8, respectively. The characteristic polynomial Ai(z) of the model Mi

had i pairs of complex-conjugate zeros, given by z±k = 0.995e±jkπ/5, k = 1, . . . , i.
The generated signal {y(t), t = 1, . . . , T0} had stationary periods, during which
it was governed by anchor models, and nonstationary periods, when the gen-
erating model was obtained by morphing one anchor model into another one.
Transition from Mi−1 to Mi was realized by moving, with a constant speed, the
i-th pair of complex-conjugate zeros from their initial zero positions towards the
unit circle – see Fig. 1. The simulation scenario is symbolically depicted in Fig. 1.
Note that according to this scenario the order of the generating model gradually
increased from 2 to 8.

The adopted value of T0 was equal to 5000 and the breakpoints, marked
with bullets in Fig. 1, had the following time coordinates: t1 = 1000, t2 =
1500, t3 = 2500, t4 = 3000, t5 = 4000, t6 = 4500. The parallel estimation
scheme was made up of 4 E2WLMF algorithms combining results yielded by
K = 3 forward/backward EWLMF trackers equipped with forgetting constants
λ1 = 0.95, λ2 = 0.99 and λ3 = 0.995. The 4 combinations of forward/backward
forgetting constants were: (0.99, 0.99), (0.995, 0.995), (0.995, 0.95) and (0.95,
0.995), which corresponds to π1 = (2, 2), π2 = (3, 3), π3 = (3, 1) and π4 = (1, 3),
respectively. The parameter M which determines the width of the local decision
window was set to 50.

Two measures of fit were used to evaluate identification results: the mean
squared parameter tracking error and the Itakura-Saito spectral distortion mea-
sure (see Table 1), both averaged over t ∈ [1, T0] and 100 independent realizations
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Likelihood based inference for an Identi�able Fractional

Vector Error Correction Model
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Abstract

We consider the Fractional Vector Error Correction model proposed in Avarucci (2007),

which is characterized by a richer lag structure than the models proposed in Granger (1986)

and Johansen (2008, 2009). In particular, we discuss the properties of the model of Avarucci

(2007) (FECM) in comparison to the model of Johansen (2008, 2009) (FCVAR). Both models

generate the same class of processes, but the properties of the two models are di�erent. First,

opposed to the model of Johansen (2008, 2009), the model of Avarucci has a convenient nesting

structure, which allows for testing the number of lags and the cointegration rank exactly in the

same way as in the standard I(1) cointegration framework of Johansen (1995) and hence might

be attractive for econometric practice. Second, we �nd that the model of Avarucci (2007) is

almost free from identi�cation problems, contrary to the model of Johansen (2008, 2009) and

Johansen and Nielsen (2012), which identi�cation problems are discussed in Carlini and San-

tucci de Magistris (2017). However, due to a larger number of parameters, the estimation of the

FECM model of Avarucci (2007) turns out to be more complicated. Therefore, we propose a

4-step estimation procedure for this model that is based on the switching algorithm employed in

Carlini and Mosconi (2014), together with the GLS procedure of Mosconi and Paruolo (2014).

We check the performance of the proposed estimation procedure in �nite samples by means of

∗USI, Lugano, E-mail: federico.carlini@usi.ch
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a Monte Carlo experiment and we prove the asymptotic distribution of the estimators of all the

parameters. The solution of the model has been previously derived in Avarucci (2007), while

testing for the rank has been discussed in �asak and Velasco (for cointegration strength >0.5)

and Avarucci and Velasco (for cointegration strength <0.5). Therefore our paper �lls in the

gap for a complete inference based on Avarucci (2007) model.

Keywords: Error correction model, Gaussian VAR model, Fractional Cointegration, Estima-

tion algorithm, Maximum likelihood estimation, Switching Algorithm, Reduced Rank Regres-

sion. JEL: C13, C32.

1 Introduction

The econometrics literature on fractional co-integration has developed rapidly in recent years. An

empirically attractive modeling strategy is to use parametric inference, based on an econometric

model that fully describes the system under consideration. It allows identi�cation of the long-

run and short-run structure of the model, as well as of the common stochastic trends and the

impulse response functions summarizing the system dynamics. Three di�erent Fractional Vector

Error Correction Models (FVECM) have been proposed in the literature due to Granger (1986),

Johansen (2008, 2009) and Avarucci (2007). These models turn out to be almost identical in the

simplest case without short run dynamics, but more generally they are characterized by di�erent

lag structure speci�cations.

The FCVAR model proposed in Johansen (2008, 2009) has a convenient algebraic structure. The

inference for this model has been developed in Johansen and Nielsen (2012). However, there exist

identi�cation problems in this model, as mentioned in Johansen and Nielsen (2012) and further

discussed in Carlini and Santucci de Magistris (2017).

In this paper we demonstrate that the FECM model proposed by Avarucci (2007) is almost

free from identi�cation problems contrary to the FCVAR model of Johansen (2008, 2009). Also,

designing testing procedures for the lag length and the cointegration rank is straightforward in

FECM, due to the fact that the nesting structure follows the usual structure known for the I(1)

2
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Cointegrated Vector AutoRegressive (CVAR) model. However, the estimation is more complicated

in thie FECM model due to the multiplicative structure of the parameters involved.

We conclude that the model proposed by Avarucci might be more convenient for practitioners

if we design an estimation procedure for this model, which we do in this paper.

We propose a 4 step algorithm, which is based on the approach of Carlini and Mosconi (2014)

that maximizes the pro�le likelihood function using a switching algorithm and implements the GLS

procedure proposed in Mosconi and Paruolo (2014). We check the performance of the proposed

estimation procedure in �nite samples by means of a Monte Carlo experiment and we prove the

asymptotic distribution of the estimators of all the parameters. The solution of the model has

been previously derived in Avarucci (2007), while testing for the rank has been discussed in �asak

and Velasco (for cointegration strength >0.5) and Avarucci and Velasco (for cointegration strength

<0.5). Therefore our paper �lls in the gap for a complete inference based on Avarucci (2007) model.

The remainder of the paper is organized as follows. Section 2 presents the FCVAR model pro-

posed in Johansen (2008, 2009) and the FECM model suggested in Avarucci (2007). In particular

we discuss derivation and we give the solutions of both models. We also present di�erent represen-

tations of FECM. In Section 3 we discuss the identi�cation and the convenient nesting structure

of the FECM model. Section 4 introduces the pro�le likelihood and a 4 step switching algorithm

to estimate the parameters of the FECM model together with the asymptotic distribution of the

estimators of all the parameters. Section 5 illustrates the small sample properties of our estimation

procedure by means of a Monte Carlo experiment. Section 6 concludes. Appendix A describes how

to estimate a bilinear form with a GLS model. Appendix B presents Figures and Tables of the

Monte Carlo experiment.

3
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2 Model comparison

2.1 Johansen's FCVAR model

The model of Johansen (2008, 2009), which we denote in this paper as FCVAR, is given by the

following dynamics

∆dXt = αβ′∆d−bLbXt +
k∑
j=1

Γj∆
dLjbXt + εt, εt ∼ iid(0,Ω), (1)

where the vector of variables Xt is p−dimensional, the loadings α and the cointegrating relations β

are p×r matrices with 0 ≤ r ≤ p, Γj are p×p matrices of the short run dynamics and the fractional

di�erence operator is given by the binomial expansion ∆d := (1− L)d =
∑∞
j=0(−1)j

(
d
j

)
Lj and the

fractional lag operator is de�ned Lb = 1−∆b.

As shown in Johansen (2008, 2009), this model could be derived from the standard VAR model

∆Yt = αβ′LYt +
∑k
j=1 Γj∆L

jYt + εt analysed in Johansen (1995), where the lag operator L is such

that LXt = Xt−1, and the di�erence operator ∆ = 1 − L, in the following way. First replace the

di�erence operator ∆ and the lag operator L = 1−∆ by fractional di�erence operator ∆b and the

fractional lag operator Lb = 1−∆b, respectively, to obtain ∆bYt = αβ′(1−∆b)Yt+
∑k
j=1 Γj∆

bLjbYt+

εt. Next de�ne Yt = ∆d−bXt to get the model (1).

The Granger representation of the model (1) is given in Johansen (2008, 2009):

Xt = C∆−d+ εt + ∆
−(d−b)
+ Y +

t + µt, (2)

where µt is a deterministic component generated by initial values, C = β⊥(α′⊥Γβ⊥)−1α′⊥ and

Y +
t =

t−1∑
n=0

τnεt−n, so Y
+
t is fractional of order zero. Thus the solution of model (1) implies that Xt

is a process integrated of order d (I(d)), while ∆bXt and β
′Xt are I(d− b).

In general the cointegration rank r and number of lagged di�erences k is not known and needs

to be determined. However, the nesting structure, as described in Carlini and Santucci di Magistris

4
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(2017) turns out to be of the following form:

H0,0 ⊂ H0,1 ⊂ H0,2 ⊂ . . . ⊂ H0,k

∩ ∩ ∩ ∩

H1,0 ⊂ H1,1 ⊂ H1,2 ⊂ . . . ⊂ H1,k

∩ ∩ ∩ ∩
...

...
...

. . .
...

∩ ∩ ∩ ∩

Hp,0 ⊂ Hp,1 ⊂ Hp,2 ⊂ . . . ⊂ Hp,k

with

H0,1 ⊂ Hp,0

H0,2 ⊂ Hp,1
...

...

H0,k ⊂ Hp,k−1

,

where Hp,k denotes the hypothesis that the model (1) has cointegration rank r = p and k lagged

di�erences. Therefore, the joint identi�cation of r and k, if both are unknown, becomes tricky.

It is also shown that there exists a number of equivalent FCVAR models, which causes problems

with identi�cation of fractional parameters d, b and lag length when the cointegration rank r is

known, see Carlini and Santucci di Magistris (2017). They demonstrate that for any k ≥ k0, where

k0 denotes the number of lagged di�erences in the true DGP, the following holds:

• Given k0 and k, with k ≥ k0, the number of equivalent sub-models that can be obtained is

m = [ k + 1
k0 + 1 ], where [x] denotes the greatest integer less than or equal to x.

• For any k ≥ k0, all the equivalent sub-models are found for parameter values dj = d0− j
j + 1b0

and bj = b0/(j + 1) for j = 0, 1, ...,m− 1.

• α, β are the same in these models.

5
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Further, they give the number of equivalent sub-models in the following table

k0 ↓ k → 0 1 2 3 4 5 6 7 8 9 10 11 12

0 1 2 3 4 5 6 7 8 9 10 11 12 13

1 - 1 1 2 2 3 3 4 4 5 5 6 6

2 - - 1 1 1 2 2 2 3 3 3 4 4

3 - - - 1 1 1 1 2 2 2 2 3 3

4 - - - - 1 1 1 1 1 2 2 2 2

5 - - - - - 1 1 1 1 1 1 2 2

Thus there are identi�cation problems regarding the parameters d, b,Γj , j = 1, . . . , k.

2.2 Avarucci's FECM model

The model of Avarucci (2007), which we denote in this paper as FECM, is given by the following

dynamics

∆dXt = αβ′∆d−bLbXt +
k∑
j=1

BjL
j∆d−bLbXt +

k∑
j=1

AjL
j∆dXt + εt εt ∼ iid(0,Ω) (3)

where Bj = −Aj(αβ′). Avarucci (2007) imposes the restriction Xt = 0 for t < 1. This model

is similar to the model of Lobato and Velasco (2006) for testing for fractional unit root in the

univariate framework.

The model of Avarucci (2007) has been derived using a standard assumption in a paramet-

ric framework (see Robinson and Hualde (2003), Dueker and Startz (1998) that the dynamics of

the stationary process can be given by an autoregressive representation. Consider a fractionally

6
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cointegrated system in a triangular form, i.e.

ξ′∆dXt = u1t,

β′∆d−bXt = u2t,
with d− b ≥ 0. (4)

The triangular representation (4) can be shown to be equivalent to the FVECM without short

run dynamics, i.e.

∆dXt = αβ′∆d−bLbXt + ξt, (5)

where α = −ξ⊥(β′ξ⊥)−1 and β′α = −Ir, and r is the cointegration rank. The process ut has the

V AR(k) representation A(L)ut = vt. Then ξt is also a V AR(k) process, i.e.: ξt =
∑k
j=1Ajξt−j+εt.

Consider the model (5), then

ξt = ∆dXt − αβ′∆d−bLbXt, (6)

can be written as ∆dXt = αβ′∆d−bLbXt +
∑k
j=1Ajξt−j + εt and further using (6) ∆dXt =

αβ′∆d−bLbXt +
∑k
j=1Aj [∆

dXt−j − αβ′∆d−bLbXt−j ] + εt to give �nally ∆dXt = αβ′∆d−bLbXt +∑k
j=1Aj∆

dXt−j +
∑k
j=1Bj∆

d−bLbXt−j ] + εt, where Bj = −Aj(αβ′).

The model (3) can also be written in another form. The representation proposed below is

coherent with the representation in Johansen (2008). The model (3) can be reformulated as:

∆d−b

Ip − k∑
j=1

AjL
j

(∆bIp − αβ′Lb
)
Xt = εt. (7)

This representation emphasizes the nature of the process. In fact, the FECM model is a series

created by connecting two systems: a VAR process identi�ed by the lag polynomial (I−
∑k
j=1AjL

j)

and a FCVAR process identi�ed by the lag polynomial ∆d−b(∆bIp−αβ′Lb). The following scheme

represents the FECM process:

εt → A(L)−1 → Vt → Πd,b(Lb)
−1 → Xt

The input of the system is the Gaussian error term εt transformed in a VAR process Vt through

7
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the transfer function A(L)−1. Finally the VAR process Vt is transformed into a Fractionally Coin-

tegrated process by means of the transfer function Πd,b(Lb)
−1 := ∆b−d(∆bIp − αβ′Lb)−1.

In linear system theory, the dynamics of two systems connected in a series can be analysed by

checking the zeros and poles of their transfer functions contemporaneously. Hence, the dynamics of

the FECM can be found by checking the characteristic roots of the polynomials A(z) and Πd,b(y),

where y = 1 − (1 − z)b. This means that we generate fractional cointegration if det(Πd,b(y)) = 0

has some of the characteristic fractional roots equal to one and β′α is a full rank matrix.

The FECM model is characterized by a di�erent (and more complicated) lag structure than the

model proposed in Granger (1986), i.e.:

∆dXt = αβ′∆d−bLbXt−1 +
k∑
j=1

ΓjL
j∆dXt + εt, (8)

and the FCVAR model (1) discussed in the previous section. In fact, FECM model (3) contains

both the usual lags based on a standard lag operator present in Granger's model (8) and lags using

the fractional lag operator. The latter are di�erent than those present in the FCVAR model (1) of

Johansen. However, in the very particular case of d = b = 1 with k = 0 all three models reduce to

the standard ECM. Besides, when k = 0, i.e. the short run dynamics components are not present,

then FCVAR model (3) and FECM model (1) are equal apart for the initial values. The solution

of Johansen's FCVAR model depends on the initial values, for t < 0, while the FECM model of

Avarucci implicitly has the restriction for which the process starts in t = 0.

The moving average representation (MA) of the FECM model (3) is given in Avarucci (2007).

Following his Theorem 2.2, Xt has the representation

Xt = C∆−d+ Vt + C∗∆−d+b+ Vt + ∆−d+2b
+

t−1∑
j=1

ΦjVt−j , (9)

where
∑∞
j=0 ||Φj ||2 < ∞, and C = β⊥(α′⊥β⊥)−1α′⊥, and C

∗ = −[β̄ᾱ′ + Cβ̄ᾱ′ + β̄ᾱ′C + Cβ̄ᾱ′C],

where Φj , j = 1, . . . , t− 1 are p× p matrices, Vt = A(L)−1εt and if c is a generic p× r matrix then

c̄ := c(c′c)−1 and c⊥ is a p× (p− r) matrix such that c′⊥c = c′c⊥ = 0. Thus, Xt and β
′Xt are Type

8
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II I(d) and I(d− b) processes respectively.

The proof of Theorem 2.2 is largely based on Theorem 8 in Johansen (2008) and the MA

representation (9) is based on the solution (2) given in Johansen (2008, 2009).

Therefore both models generate the same class of processes. However, in the FECM model

proposed by Avarucci (2007), cointegration always occurs if b > 0 unlike in the FCVAR model of

Johansen (2008, 2009), where the system can not be cointegrated for b > 0 if αβ′ is a full rank

matrix. Thus, the model of Avarucci (2007) has more natural interpretation of the parameter b.

3 Statistical identi�cation of the Avarucci's FECM model

3.1 The nesting structure of the Avarucci's FECM model

The nesting structure of the Avarucci's FECM model di�ers from the presented in Section 2 the

nesting structure of the Johansen's (2008, 2009) FCVAR model and it follows the simple VAR

structure, which makes testing the cointegration rank r and the number of lagged di�erences k to

be straightforward. If we de�ne the model

Hr,k : ∆d−b(Ip −
k∑
i=1

AiL
i)(∆bIp − αβ′Lb)Xt = εt, r = 0, . . . , p

then, the nesting structure of the Avarucci's FECM model is given by

H0,0 ⊂ H0,1 ⊂ H0,2 ⊂ . . . ⊂ H0,k

∩ ∩ ∩ ∩

H1,0 ⊂ H1,1 ⊂ H1,2 ⊂ . . . ⊂ H1,k

∩ ∩ ∩ ∩
...

...
...

. . .
...

∩ ∩ ∩ ∩

Hp,0 ⊂ Hp,1 ⊂ Hp,2 ⊂ . . . ⊂ Hp,k

,

9
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For example, the inclusion H2,1 ⊂ H2,2 can be tested by A2 = 0 and the inclusion H1,1 ⊂ H2,1 can

be tested on a rank restriction on the matrix αβ′. Moreover, it is simple to prove that the model

H0,1 is not nested in H2,0 because the term αβ′Lb is zero in H0,1.

The nesting structure of the Johansen FCVAR model is more complicated as discussed in Section

2, see also Carlini and Santucci de Magistris (2017) for the details. The convenient nesting structure

of Avarucci (2007) FECM model not only makes the testing procedures straightforward, but also

assures identi�cation of the model, contrary to Johansen (2008, 2009), which we discuss in the

following sub-sections.

3.2 Identi�cation of FECM when the lag length is unknown

Recall from Section 2 that in the Johansen's (2008, 2009) FCVAR model (1) there exists a number

of equivalent models with overspeci�ed lag length. In order to illustrate that this does not happen

in the Avarucci's (2007) FECM model let us consider the model with just 2 lags:

H2 : ∆d−b

Ip − 2∑
j=1

AjL
j

(∆bIp − αβ′Lb
)
Xt = εt. (10)

where H2 indicates the model with k = 2 in (7).

Let us demonstrate under which restrictions the two sub-models of H2: the model with 2 lags

H(0)
2 and the model with 1 lag H(1)

2

H(0)
2 : ∆d0−b0

(
Ip − (Ip + Ã1)L+ Ã1L

2
)(

∆b0Ip − α̃β̃′Lb0
)
Xt = εt. (11)

H(1)
2 : ∆d1−b1

(
Ip − Ā1L

) (
∆b1Ip − ᾱβ̄′Lb1

)
Xt = εt. (12)

can be reparameterized as in Carlini and Santucci de Magistris (2017), which would indicate iden-

ti�cation problems.

First note, that in case of a unit root, the sub-model H(0)
2 in equation (11) can be written as:

∆d0−b0
(
Ip − Ã1L

)(
∆b0Ip − α̃β̃′Lb0

)
(Ip − IpL)Xt = εt.

10

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 762



or equivalently as

∆d0−b0
(
Ip − Ã1L

)(
∆b0Ip − α̃β̃′Lb0

)
∆Xt = εt

Therefore,

H(0)
2 : ∆d0−b0+1

(
Ip − Ã1L

)(
∆b0Ip − α̃β̃′Lb0

)
Xt = εt (13)

Now, let us compare the sub-models (12) and (13). It is clear that the equations (13) and (12)

reparametrize when α̃β̃′ = ᾱβ̄′, Ã1 = Ā1, b1 = b0 and d0 − b0 + 1 = d1 − b1. Hence, H(0)
2 = H(1)

2 if

and only if d0 + 1 = d1 and there is a unit root.

Furthermore, note that under the unit root the model H(0)
2 is a sub-model of the model H2,

when we impose the restriction A2 +A1 − Ip = 0. Instead, the sub-model H(1)
2 is the sub-model of

the model H2 when we impose the restriction A2 = 0.

Therefore, the parameter b is always identi�ed. In order to rule out the identi�cation problem for

the parameter d and autoregressive parameters Aj , we only need to assume that the characteristic

polynomial

Π(z) =

Ip − k∑
j=1

Ajz
j


has roots outside the unit circle, which is already assumed in Avarucci (2007). Therefore the

identi�cation problem for the parameter d and autoregressive parameters Aj is not present in the

Avarucci's FECM model.

3.3 Lack of identi�cation when αβ′ = 0

However, the problem of identi�cation can arise when αβ′ = 0. In this situation, (7) is given by

∆d

Ip − k∑
j=1

AjL
j

Xt = εt

and the parameter b is not identi�ed. This particular feature of the model has been used in Lasak

(2010) to propose a sup-test for no cointegration and is common for all fractionally cointegrated

Vector Error Correction models. This identi�cation issue is also relevant in the FCVAR model

11
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when the number of lags is k = 0.

3.4 The proof of identi�cation of the Avarucci's FECM model

In this sub-section we give the proof of identi�cation of the FECM model (3) when the lag length k

of the VAR is known. The proof of identi�cation follows the same steps as in Johansen and Nielsen

(2012).

Theorem 1. Suppose b 6= 1 and αβ′ 6= 0, then the parameters θ = vec(d, b, A1, . . . , Ak, α, β,Ω)

in the model

∆d−b

Ip − k∑
j=1

AjL
j

(∆bIp − αβ′Lb
)
Xt = εt

are identi�able.

Proof

1. A parametric model is identi�ed when fλ0
(xt|It−1) = fλ̃(xt|It−1) implies λ0 = λ̃, where

f(xt|It−1) is the conditional density function. In the FECM model the parameter vector is

given by λ = vec(d, b, α, β,A1, . . . , Ak,Ω).

2. In the model (3) εt is assumed to be iid. We are interested in the �rst and the second

moment of f . Hence we have to show that the conditions Eλ0(xt|It−1) = Eλ̃(xt|It−1) and

varλ0
(xt|It−1) = varλ̃(xt|It−1) imply λ0 = λ̃. The equality for conditional variances requires

that Ω0 = Ω̃.

3. We use the decomposition Ip = ββ̄′ + β⊥β̄
′
⊥ where β̄′ = (β′β)−1β′ and β̄′⊥ = (β′⊥β⊥)−1β′⊥ to

identify the parameters α and β de�ning ˜̃α = αβ′β̄0 and
˜̃
β = β(β̄′0β)−1 so that αβ′ = ˜̃α

˜̃
β′.

4. The equality for conditional means requires that

Πλ0
(z) = (Ip −A0

1z − · · · −A0
kz
k)(1− z)d0−b0((1− z)b0Ip − α0β

′
0(1− (1− z)b0) =

= (Ip − Ã1z − · · · − Ãkzk)(1− z)d̃−b̃((1− z)b̃Ip − α̃β̃′(1− (1− z)b̃) = Πλ̃(z)

12
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If k > 0 and r > 0 then it is implied that A0
j = Ãj , j = 1, . . . , k, d0 = d̃, b0 = b̃, α0 = α̃ and

β0 = β̃ when b0 = b̃ 6= 1.

5. If b0 = b̃ = 1 then (Ip −A0
1z − · · · −A0

kz
k)((1− z)Ip − α0β

′
0(1− (1− z)) = (Ip − Ã1z − · · · −

Ãkz
k)((1−z)Ip− α̃β̃′(1− (1−z)) is not generally solved by A0

j = Ãj , j = 1, . . . , k, α0 = α̃ and

β0 = β̃. In fact, by the theory of matrix polynomials in Dennis at al. (1976), this problem

can be easily explained. Suppose that you have a given matrix polynomial

B(z) = Ip −B1z − . . .−Bkzk

and Bj , j = 1, . . . , k are p× p �xed square matrices and we want to decompose it as

(Ip −D1z − . . . Dk−1z
k−1)(Ip − C1z)

where C1 is called the right solvent of the matrix polynomial B(z). We de�ne the latent

values as the values z1, . . . , zpk such that |B(zk)| = 0 and the right latent vectors as the

vectors v1, . . . , vpk such that B(zj)vj = 0 where zj is a latent value. If B(z) has p linearly

independent right latent vectors v1,, . . . , vp corresponding to latent roots z1, . . . , zp, then C1 :=

QΛQ−1 is a right solvent, where Q = [v1, . . . , vp] and Λ = diag(z1, . . . , zp), see Dennis et al.

(1976). Therefore, in general the right solvent is not unique (because we can �nd many

z1, . . . , zp that satisfy the requirement of the theorem) and there exist di�erent matrices

D
(l)
j , j = 1, . . . , k − 1, C

(l)
1 for l = 1, . . . , p that satisfy the decomposition of B(z). For this

reason, when b0 = b̃ = 1 the matrices Aj , j = 1, . . . , k (the Dj , j = 1, . . . , k − 1 matrices in

the example) and α and β (the C1 matrix in the example) are not identi�ed.

6. Suppose now r = 0, then the parameters (d,A1, . . . , Ak) are just identi�ed and it follows the

same argument as in Johansen and Nielsen (2012).

This proof shows that an identi�cation problem occurs when the DGP value of the cointegration gap

parameter b0 is equal to 1. This identi�cation issue can naturally a�ect the asymptotic distributions

of the parameters of the model. We will discuss in Section 4.2 the consequences of the identi�cation

13

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 765



issue on the estimation method proposed.

4 Estimation of the Avarucci's FECM model

In this section we use a pro�le likelihood approach to estimate the parameters of the FECM model.

We concentrate the likelihood function on the parameters ψ = (d, b)′ as in Johansen and Nielsen

(2012). The pro�le maximum likelihood estimator is

arg max
ψ∈K

`T (ψ), (14)

where K is a compact set de�ned as K =
{
η ≤ b ≤ d ≤ d̄

}
for some values η > 0 and d̄ > 0 and

`T (ψ) = − 1

2T
log det(Ω) +

1

pT
log(2π).

Hence, the parameters α, β and Aj , j = 1, . . . , k are considered as nuisance parameters.

To maximize the likelihood function we use the same idea as in Johansen and Nielsen (2012). For

any combination of ψ, we maximize the likelihood function with respect to the nuisance parameters

α, β and Aj , j = 1, . . . , k with a numerical routine based on a switching algorithm described below.

4.1 The switching algorithm

For any given values of ψ = (d, b)′, we estimate

∆dXt − αβ′∆d−bLbXt +A(Ik ⊗ α)(Ik ⊗ β′)∆d−bLbZt −A∆dZt = εt.

Now we can use the switching algorithm to maximize the likelihood with respect to ψ.

14

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 766



Note that

A
p×pk

=

[
A1 A2 · · · Ak

]
Zt
pk×1

=



Xt−1

Xt−2
...

Xt−k


.

We run the following switching algorithm:

Step 1. For given values of α, β,Ω, we estimate A in the following equation

∆dXt − αβ′∆d−bLbXt = A[∆dZt − (Ik ⊗ α)(Ik ⊗ β′)∆d−bLbZt] + εt

The parameters Â are estimated with ordinary least squares.

Step 2. Given values of A, β,Ω, we estimate α in the following equation:

∆dXt −A∆dZt = [Ip : −A](Ik+1 ⊗ α)(Ik+1 ⊗ β′)∆d−bLb

 Xt

Zt

+ εt

Using the Mosconi and Paruolo algorithm explained in the Appendix, we estimate α with generalized

least squares by imposing Hα = [Ip : −A], Wt = (Ik+1 ⊗ β′)∆d−bLb

 Xt

Zt

 and K is the matrix

such that (Ik+1 ⊗ α) = Kvec(α).

Step 3. For given values of A,α,Ω, we estimate β in the following equation

∆dXt −A∆dZt = [Ip : −A](Ik+1 ⊗ α)(Ik+1 ⊗ β′)∆d−bLb

 Xt

Zt

+ εt

Again, the Mosconi and Paruolo algorithm is needed to estimate β with generalized least squares

after imposing Hβ = [Ip : −A](Ik+1 ⊗ α), Wt = ∆d−bLb

 Xt

Zt

 where K is the matrix such that

(Ik+1 ⊗ β′) = Kvec(β).
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Step 4. For given values of A,α, β we estimate Ω as

Ω =
1

T

T∑
t=1

εtε
′
t

and then we evaluate the likelihood.

We iterate Step 1 - Step 2 - Step 3 and Step 4 until convergence. Finally, we optimize the

likelihood function (14) with respect to ψ = (d, b)′ to calculate the ML estimator ψ̂.

4.2 Estimation and Identi�cation issues

As explained in Section 3, the identi�cation issue in the FECM model arises when the DGP value

b0 = 1. In particular, the identi�cation issue is relevant for the matrices α, β and Aj , j = 1, . . . , k,

because they are shown not to be unique when b0 = 1. We maximize the pro�le likelihood function

with respect to ψ = (d, b)′. Hence, the maximum likelihood estimator ψ̂ is always identi�ed, but

the estimated nuisance parameters α̂, β̂ and Âj , j = 1, . . . , k are not identi�ed.

By simple algebra, we note that if b0 = 1 then the FECM model with k lags is a reparameteri-

zation of the FCVAR model where b = 1, d ≥ 1 (d = d0 + 1) and k lags. In fact, the characteristic

polynomial of the FECM model when b = 1 is given by the following expression

∆d−1(Ip −
k∑
j=1

Ajz
j)((1− z)Ip − αβ′z) = (1− z)d−1

k+1∑
j=0

Ψjz
j

while the characteristic polynomial of the FCVAR model when b = 1 is given by the following

expression:

(1− z)dIp = αβ′(1− z)d−1z −
k∑
j=1

Γj(1− z)dzj = (1− z)d−1
k+1∑
j=0

Ψjz
j .

Furthermore, the FCVAR model with b = 1 is an identi�ed model. Hence, we could test in the

FECM framework the hypothesis H0 : b = 1. The asymptotic distribution of this hypothesis has

to be derived because this is a case of hypothesis testing in which the nuisance parameters are not
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identi�ed. A reference that describe in more detail this problem is Hansen (1996). If the hypothesis

H0 : b = 1 is not rejected, then we study the FCVAR in which d ≥ 1.

In the Monte Carlo experiment, we have generated a FECM model with b = 1, b = 0.99, b = 1.01

and T = 100, 000 observations. When we estimate the model (setting the initial values of α, β and

A to their true values), the switching algorithm converge very slowly and the number of iterations

is approximately of an order of 109. These non-identi�ed and almost-non-identi�ed FECM models

make the proposed estimation procedure very di�cult to manage in the proximity of b0 = 1.

4.3 Initial values

Using the switching algorithm it is important to have a good initial guess for parameters α, β and

the matrix A. Hence we use as initial guess for these parameters the estimates from the equation

∆dXt − αβ′∆d−bLbXt + Ξ∆d−bLbZt −A∆dZt = εt

obtained with Conditional Sum of Squares (CSS) pro�le likelihood method. We get d̂, b̂, α̂, β̂, Â, Ξ̂

by maximizing the pro�le likelihood function (or pro�le CSS) with a reduced rank regression. In

fact, this model can be estimated with a pro�le likelihood depending on the parameters d, b. Hence,

we maximize

`(ψ) = − log det

(
1

T

T∑
i=1

ε̂t(ψ)ε̂′t(ψ)

)
− 1

pT
log(2π)

over a compact parameter set K =
{
η ≤ b ≤ d ≤ d̄

}
for some values d̄ > η > 0.

The estimates Â, α̂ and β̂ are used as initial guess to start up the switching algorithm. The

estimates d̂ and b̂ are used as initial values in the optimization routine.

5 Simulation experiment

The Monte Carlo exercise is conducted with a simulation of the FECM model using the Jensen

(2014)'s algorithm to generate the FCVAR model two times. The FECM model can be generated

17

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 769



in two steps: in the �rst step invert a FCVARd,b model with 0 lags to obtain Yt, given by

Yt = (Ip −A1,0L− . . .−Ak,0Lk)−1εt.

In the second step generate the process

Xt = (∆d0Ip − α0β
′
0∆d0−b0Lb0)−1Yt

again with the Jensen (2014) algorithm. We developed a new routine that transforms the param-

eters of the VAR model into the parameters of the FCVAR model when d = b = 1. With these

transformed parameters, we generate the process Xt.

We run three Monte Carlo experiments. In the �rst experiment we generate N = 1500 Monte

Carlo replications of the following data generating process

(Ip −A1,0L−A2,0L
2)(∆d0Ip − α0β

′
0∆d0−b0Lb0)Xt = εt

where εt ∼ i.i.d.N(0,Ω0) and t = 1, . . . , T . The numerical parameters of the DGP are

A0 = [A1,0 : A2,0] =

 −0.2 0.2 0.2 0

0 0.3 −0.3 −0.3



α0 =

 −0.3

0.3

 β0 =

 1

−0.4

 Ω0 =

 1 0

0 1


and the values of d0 and b0 are chosen such that the inverse roots y of the determinant |(1 −

y)Ip − α0β
′
0y| = 0 are outside the fractional circle Cb0 as described in Johansen (2008). The

parameters in A0 are chosen such that the inverse roots z of the lag polynomial calculated as

|Ip − A1,0z − A2,0z
2| = 0 are outside the unit circle. Furthermore, we have chosen parameters for

which no identi�cation issues occur.
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For each run of the Monte Carlo simulation we �t the FECM model with two lags, given by

(Ip −A1L−A2L
2)(∆dIp − αβ′∆d−bLb)Xt = εt (15)

using the switching algorithm discussed in Section 4.1.

When we maximize the likelihood function, the �rst experiment is to use as initial values for

the parameters d and b the true data generating process values d0 and b0, while the initial values in

the switching algorithm for α, β and Ω are imposed to be α0, β0 and Ω0. The maximization routine

climbs the likelihood function within the values d ∈ [0.01, 2] and b ∈ [0.01, 2] in order to avoid

negative - or close to zero - d̂ and b̂ estimates. Further, we impose in the maximization routine the

restriction d ≥ b because in the FECM this inequality must be satis�ed.

We introduce two parameters to control the convergence of the switching algorithm. The �rst

parameter is the maximum number of iterations of the switching algorithm N iter. The program

stops when a number of N iter chosen is reached. The second parameter is a tolerance number Tol.

The program stops when the absolute value of the likelihood at step k + 1 minus the likelihood

value at step k is less than Tol. In the Monte Carlo we have set these two parameters to be

N iter = 20, 000 and Tol = 10−8.

To simplify the exposition, we introduce new notation for the elements of the matrices in model.

The elements of the matrices are

α =

 α1

α2

 β =

 1

β1

 Ω =

 ω11 ω12

ω21 ω22

 A =

 a
(1)
11 a

(1)
12 a

(2)
11 a

(2)
12

a
(1)
21 a

(1)
22 a

(2)
21 a

(2)
22


where ω12 = ω21. When we estimate the FECMmodel the vectors β̂∗ = [β∗1 : β∗2 ]′ and α̂∗ = [α∗1 : α∗2]′

are normalized by calculating α̂ = β∗1 α̂
∗ and β̂ = 1

β∗
1
· β̂∗.

We present the Monte Carlo results when we simulate the process with d0 = 0.8, b0 = 0.6 and

T = 100, 000. The results of the sample statistics of the distributions of the estimated parameters

are reported in Table 3.1. Figure 3.1 displays the plots of the densities of the estimates of the

parameters in Eq. 15. These densities are calculated with a non-parametric method and they are
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smoothed by a Gaussian Kernel.

The biases of the Monte Carlo estimates are smaller than an order of magnitude of 10−3 and

the standard deviations are smaller than 0.1. We analyzed if the Monte Carlo sample distributions

were normal with a Jarque-Bera test and we do not reject the hypothesis for some of the elements

in the matrix A and the fractional parameters d and b.

We tried to check if the switching algorithm is robust with respect to di�erent initial values and

the results are still the same when the sample size is T = 100, 000. If the sample size is T = 10, 000

then the initial values for α, β and Ω are crucial if we want to �nd the global maximum of the

likelihood function.

The algorithm behaves di�erently depending on the choice of d0 and b0. In fact, if we simulate

a model where d0 = b0 = 0.9, we need over 20,000 iterations of the switching algorithm to converge,

which is related to the identi�cation of the model discussed in Section 3.

In the second Monte Carlo experiment we �x d = d0 and b = b0 and let the switching algorithm

�nd the estimates of all other parameters. In Figure 3.2 and Table 3.2 the results are shown when

the DGP takes values d0 = b0 = 0.6 and α0, β0, A0 as before and T = 100, 000. We notice that in

this set up we could not reject the null hypothesis of normality for all the parameters but β.

In the third Monte Carlo experiment we �t the model

(I −A1L−A2L
2)(∆dIp −Π∆d−bLb)Xt = εt

where

Π =

 Π11 Π12

Π21 Π22

 ,
i.e. matrix Π has a full column rank and we run the switching algorithm �xing d = d0 and b = b0.

In Figure 3.3 and Table 3.3 the Monte Carlo results are shown when the DGP has d0 = b0 = 0.6

and α0, β0, A0 as before and T = 100, 000. We do not reject the null hypothesis of normality for all

the estimated parameters with a Jarque-Bera test.
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6 Conclusions

In this paper we discuss two fractionally cointegrated models: a FCVARmodel proposed in Johansen

(2008, 2009) and the FECM model proposed in Avarucci (2007) and Avarucci and Velasco (2010).

They both generate the same class of processes, but due to di�erent lag structures their properties

di�er signi�cantly. The FECM model turns out to be characterised by a more convenient nesting

structure, that allows a straightforward way for testing the cointegration rank and the number of

lagged di�erences to be included as short run parameters. Further, the identi�cation problems are

far less severe in FECM model than in the FCVAR model. On the other hand, the estimation

of FECM is more complicated due to the presence of two di�erent parts that model the short

run dynamics and the restriction that relates their parameters. Thus, we propose an estimation

procedure, which is based on the suggestion of Carlini and Mosconi (2014) that maximizes the

likelihood function using a switching algorithm and the GLS procedure of Mosconi and Paruolo

(2014). We prove the asymptotic distribution of the estimators of all the parameters and we

illustrate by means of Monte Carlo experiment the performance of our procedure in �nite samples.

We �nd that close to the DGPs chosen in the Monte Carlo simulations, the estimated parameters

d̂, b̂, α̂, Âj , j = 1, 2 are normally distributed, whilst β̂ has a fat-tailed distribution, which con�rms

the asymptotic theory developed. The solution of the model has been previously derived in Avarucci

(2007), while testing for the rank has been discussed in �asak and Velasco (for cointegration strength

>0.5) and Avarucci and Velasco (for cointegration strength <0.5). Therefore our paper �lls in the

gap for a complete inference based on Avarucci (2007) model.

Appendix A

The following algorithm describes how to estimate a bilinear form with a GLS model. Further

details can be found in Mosconi and Paruolo (2014).

Consider the following equation

Yt = Hθ′Wt + εt t = 1, . . . , T
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εt ∼ iidN(0,Ω), vec(θ) = Kψ

where Yt and Wt are respectively py × 1 and pw × 1 vectors, H and θ are respectively py × r and

pw × r matrices. Then, we can estimate ψ as

ψ̂ = (K ′(H ′Ω−1H ⊗ Sww)K)−1K ′vec(SwyΩ−1H)

where Sww =
∑T
t=1WtW

′
t and Swy =

∑T
t=1WtY

′
t .
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Appendix B

Figure 1: Distributions of the parameters when the DGP parameters are d0 = 0.8, b0 = 0.6.

N = 1, 500 Monte Carlo replications and Yt, t = 1, . . . , 100000.
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Table 1: Sample statistics of the Monte Carlo distributions when d0 = 0.8 b0 = 0.6, T = 100000

observations and N = 1500 Monte Carlo replications.

d b α1 α2 β

Bias 0.0000 0.0012 0.0001 -0.0005 0.0000

Std.Dev 0.0038 0.0135 0.0214 0.0206 0.0024

Skew. -0.1404 0.0117 -0.3912 0.3018 0.0546

Kurtosis 3.1239 3.0231 3.3295 3.2352 3.3915

p-value JB test 0.0514 >0.5000 0.0010 0.0010 0.0084

a
(1)
11 a

(1)
12 a

(1)
21 a

(1)
22

Bias 0.0001 0.0000 0.0002 0.0000

Std.Dev 0.0103 0.0049 0.0096 0.0054

Skew 0.2826 -0.2777 -0.1961 0.1228

Kurtosis 3.1502 3.1095 3.1846 3.0136

p-value JB test 0.0010 0.0010 0.0052 0.1434

a
(2)
11 a

(2)
12 a

(2)
21 a

(2)
22

Bias 0.0000 0.0000 0.0000 -0.0002

Std.Dev 0.0081 0.0046 0.0033 0.0030

Skew 0.2360 -0.0388 0.0532 0.0482

Kurtosis 3.3815 3.0897 2.9097 2.8717

p-value JB test 0.0010 >0.5000 >0.5000 0.4295

24

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 776



Figure 2: Distributions of the Monte Carlo simulations when d0 = b0 = 0.6 are �xed in the switching

algorithm. The generated FECM paths have T = 100000 observations.
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Table 2: Sample statistics of the Monte Carlo distributions d0 = b0 = 0.6 kept �xed in the switching

algorithm with T = 100000 and N = 1750 Monte Carlo replications.

d α1 α2 β1

Bias - -0.0005 0.0002 0.0000

Std.Dev - 0.0097 0.0081 0.0023

Skew. - -0.1066 0.0750 0.0655

Kurtosis - 3.0495 2.9494 3.4033

p-value JB test - 0.1671 0.3867 0.0031

a
(1)
11 a

(1)
12 a

(1)
21 a

(1)
22

Bias 0.0004 -0.0002 -0.0002 0.0001

Std.Dev 0.0068 0.0038 0.0060 0.0035

Skew 0.0432 -0.0834 -0.0087 0.0745

Kurtosis 2.8909 2.9927 3.0914 3.0576

p-value JB test 0.4818 0.3513 >0.5000 0.3810

a
(2)
11 a

(2)
12 a

(2)
21 a

(2)
22

Bias 0.0002 -0.0001 -0.0000 -0.0001

Std.Dev 0.0054 0.0038 0.0032 0.0030

Skew 0.0200 0.0748 0.0591 0.0374

Kurtosis 2.9412 2.9225 2.8213 2.9423

p-value JB test >0.5000 0.3455 0.1802 >0.5000
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Figure 3: Distributions of the Monte Carlo simulations when d0 = b0 = 0.6 are �xed in the switching

algorithm. The generated FECM paths have T = 100, 000 observations.

−0.36 −0.34 −0.32 −0.3 −0.28 −0.26
0

5

10

15

20

25

30

35

40

Π
11

0.1 0.105 0.11 0.115 0.12 0.125 0.13 0.135 0.14 0.145
0

10

20

30

40

50

60

70

80

90

100

Π
12

0.26 0.27 0.28 0.29 0.3 0.31 0.32 0.33 0.34 0.35
0

5

10

15

20

25

30

35

40

45

50

Π
21

−0.135 −0.13 −0.125 −0.12 −0.115 −0.11 −0.105
0

20

40

60

80

100

120

Π
22

−0.23 −0.22 −0.21 −0.2 −0.19 −0.18 −0.17 −0.16
0

10

20

30

40

50

60

a
11

(1)

0.18 0.185 0.19 0.195 0.2 0.205 0.21 0.215
0

20

40

60

80

100

120

a
12

(1)

−0.03 −0.02 −0.01 0 0.01 0.02 0.03
0

10

20

30

40

50

60

70

a
21

(1)

0.285 0.29 0.295 0.3 0.305 0.31 0.315
0

20

40

60

80

100

120

a
22

(1)

0.17 0.18 0.19 0.2 0.21 0.22 0.23
0

10

20

30

40

50

60

70

80

a
11

(2)

−0.015 −0.01 −0.005 0 0.005 0.01 0.015 0.02
0

20

40

60

80

100

120

a
12

(2)

−0.315 −0.31 −0.305 −0.3 −0.295 −0.29 −0.285
0

20

40

60

80

100

120

a
21

(2)

−0.315 −0.31 −0.305 −0.3 −0.295 −0.29 −0.285
0

20

40

60

80

100

120

140

a
22

(2)

27

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 779



Table 3: Sample statistics of the Monte Carlo distributions d0 = b0 = 0.6 kept �xed and T = 100000,

N = 1750 Monte Carlo replications and estimation of the matrix Π.

π11 π12 π21 π22

Bias - 0.0005 0.0000 0.0002 0.0003

Std.Dev 0.0098 0.0041 0.0081 0.0034

Skew. -0.1072 0.0678 0.0755 -0.0877

Kurtosis 3.0452 3.0158 2.9507 2.9101

p-value JB test 0.1663 0.4993 0.3846 0.2338

a
(1)
11 a

(1)
12 a

(1)
21 a

(1)
22

Bias 0.0004 0.0000 -0.0001 0.0002

Std.Dev 0.0068 0.0038 0.0060 0.0035

Skew 0.0428 -0.0699 -0.0070 0.0829

Kurtosis 2.8821 3.0308 3.0953 3.0458

p-value JB test 0.4444 0.4578 >0.5000 0.3315

a
(2)
11 a

(2)
12 a

(2)
21 a

(2)
22

Bias 0.0002 0.0000 0.0000 -0.0001

Std.Dev 0.0054 0.0038 0.0033 0.0030

Skew 0.0202 0.0642 0.0589 0.0379

Kurtosis 2.9403 2.9068 2.8339 2.9455

p-value JB test >0.5000 0.3859 0.2123 >0.5000
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Abstract. The identification algorithms based on the associative search of 

analogs and wavelet-analysis are presented. The capabilities of identification 

algorithms based on the intelligent data analysis to predict the approach of 

process parameters to critical limits are analyzed, as well as their possible 

transition to chaotic dynamics. The knowledge base is a set of patterns 

obtained from the data analysis. The effectiveness of the techniques proposed 

is demonstrated with the example of product quality prediction in oil refining 

industry. Resource state prediction methods based on the development of a 

binary model and a machine learning techniques called association rules are 

presented 

 

Keywords: Process Identification; Knowledge Base; Associative Search 

Models; Wavelet Analysis 

1 Introduction  

One of the main conceptual streams of identification theory and its applications 

development for a long time is to reduce the uncertainty in the description of the object 

by means of an adjustable model. 

In the statistical description of uncertainty, consistent estimates of plant's 

characteristics can be obtained by analyzing the convergence of the empirical 

distribution functional with the corresponding "theoretical" values with sample size 

increase. 

The difficulties in implementing this approach, especially for nonlinear and non-

stationary objects, and, on the other hand, increased possibilities of plant history 

analysis resulted in the development of identification methods based on data mining 

[1]. 

In [2-4] the intelligent identification methods, in particular, the employment of 

additional a priori information about the object for system teaching, is outlined as a 

key trend.  

Associative search algorithms based on the design of virtual predictive models, which 

use intelligent analysis of historical process data for dynamic tuning of identification 

models, can be attributed to this type of methods [3]. The predicting model design 
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was carried out based on intelligent algorithms of nonlinear dynamic system 

identification. Those are based on inductive learning: associative search of analogues 

by intelligent analysis of system parameters archives and the knowledge base 

developement. 

The development of intelligent identification algorithms for nonlinear and unsteady-

state objects is important for various applications, in particular, for chemistry, oil 

refining, and power (smart grids) industries, trading, and transportation systems [2-

5]. 

Issues of the stability of a model built by use of the associative search are considered, 

in the aspect of the spectrum analysis of the multi-scale wavelet expansion [6]. 

Methods based on the wavelet analysis are characterized with a unique possibility to 

select ''frequency-domain windows''.  

The construction of predictive model by associative search of dynamic plant on each 

step is based on system knowledge. This approach allows to use any available a priori 

information about the plant. The criterion of input vectors choice from the archive for 

current virtual model building underlies clustering technique choice. 

Chapter 2 deals with some problems of closed-loop control plant identification 

models. Chapter 3 is devoted to a discussion of predictive models by means of 

associative search technique. A case study of this technique is presented in Chapter 4. 
Conditions of the associative model stability for a non-linear time-varying plant are 

presented in Chapter 5. Sufficient criteria of approach this plant’s dynamics to chaotic 

one are formulated in Chapter 6. Finally, in Chapter 7 the methods of manufacturing 

situation’s prediction for enterprise resources planning and scheduling are presented 

based on associative rules. 

2 Control system identification 

Consider a traditional problem of dynamic object identification. For the inputs 

meeting Gauss-Markov assumptions, the least squares parameter estimates are 

consistent, unbiased and efficient [5]. However, building closed-loop control plant 

models (for identification-based control system synthesis) faces considerable 

challenges. In a closed loop, the system state depends on control values at earlier time 

instants. Optimal controllers cause linear state feedbacks resulting in a degenerate 

problem. 

To build an informational model of control system’s dynamics in a degenerate 

case, Moore–Penrose method [7-8] can be used for getting pseudo-solutions to a linear 

system when the least-squares technique is applied. 

3 Associative search technique 

There is a variety of processes, which cannot be controlled using linear predictive 

models. Associative search technique offers [1-3] a constructive solution for nonlinear 

processes. However, such processes may feature irregularities at certain instants. In 
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engineering systems, such irregularities often demonstrate oscillating nature. The 

variability of feed properties due to feed source changes in process industries is a 

typical example. Another example is seasonal and daily load oscillations in power 

networks that affect directly the optimization of power transmission control modes. 

The ups and downs of stock market caused by various economic reasons are also well 

known. Therefore, the design of predictive models by means of associative search 

technique for such type of time-varying processes looks relevant.  

Algorithms based on knowledge revealed from process history (inductive knowledge, 

persistently enriched) implement an intelligent approach to constructing identification 

models. The intelligence is applying knowledge (Knowledge Based) revealed from 

historical data on the basis of their analysis (Data Mining). 

The process of knowledge processing in the intelligent system is reduced to recovering 

(associative search of) knowledge over its fragment. Meanwhile, the knowledge may 

be interpreted as associative connections between images. As an image, we will use 

''sets of indicators'', that is components of input vectors, input variables. 

The criterion of closeness between images may be formulated in very different 

manners. In the most general case, it may be a logic function, the predicate. In a 

particular case, when sets of indicators are vectors in n-dimensional space, the 

criterion of closeness may be a distance in this space. 

The associative search process may be implemented either as a process of recovering 

the image over partially given indicators (or recovering a knowledge fragment under 

the conditions of incomplete information; as a rule, just this process is simulated in 

different models of the associative memory), or as a process of searching another 

images that are associatively connected with the given one, respecting to other time 

instants. 

In [4] an approach to form the support of decision making on the control is proposed, 

based on dynamic modeling the associative search procedure. Results of adoption of 

the associative search algorithms developed by the authors for industrial processes of 

the chemical and petroleum manufacturing, processes of control in intelligent power 

networks (smart grids), trading processes, transport logistic processes. 

The method of the associative search consists in constructing virtual predicting 

models. The method assumes constructing predicting model of a dynamic plant, being 

new under each t, by use of a set of history data (''associations'') formed at the stage 

of learning and adaptively corrected in accordance to certain criteria, rather than 

approximating real process in the time. Within the present context, linear dynamic 

model is of the form: 

𝑦𝑁 = ∑ 𝑎𝑖𝑦𝑁−𝑖

𝑚

𝑖=1

+ ∑ ∑ 𝑏𝑗,𝑠𝑥𝑁−𝑗,𝑠

𝑆

𝑠=1

𝑟𝑠

𝑗=1

, ∀𝑗 = 1, 𝑁̅̅ ̅̅ ̅, 
(1) 

where: 𝑦𝑁 is the prediction of the plant output at the time instant 𝑁, 𝑥𝑁 is the vector 

of input actions, 𝑚 is the memory depth in the output, 𝑟𝑠 is the memory depth in the 

input, 𝑆 is the dimension of the input vectors, 𝑎𝑖 and 𝑏𝑗,𝑠 are the tuned coefficient, 

meanwhile 𝑥𝑁−𝑗,𝑠 are selected disregarding the order of the chronological decreasing, 

have been referred as the associative pulse. 
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Let us note that this model is not classical regression one: there are selected certain 

inputs in accordance to a certain criterion, rather than all chronological ''tail''. 

The algorithm of deriving the virtual model consists in constructing at each time 

instant an approximating hypersurface of the space of input vectors and single-

dimensional outputs. To construct a virtual model, corresponding to a certain time 

instant, from the archive, there are selected input vectors being in a certain sense close 

to the current input vector. An example of selecting the vectors is described below. 

The dimension of this hyper-surface is selected heuristically. Again, by use of 

classical (non-recursive) least squares (LS) method there is determined the output 

value (modeled signal) in the next time instant. Meanwhile, each point of the global 

non-linear surface of the regression is formed in the result of using linear “'local” 

models, in each new time instant. 

Unlikely to classical regression models, for each fixed time instant from the process 

history, there are selected input vectors being close to the current input vector in the 

sense of a certain criterion (rather than the chronological sequence as it is done in 

regression models). Thus, in equation (1) 𝑟𝑠 is the number of vectors from the archive 

(from the time instant 1 to the time instant 𝑁), selected in accordance to the associative 

search criterion. At each time segment [𝑁 − 1, 𝑁] there is selected a certain set of 𝑟𝑠 

vectors, 1 ≤ 𝑟𝑠 ≤ 𝑁. The criterion of selecting the input vectors from the archive to 

derive the virtual model in the given time instant over the current plant state may be 

as follows. 

Let us introduce as a distance (a norm in ℜ𝑆) between points of the S-dimensional 

space of inputs the value: 

𝑑𝑁,𝑁−𝑗 = ∑|𝑥𝑁,𝑠 − 𝑥𝑁−𝑗,𝑠|

𝑆

𝑠=1

, ∀𝑗 = 1, 𝑁̅̅ ̅̅ ̅,   (2) 

where 𝑥𝑁,𝑠 are components of the input vector at the current time instant 𝑁. 

By virtue of a property of the norm («the triangle inequality», we have: 

𝑑𝑁,𝑁−𝑗 ≤ ∑|𝑥𝑁,𝑠|

𝑆

𝑠=1

+ ∑|𝑥𝑁−𝑗,𝑠|

𝑆

𝑠=1

, ∀𝑗 = 1, 𝑁̅̅ ̅̅ ̅, (3) 

Let for the current input vector 𝑥𝑁: 

∑|𝑥𝑁,𝑠|

𝑆

𝑠=1

= 𝑑𝑁. (4) 

To derive an approximating hypersurface for the vector 𝑥𝑁 let us select from the 

archive of the input data such vectors 𝑥𝑁−𝑗, 𝑗 = 1, 𝑁̅̅ ̅̅ ̅ that for a set 𝐷𝑁 the condition 

will hold: 
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𝑑𝑁,𝑁−𝑗 ≤ 𝑑𝑁 + ∑|𝑥𝑁−𝑗,𝑠|

𝑆

𝑠=1

≤ 𝐷𝑁, ∀𝑗 = 1, 𝑁̅̅ ̅̅ ̅, (5) 

where 𝐷𝑁 may be selected, for instance, from the condition: 

𝐷𝑁 ≥ 2𝑑𝑁
𝑚𝑎𝑥 = 2 max

𝑗
∑|𝑥𝑁−𝑗,𝑠|

𝑆

𝑠=1

. (6) 

Under the assumptions that the input actions meet the Gauss-Markov conditions, the 

estimates obtained via the LS method are unbiased and statistically effective. 

4 Oil refining process modeling: a case study 

An atmospheric crude distillation process comprises of a crude preheat train, the pre-

flash column K-1, atmospheric heaters, the main atmospheric column K-2, and three 

stripping columns K-6, K-7, and K-9 for atmospheric naphtha (further stabilized and 

split into lighter and heavier streams in downstream rerun facilities), kerosene, and 

Diesel products respectively. The atmospheric residuum is further streamed to the 

vacuum distillation section. To obtain a soft sensor model for the 10% distillation 

point of the kerosene stream, the lab data for this quality were analyzed along with 

the process data from the K-2 column. The predictive model is formed by means of 

the associative search method. The process data were analyzed, and the variables 

measured both at the plant directly and in the laboratory were selected for modeling. 

Based on the preliminary data analysis, the following linear predictive model was 

developed:  

𝑇(𝑡) = ∑ 𝑏𝑖𝐹𝑖(𝑡 − 1)

4

𝑖=1

+ 𝑏5𝐹5(𝑡 − 3) + 𝑏6𝐹6(𝑡 − 5) + ∑ 𝑏𝑖𝐹𝑖(𝑡 − 7)

12

𝑖=7

,  

where 𝑇(𝑡) is the estimate of the kerosene 10% distillation point; 𝐹𝑖(𝑡 − 𝑗) are various 

process parameters, such as flows, temperatures, and pressures, measured directly at 

the plant, 𝑏1, … , 𝑏12 are model’s coefficients. 

The forecast was calculated per linear and associative models for 10,525 time steps (1 

step = 10 minutes). Figure 1 shows simulation results for the steps 𝑡 = 102, … , 301̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅.   
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Fig.1. Kerosene 10% distillation point forecast 

5 Conditions of the associative model stability in the aspect of the 

analysis of the spectrum of multi-scale wavelet expansion 

Let a predicting associative model of a non-linear time-varying plant meet equation 

(1). For the selected detail level 𝐿 for the current input vector 𝑥(𝑡), we obtain the 

multi-scale expansion [6]: 

𝑥(𝑡) = ∑ 𝑐𝐿,𝑘
𝑥 (𝑡)𝜑𝐿,𝑘(𝑡) +

𝑁

𝑘=1

∑ ∑ 𝑑𝑙,𝑘
𝑥 (𝑡)𝜓𝑙,𝑘(𝑡)

𝑁

𝑘=1

𝐿

𝑙=1

,   

   𝑦(𝑡) = ∑ 𝑐𝐿,𝑘
𝑦 (𝑡)𝜑𝐿,𝑘(𝑡)

𝑁

𝑘=1

+ ∑ ∑ 𝑑𝑙,𝑘
𝑦 (𝑡)𝜓𝑙,𝑘7(𝑡)

𝑁

𝑘=1

𝐿

𝑙=1

,   

(7) 

where: 𝐿 is the depth of the multi-scale expansion (1 ≤ 𝐿 ≤ 𝐿𝑚𝑎𝑥, where 𝐿𝑚𝑎𝑥 =

⌊log2 𝑁∗⌋ and 𝑁∗ is the power of the set of states of the system in the System 

Dynamics Knowledge Base); 𝜑𝐿,𝑘(𝑡) – are scaling functions; 𝜓𝑙,𝑘(𝑡) are the wavelet 

functions that are obtained from the mother wavelets by the tension/combustion and 

shift 

𝜓𝑙,𝑘(𝑡) = 2𝑙 2⁄ 𝜓mother(2𝑙𝑡 − 𝑘) 

(as the mother wavelets, in the present case we consider the Haar wavelets); 𝑙 is the 

level of data detailing; 𝑐𝐿,𝑘 are the scaling coefficients, 𝑑𝑙,𝑘 are the detailing 

coefficients. The coefficients are calculated by use of the Mallat [9].  

Let us expand equation (3) over wavelets: 
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∑ 𝑐𝐿𝑘
𝑦 (𝑡)𝜑𝐿𝑘(𝑡)

𝑁

𝑘=1

+ ∑ ∑ 𝑑𝑙𝑘
𝑦 (𝑡)𝜓𝑙𝑘(𝑡) =

𝑁

𝑘=1

𝐿

𝑙=1

∑ (∑ 𝑎𝑖𝑐𝐿𝑘
𝑦 (𝑡 − 𝑖)𝜑𝐿𝑘(𝑡 − 𝑖)

𝑚

𝑖=1

) +

𝑁

𝑘=1

 

+ ∑ ∑ (∑ 𝑎𝑖𝑑𝑙𝑘
𝑦 (𝑡 − 𝑖)𝜓𝑙𝑘(𝑡 − 𝑖)

𝑚

𝑖=1

)

𝑁

𝑘=1

+

𝐿

𝑙=1

∑ (∑ ∑ 𝑏𝑠𝑗𝑐𝐿𝑘
𝑠 (𝑡 − 𝑗)𝜑𝐿𝑘(𝑡 − 𝑗)

𝑟𝑠

𝑗=1

𝑆

𝑠=1

)

𝑁

𝑘=1

+ ∑ ∑ (∑ ∑ 𝑏𝑠𝑗𝑑𝑙𝑘
𝑠 (𝑡 − 𝑗)𝜓𝑙𝑘(𝑡 − 𝑗)

𝑟𝑠

𝑗=1

𝑆

𝑠=1

)

𝑁

𝑘=1

𝐿

𝑙=1

. 

Let us consider individually the detailing and approximating parts (8) and (9) 

correspondingly: 

(𝑡)𝜓𝑙𝑘(𝑡) = ∑ 𝑎𝑖𝑑𝑙𝑘
𝑦 (𝑡 − 𝑖)𝜓𝑙𝑘(𝑡 − 𝑖) +

𝑚

𝑖=1

∑ ∑ 𝑏𝑠𝑗𝑑𝑙𝑘
𝑠 (𝑡 − 𝑗)𝜓𝑙𝑘(𝑡 − 𝑗),

𝑟𝑠

𝑗=1

𝑆

𝑠=1

 (8) 

𝑐𝐿𝑘
𝑦 (𝑡)𝜑𝐿𝑘(𝑡) = ∑ �̂�𝑖𝑐𝐿𝑘

𝑦 (𝑡 − 𝑖)𝜑𝐿𝑘(𝑡 − 𝑖)

𝑚

𝑖=1

+ ∑ ∑ �̂�𝑠𝑗𝑐𝐿𝑘
𝑠 (𝑡 − 𝑗)𝜑𝐿𝑘(𝑡 − 𝑗)

𝑟𝑠

𝑗=1

.

𝑆

𝑠=1

 (9) 

In [6]  it was shown that a sufficient condition of the stability of plant (1) is as follows. 

For ∀𝑘 = 1, 𝑁̅̅ ̅̅ ̅ meeting the inequalities are to be provided: 

1. if 𝑚 > 𝑅, 𝑅 = max
𝑠=1,𝑆̅̅ ̅̅

𝑟𝑠, then the conditions for the detailing coefficients are as 

follows: 

|
𝑎1𝑑𝑙,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

2𝑑𝑙,𝑘
𝑦 (𝑡)

| < 1, 

|−
𝑎2𝑑𝑙,𝑘

𝑦 (𝑡 − 2) + ∑ 𝑏𝑠,2𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 2)𝑆

𝑠=1

𝑎1𝑑𝑙,𝑘
𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 1)𝑆
𝑠=1

| < 1, …, 

|−
𝑎𝑅+1𝑑𝑙,𝑘

𝑦 (𝑡 − 𝑅 − 1)

𝑎𝑅𝑑𝑙,𝑘
𝑦 (𝑡 − 𝑅) + ∑ 𝑏𝑠,𝑅𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 𝑅)𝑆
𝑠=1

| < 1,  

|−
𝑎𝑅+2𝑑𝑙,𝑘

𝑦 (𝑡 − 𝑅 − 2)

𝑎𝑅+1𝑑𝑙,𝑘
𝑦 (𝑡 − 𝑅 − 1)

| < 1, …, 

|−
2𝑎𝑚𝑑𝑙,𝑘

𝑦 (𝑡 − 𝑚)

𝑎𝑚−1𝑑𝑙,𝑘
𝑦 (𝑡 − 𝑚 + 1)

| < 1 

(10) 

And for the approximating coefficients the conditions are as follows: 

|
𝑎1𝑐𝐿,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

2𝑐𝐿,𝑘
𝑦 (𝑡)

| < 1, (11) 
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|−
𝑎2𝑐𝐿,𝑘

𝑦 (𝑡 − 2) + ∑ 𝑏𝑠,2𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 2)𝑆

𝑠=1

𝑎1𝑐𝐿,𝑘
𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 1)𝑆
𝑠=1

| < 1, …, 

|−
𝑎𝑅+1𝑐𝐿,𝑘

𝑦 (𝑡 − 𝑅 − 1)

𝑎𝑅𝑐𝐿,𝑘
𝑦 (𝑡 − 𝑅) + ∑ 𝑏𝑠,𝑅𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 𝑅)𝑆
𝑠=1

| < 1,  

|−
𝑎𝑅+2𝑐𝐿,𝑘

𝑦 (𝑡 − 𝑅 − 2)

𝑎𝑅+1𝑐𝐿,𝑘
𝑦 (𝑡 − 𝑅 − 1)

| < 1, …, 

|−
2𝑎𝑚𝑐𝐿,𝑘

𝑦 (𝑡 − 𝑚)

𝑎𝑚−1𝑐𝐿,𝑘
𝑦 (𝑡 − 𝑚 + 1)

| < 1; 

2. if 𝑚 < 𝑅, 𝑅 = max
𝑠=1,𝑆̅̅ ̅̅

𝑟𝑠, then the conditions for the detailing coefficients are: 

|
𝑎1𝑑𝑙,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

2𝑑𝑙𝑘
𝑦 (𝑡)

| < 1, 

|−
𝑎2𝑑𝑙,𝑘

𝑦 (𝑡 − 2) + ∑ 𝑏𝑠,2𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 2)𝑆

𝑠=1

𝑎1𝑑𝑙,𝑘
𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 1)𝑆
𝑠=1

| < 1, …, 

|−
∑ 𝑏𝑠,𝑚+1𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 𝑚 − 1)𝑆
𝑠=1

𝑎𝑚𝑑𝑙,𝑘
𝑦 (𝑡 − 𝑚) + ∑ 𝑏𝑠,𝑚𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 𝑚)𝑆
𝑠=1

| < 1, 

|−
∑ 𝑏𝑠,𝑚+2𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 𝑚 − 2)𝑆
𝑠=1

∑ 𝑏𝑠,𝑚+1𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 𝑚 − 1)𝑆

𝑠=1

| < 1, …, 

|−
2 ∑ 𝑏𝑠,𝑅𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 𝑅)𝑆
𝑠=1

∑ 𝑏𝑠,𝑅−1𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 𝑅 + 1)𝑆

𝑠=1

| < 1 

 

For the approximating coefficients the conditions are as follows: 

|
𝑎1𝑐𝐿,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

2𝑐𝐿,𝑘
𝑦 (𝑡)

| < 1,  

|−
𝑎2𝑐𝐿,𝑘

𝑦 (𝑡 − 2) + ∑ 𝑏𝑠,2𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 2)𝑆

𝑠=1

𝑎1𝑐𝐿,𝑘
𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 1)𝑆
𝑠=1

| < 1, …,  

|−
∑ 𝑏𝑠,𝑚+1𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 𝑚 − 1)𝑆
𝑠=1

𝑎𝑚𝑐𝐿,𝑘
𝑦 (𝑡 − 𝑚) + ∑ 𝑏𝑠,𝑚𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 𝑚)𝑆
𝑠=1

| < 1, 

|−
∑ 𝑏𝑠,𝑚+2𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 𝑚 − 2)𝑆
𝑠=1

∑ 𝑏𝑠,𝑚+1𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 𝑚 − 1)𝑆

𝑠=1

| < 1, … , |−
2 ∑ 𝑏𝑠,𝑅𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 𝑅)𝑆
𝑠=1

∑ 𝑏𝑠,𝑅−1𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 𝑅 + 1)𝑆

𝑠=1

| < 1; 

  (12) 
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3. if 𝑚 = 𝑅 ≠ 1, 𝑅 = max
𝑠=1,𝑆̅̅ ̅̅

𝑟𝑠, then the conditions of the stability for the detailing 

coefficients are as follows: 

|
𝑎1𝑑𝑙,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

2𝑑𝑙,𝑘
𝑦 (𝑡)

| < 1, 

|−
𝑎2𝑑𝑙,𝑘

𝑦 (𝑡 − 2) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 2)𝑆

𝑠=1

𝑎1𝑑𝑙,𝑘
𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 1)𝑆
𝑠=1

| < 1, …,                   (13)  

|−
2[𝑎𝑚𝑑𝑙,𝑘

𝑦 (𝑡 − 𝑚) + ∑ 𝑏𝑠,𝑚𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 𝑚)𝑆

𝑠=1 ]

𝑎𝑚−1𝑑𝑙,𝑘
𝑦 (𝑡 − 𝑚 + 1) + ∑ 𝑏𝑠,𝑚−1𝑑𝑙,𝑘

𝑥𝑠 (𝑡 − 𝑚 + 1)𝑆
𝑠=1

| < 1           

And for the approximating coefficients the conditions are as follows: 

|
𝑎1𝑐𝐿,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

2𝑐𝐿,𝑘
𝑦 (𝑡)

| < 1, 

|−
𝑎2𝑐𝐿,𝑘

𝑦 (𝑡 − 2) + ∑ 𝑏𝑠,2𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 2)𝑆

𝑠=1

𝑎1𝑐𝐿,𝑘
𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 1)𝑆
𝑠=1

| < 1, …,                          (14) 

|−
2[𝑎𝑚𝑐𝐿,𝑘

𝑦 (𝑡 − 𝑚) + ∑ �̂�𝑠,𝑚𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 𝑚)𝑆

𝑠=1 ]

𝑎𝑚−1𝑐𝐿,𝑘
𝑦 (𝑡 − 𝑚 + 1) + ∑ �̂�𝑠,𝑚−1𝑐𝐿,𝑘

𝑥𝑠 (𝑡 − 𝑚 + 1)𝑆
𝑠=1

| < 1; 

4. if 𝑚 = 𝑅 = 1, 𝑅 = max
𝑠=1,𝑆̅̅ ̅̅

𝑟𝑠, then the condition of the stability for the detailing 

coefficients is: 

|
𝑎1𝑑𝑙,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑑𝑙,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

𝑑𝑙,𝑘
𝑦 (𝑡)

| < 1 (15) 

for the approximating coefficients the condition is: 

|
𝑎1𝑐𝐿,𝑘

𝑦 (𝑡 − 1) + ∑ 𝑏𝑠,1𝑐𝐿,𝑘
𝑥𝑠 (𝑡 − 1)𝑆

𝑠=1

𝑐𝐿,𝑘
𝑦 (𝑡)

| < 1. (16) 

6 Predicting transfer to the chaos 

The chaotic system dynamics is characterized by considerable dependence on initial 

conditions, when as close as needed at the initial time instant trajectories during 

certain time are diverge by a finite distance. The main characteristics of the chaotic 

behavior is the speed of divergence of the trajectories defined by the senior Lyapunov 

exponent, whose value characterizes the degree of non-stability, or the degree of the 

sensitivity to the initial data. For a linear system with a constant matrix, the senior 
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Lyapunov exponent is 𝜒1 = max Re𝜆𝑖, where 𝜆𝑖 are the eigenvalues of the system 

matrix. In other words, |𝜒1| coincides with the conventional degree of the system 

stability [10]. 

Thus, conditions (10), (11) are a sufficient condition of the chaotic dynamics 

prediction, what is a key condition under implementing phase transfers of 

technological processes under study.  

7 Prediction of Manufacturing Situations 

Optimal routine enterprise resources planning and scheduling is currently based on 

detailed mathematical models of production processes [11]. Rescheduling requires 

model update subject to the current production information. 

Present-day industrial sites feature interrelated multi-variable production processes 

and sophisticated material flow networks; scheduling at such sites poses nonlinear 

NP-hard optimization problems.  

The state of manufacturing resources should be nevertheless assessed and predicted 

both to improve control agility and to foresee the situations where schedule execution 

becomes problematic or impossible. Such situations will be further referred to as 

incidents. 

It may make sense to develop intelligent predictive models describing the overall 

current state of resources employed to execute all production operations of a specific 

production process. 

The term “production resources” will hereinafter mean the following:   

 input flows characterized by formal properties dependent on production specificity 

 production equipment   𝑑𝑖𝑗,  𝑖 = 1, … , 𝑁; 𝑗 = 1, … , 𝑀  

      and other facilities used for performing the j-th operation; 

 human resources   ℎ𝑖𝑗,  𝑖 = 1, … , 𝐻; 𝑗 = 1, … , 𝑀  

      involved in the j-th  operation; 

 other factors:      𝑓𝑖𝑗,  𝑘 = 1, … , 𝑁; 𝑗 = 1, … , 𝑀  

affecting the j-th operation such as energy resources and a variety of formal indices 

and factors related with the production process.  

Production resources may be described differently.   

1. Some have qualitative characteristics which take on specific values that may be 

checked against norms at any moment. 

2. The state of others such as certain equipment pieces, may be exclusively either 

“working” or “not working”. Remaining life time may be known or not for such 

resources. The process historian may however keep failure statistics for a specific 

equipment piece; maintenance downtime statistics may be also available for a 

specific piece or similar kind of equipment. 

3. One more resource type (including human resources) is not subject to 

maintenance. In case of outage, such resources should be immediately replaced 

from the backlog. The replacement process is typically fast; therefore, no values 

other than 1 (OK) and 0 (not OK) should be assigned to such resource.  
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Assume a model of a specific manufacturing situation as a dynamic schedule 

fragment comprises the following components:  

𝑟𝑖𝑗(𝑡) = {< С1 >< С2 >< С3 >< С4 >< С5}𝑖𝑗𝑡,                   (17) 

where: 

< С1 >≝< 𝑖𝑗𝑡 > is a resource identifier including the resource number, the operation 

number and the time stamp (the number of characteristics may be increased).  

Other components of the resource state vector at the time moment 𝑡 may be 

represented by a binary code. 

< С2 > is the code of the numerical value of a state variable; this code is different for 

each of the above-listed resource types. < С3 >, < С4 >, and < С5 > will be 

discussed further.  

Consider the resources whose state may be described by some quantitative 

characteristic, such as inlet flowrate or temperature for chemical processes or an 

average equipment failure number. For a specific resource, we assume that the 

characteristic if its state possesses the values on the half-interval [0; 1) (this half-

interval was chosen as an example for simplicity, the results can be easily spread to 

any other one). This half-interval can be represented as the union [0; 0.5 )∪[0.5; 1). 

We will further correspond the symbols {0; 1} to the left and right half-intervals 

respectively, namely, 0 to the left half-interval, and 1 to the right one.  

Each of the two subintervals can be further split in the same way, and, again, the 

values 0 and 1 can be assigned to the left and the right parts respectively.  

In that way, a finite chain of symbols from {0; 1} has a one-to-one correspondence 

with a half-interval embedded in  [0; 1). For a binary partition a chain of n symbols 

corresponds to a half-interval with the length 
1

2𝑛. 

This way, for each value of a numerical characteristic at the current time moment we 

obtain a code of zeros and ones. The number of positions, as we show further, will 

determine the accuracy of prediction. For the resources from the categories 2 and 3, 

the respective codes will have the same value in all positions (either 1 or 0). < С3 > 

is the code of the time before the maintenance end. If a resource is available and 

operated, the respective code consists of ones. < С4 > is the code of the time before 

the equipment piece fails with the probability close to 1 (remaining life).  

In the scheduling practice, this time is not less than the operating time. However, 

resource replacement just during the operation may be sometimes more cost-effective. 

Moreover, the equipment piece may fail unexpectedly. For resource types from 

categories 1 and 3, < С4 > has ones in all positions.  

< С5 > is the time before the scheduled end of the operation. In real-life 

manufacturing situations, time may be wasted (with the need in schedule update) for 

the reasons neither stipulated in the production model nor caused by equipment 

failures. 

 Generally, it is hardly possible to formalize all such causes of schedule disruption. 

Therefore, their consolidation as the “remaining plan execution time” is a way to allow 

for these hidden factors in the production state model. 

For the developed binary chain, a forecast may be obtained using data mining 

techniques. It makes sense to apply the methods named association rules search.  

[12]. A forecast of a state described by a binary chain with an identifier can be 

obtained by revealing the most probable combination of two binary sets of values at 
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a fixed time instant and at the next instant (a one-step forecast). A more distant 

prediction horizon is also possible. 

8 Conclusions 

The predicting identification models built and tuned on the basis of the intelligent data 

analysis, algorithms of the associative search, have been analyzed. The associative 

search is implemented by use of the inductive technological knowledge.  

The algorithms may be successfully applied to identify non-linear time-varying 

processes. For these purposes, the multiscale wavelet-expansion is used. On the basis 

of investigating the dynamics of the coefficients of this expansion, one may predict 

the approach of process parameters to steady limits. Sufficient conditions of the 

stability and chaos appearance have been obtained. Examples of using the results 

obtained to investigate processes of oil refining have been presented, and the benefits 

of associative search models over linear recurrent models are demonstrated. 
This work was supported by the Russian Foundation for Basic Research (Project No. 17-07-

00235 A) 
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. 

 
Before using formal models, one should make sure that they reasonably capture the dynamic 

relationships between variables and sectors. In this regard, existing global modeling 

platforms tend to have an oversimplified representation of the Saudi Arabian economy. 

Given their coverage and specification these models may not provide policymakers with 

confidence in their results and detailed insights necessary.  

The KAPSARC Global Energy Macroeconometric Model (KGEMM) is constructed and 

tested specifically for the KSA. It is designed to address the following issues: 

(a) Analyze the effects of different policy choices, such as energy price and fiscal policy 

changes, on the economy. 
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(b) Assess the effects of the Saudi Vision 2030 initiatives and evaluate its targets. 

(c) Link Saudi Arabia’s macroeconomic-energy environment with the global 

economy/energy markets. 

KGEMM is a time-series structural energy-macroeconometric model representing the 

economy using eight inter-related blocks (Real, Energy, Price, Fiscal, Monetary, External, 

Wage and Labor Market, Population and Age Cohort). The model contains nearly 320 

behavioral equations and identities, and about 700 time series variables, over the period 

1980 – 2017. KGEMM has been built following the LSE tradition testing for stationarity, 

(vector) equilibrium correction mechanisms, forms of exogeneity, and structural change. 

Autometrics (2013) was used in model/equation selection to follow a consistent approach. 

When making projections, the model attempts to employ recent developments in the theory 

of forecasting. 

Vision 2030 for the Kingdom of Saudi Arabia is a National Transformation Program. Two 

critical parts of the Vision focus on fiscal balance issues and domestic energy consumption. 

An important component involves ending energy subsidies. As Saudi Vision 2030, 

particularly Fiscal Balance Program, outlined, the domestic energy prices increase (or 

subsidy cut) is one of the key elements for the KSA economic transformation in terms of 

both obtaining higher revenues for the government budget and making economic agents 

more efficient in their energy use.  

In this study, we simulate KGEMM to project and analyze the effects of alternative energy 

reform ending subsidies raising domestic energy prices in the KSA from 2018-2025. We 

focus particularly on their impact on crude oil and products consumption and key 

macroeconomic indicators such as: GDP, Non-oil GDP, inflation, and net government 

budget revenues. The simulations show that energy prices increases have significant effects 

on the macroeconomic-energy environment of KSA. Our findings provide useful 

information for policymakers considering alternative development paths to meet the 

objectives of Vision 2030.  
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Yield Curve Modeling with Macro Factors 

An Implementation of the Kim Filter in a Two-Economy Markov 

Regime Switching State-Space Model 

András Bebes, Dávid Tran, László Bebesi 

Abstract.  We present a two-economy yield curve model with macro factors. We 

assume two distinct economic regimes and use a Markov regime switching state-

space model to create a 5-year forecast for the Hungarian and Euro area factors. 

A rotated dynamic Nelson-Siegel model is used for yield curve modeling, we 

apply Gibbs sampling for parameter estimation and implement the Kim filter to 

determine the factor values. 

Keywords: Yield Curve Modeling, Dynamic Nelson-Siegel Model, Markov 

Regime Switching, Gibbs Sampling 

1 Introduction  

In this paper we construct a Markov regime switching state-space model. We use this 

model to simultaneously forecast the Hungarian and the Euro area term structures of 

interest rates as well as some macroeconomic and financial factors, namely the Hun-

garian and Euro area inflation (CPI) rates, the Hungarian credit default swap (CDS) 

curve and the EUR/HUF exchange rate. The two yield curves and the macro factors are 

adequate for modeling the future cash-flows of outstanding government debt securities 

as well as instruments to be issued in the future by the Hungarian state. Forecasting 

cash-flows allows the debt manager to optimize the debt portfolio and conduct various 

scenario analyses. 

The scope of this study extends to the model specification, parameter estimation and 

examination of the forecasted yield curves and macro-financial factors. Pricing the out-

standing and future debt instruments as well as portfolio optimization is outside the 

scope of this paper. 

Modeling and forecasting the term structure of interest rates (yield curve) is a well-

researched topic. The most popular class of models used in empirical applications are 

variants of the Nelson-Siegel [1] model. A dynamic extension of the original static 

model was proposed by Diebold and Rudebusch [2]. We model the yield curve using a 

rotated dynamic Nelson-Siegel Model following the work of Nyholm [3].  

State-space models are useful for modeling dynamic linear systems driven by unob-

servable parameters. These parameters can be estimated using the Kalman filter [4]. In 

practice, however, economic applications often exhibit nonlinearity. Hamilton [5] was 

the first to apply Markov regime switching models to economic problems with the pur-

pose of dealing with time varying parameters. The unobservable parameters of Markov 
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regime switching models can be estimated using an extension of the Kalman filter by 

Kim [6]. Our work follows Kim and Nelson [7] in using Gibbs sampling for parameter 

estimation and the Kim filter for determining the factor values. 

Using a regime switching model is easily justified by economic considerations. Eco-

nomic cycles are prevalent and can be separated into longer periods of growth (expan-

sion) and shorter crisis periods of contraction (recession). These two distinct empirical 

situations allow for a meaningful application of time varying parameters. The steady 

state values (long-run expectations) determining the factors, the transition matrix and 

the error terms are all different based on the given regime. The heteroscedasticity of the 

error terms of the transition equation driving the factors can be handled using a different 

covariance matrix for every state. 

Using a two-economy model with additional macro factors is also necessary as the 

Hungarian debt portfolio includes foreign currency denominated bonds as well as in-

flation-linked securities. Although the portfolio includes securities denominated in sev-

eral currencies, the entire foreign currency exposure is only Euro denominated due to 

cross-currency swaps.  

We can also model the dynamics between a small open economy (Hungary) and a 

large economy (the Euro area). Our model allows factor dynamics to be specified in a 

way that the Euro area factors can influence the Hungarian factors but not vice versa. 

The structure of this paper is as follows: Section 2 deals with the specification of the 

used Markov regime switching model. Section 3 gives an overview of the process of 

parameter estimation. Section 4 introduces the data used for fitting the model. Section 

5 gives an analysis of the forecast results. Section 6 concludes. 

2 The Markov Regime Switching State-Space Model 

In this section we construct a Markov regime switching state-space model that can be 

used to model the entirety of the Hungarian government debt portfolio and explore the 

relationship between the examined factors in a coherent and realistic way. 

We use a 3-Factor Nelson-Siegel Model to estimate the HUF yield curve, while we 

assume that the Hungarian Euro yield curve at a specific maturity 𝜏 is the sum of the 

risk-free Euro yield curve and the Hungarian Credit Default Swap curve at maturity 𝜏. 

We use a 3-Factor Nelson-Siegel Model to estimate the risk-free Euro yield curve.  

Following Nyholm [3] we rotate the level and slope factors of the Nelson-Siegel 

Model to get a more transparent structure for our factors. Thus our level parameter 

reflects the level of the short-term rate, and the slope factor is positive in case of a 

normal (upward sloping) yield curve. In accordance with our assumptions the HUF 

(𝑦𝑡,𝐻(𝜏)) and the risk-free Euro (𝑦𝑡,𝐸(𝜏)) yield curve at time 𝑡 and maturity 𝜏 is given 

by 

𝑦𝑡,𝐻(𝜏) = 𝐿𝑡,𝐻 + 𝑆𝑡,𝐻 (1 −
1−𝑒

−𝜏
𝜆𝑡,𝐻

⁄

𝜏
𝜆𝑡,𝐻

⁄
) + 𝐶𝑡,𝐻 (

1−𝑒
−𝜏

𝜆𝑡,𝐻
⁄

𝜏
𝜆𝑡,𝐻

⁄
− 𝑒

−𝜏
𝜆𝑡,𝐻

⁄
) + 𝜀𝜏,𝐻 , (1) 
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𝑦𝑡,𝐸(𝜏) = 𝐿𝑡,𝐸 + 𝑆𝑡,𝐸 (1 −
1−𝑒

−𝜏
𝜆𝑡,𝐸

⁄

𝜏
𝜆𝑡,𝐸

⁄
) + 𝐶𝑡,𝐸 (

1−𝑒
−𝜏

𝜆𝑡,𝐸
⁄

𝜏
𝜆𝑡,𝐸

⁄
− 𝑒

−𝜏
𝜆𝑡,𝐸

⁄
) + 𝜀𝜏,𝐸 , (2) 

where 𝜀𝜏,𝐻~𝑁(0, 𝜎𝜏,𝐻
2 ) and 𝜀𝜏,𝐸~𝑁(0, 𝜎𝜏,𝐸

2 ), 𝑡 = 1, … , 𝑛. One can easily see that 

lim
𝜏→0

𝑦𝑡,𝑘(𝜏) = 𝐿𝑡,𝑘  and lim
𝜏→∞

𝑦𝑡,𝑘(𝜏) = 𝐿𝑡,𝑘 + 𝑆𝑡,𝑘  for 𝑘 ∈ {𝐻, 𝐸} . The curvature factor 

remains unchanged. 

To avoid negative CDS prices we model the natural logarithm of the CDS curve with 

a 2-Factor Nelson-Siegel Model. The Hungarian CDS curve (𝑦𝑡,𝐶𝐷𝑆(𝜏)) at time 𝑡 and 

maturity 𝜏 is given by 

log (𝑦𝑡,𝐶𝐷𝑆(𝜏)) = 𝐿𝑡,𝐶𝐷𝑆 + 𝑆𝑡,𝐶𝐷𝑆 (
1−𝑒

−𝜏
𝜆𝑡,𝐶𝐷𝑆

⁄

𝜏
𝜆𝑡,𝐶𝐷𝑆

⁄
) + 𝜀𝜏,𝐶𝐷𝑆, (3) 

where 𝜀𝜏,𝐶𝐷𝑆~𝑁(0, 𝜎𝜏,𝐶𝐷𝑆
2 ), 𝑡 = 1, … , 𝑛. 

Given our expectations of the system we also incorporate the Hungarian and Euro-

zone inflation rates as well as the EUR/HUF exchange rate into our model. The latter 

is required to enable us to convert forecasted Euro cash-flows into a HUF basis. We 

observe the macro factors present in our model with measurement error, thus 

𝑚𝑎𝑐𝑡,𝑗 = 𝑚𝑎�̂�𝑡,𝑗 + 𝜀𝑚𝑎𝑐𝑗
,  (4) 

where 𝜀𝑚𝑎𝑐𝑗
~𝑁(0, 𝜎𝑗,𝑚𝑎𝑐

2 ), 𝑗 ∈ {𝑐𝑝𝑖ℎ𝑢𝑛 , 𝑐𝑝𝑖𝑒𝑢 , 𝑒𝑢𝑟 ℎ𝑢𝑓⁄ }. Given equations (1)-(4) 

we have a total of 11 factors. 

Let 𝑌𝑡 = [𝑦𝑡,𝐻 , 𝑦𝑡,𝐸 , 𝑚𝑎𝑐𝑡,𝑐𝑝𝑖ℎ𝑢𝑛
, 𝑚𝑎𝑐𝑡,cpi𝑒𝑢

, ∆ log(𝑚𝑎𝑐𝑡,𝑒𝑢𝑟 ℎ𝑢𝑓⁄ ) , log(𝑦𝑡,𝐶𝐷𝑆)]
′

 be 

the vector of our observations1 while 𝑋𝑡 = [𝐿𝑡,𝐻 , 𝑆𝑡,𝐻 , 𝐶𝑡,𝐻 , 𝐿𝑡,𝐸 , 𝑆𝑡,𝐸 , 𝐶𝑡,𝐸 , 𝑚𝑎𝑐𝑡 , 𝐿𝑡,𝐶𝐷𝑆,

𝑆𝑡,𝐶𝐷𝑆] is the vector of unobserved state variables i.e. the factors at time 𝑡 (𝑡 = 1, … , 𝑛). 

Let 𝑆𝑡  denote an unobserved, discrete-valued 2-state Markov-switching variable 

(𝑆𝑡 ∈ {1,2}) reflecting our prior assumption that the economy switches between two 

distinct regimes. The first regime (normal regime) represents economic stability and 

growth, while the second one (crisis regime) is connected to a more turbulent crisis 

situation. 

The transition probabilities of the 2-state Markov process are given by 

𝑃 = (
𝑝11 𝑝12

𝑝21 𝑝22
),  (5) 

where 𝑝𝑖𝑗 = 𝑃𝑟(𝑆𝑡 = 𝑗|𝑆𝑡 = 𝑖) and 𝑝𝑖1 + 𝑝𝑖2 = 1 for all 𝑖 ∈ {1,2}. 

The state-space representation of our dynamic linear model at time 𝑡 can be written 

as: 

𝑌𝑡 = 𝐻𝑡𝑋𝑡
′ + 𝜃𝑡 ,  (6) 

                                                           
1  Both 𝑦𝑡,𝐻  and 𝑦𝑡,𝐸  contain maturities for 𝜏 ∈ {1𝑀, 2𝑀, 3𝑀, 6𝑀, 9𝑀, 12𝑀, 2𝑌, 3𝑌, 4𝑌, 5𝑌,

7𝑌, 10𝑌, 12𝑌}, while 𝑦𝑡,𝐶𝐷𝑆 contains maturities for 𝜏 ∈ {6𝑀, 12𝑀, 2𝑌, 3𝑌, 4𝑌, 5𝑌, 7𝑌, 10𝑌}. 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 800



𝑋𝑡+1 = 𝜇𝑆𝑡
+ 𝑋𝑡𝐹𝑆𝑡

+ 𝜀𝑡,  (7) 

[
𝜃𝑡

𝜀𝑡
′ ] ~𝑁 (0, (

𝑅𝑆𝑡
0

0 𝑄𝑆𝑡

))  (8) 

with 𝑡 = 1, … , 𝑛. The measurement equation (6) describes the relation between the data 

and our factors, where 𝑌𝑡 , 𝜃𝑡 are 𝑚 × 1 vectors, 𝑋𝑡 , 𝜀𝑡 are 1 × 𝑓𝑛 vectors, 𝑚 determines 

the dimension of the measurement variables, while 𝑓𝑛 accounts for the number of fac-

tors in the model2. 𝐻𝑡  is an 𝑚 × 𝑓𝑛 matrix that links the observed variables to the un-

observed factors at time 𝑡, mainly containing the factor-loadings of equations (1)-(3). 

𝐻𝑡  does not depend on the Markov variable 𝑆𝑡, it is only dependent on the time-decay 

parameters, 𝜆𝑡,𝑘 𝑘 ∈ {𝐻, 𝐸, 𝐶𝐷𝑆}.  

The transition equation (7) describes the dynamics of the state variables at time 𝑡, 

where 𝐹𝑆𝑡
 (𝑓𝑛 × 𝑓𝑛) is the transition matrix describing the evolution of our factors, while 

𝜇𝑆𝑡
 represents the drift component in the transition equation, both are dependent on the 

Markov-switching variable 𝑆𝑡 . 𝑅 and 𝑄 are covariance matrices with appropriate di-

mensions. The (𝑖, 𝑗)-th element of the parameters dependent on 𝑆𝑡 can be described by 

the equation 

𝑓𝑖,𝑗,𝑆𝑡

𝑘 = 𝑓𝑖,𝑗,1
𝑘 𝑆1𝑡 + 𝑓𝑖,𝑗,2

𝑘 𝑆2𝑡 ,  (9) 

where 𝑘 denotes the chosen parameter (𝑘 ∈ {𝜇, 𝐹, 𝑅, 𝑄}), with 𝑆𝑙𝑡 = 1 if 𝑆𝑡 = 𝑙, and 

𝑆𝑙𝑡 = 0 otherwise for 𝑙 ∈ {1,2}.  

Let 𝐶 be the vector of the steady state factor values, given by 𝐶𝑆𝑡
= 𝜇𝑆𝑡

(𝐼𝑓𝑛
− 𝐹𝑆𝑡

)
−1

, 

where 𝐼𝑓𝑛
 is the identity matrix with dimensions (𝑓𝑛 × 𝑓𝑛). Extracting it from equation 

(7) and denoting 𝑋𝑡
∗ = 𝑋𝑡 − 𝐶𝑆𝑡

 we get 𝑋𝑡
∗ = 𝑋𝑡

∗𝐹𝑆𝑡
+ 𝜀𝑡, which we can use to generate 

samples for 𝐶 in each step of the Gibbs sampler from the posterior distribution sug-

gested by Villani [8], and thus we can replace 𝜇 from our parameter set. Considering 

that the factors are easy to interpret in econometrics, the steady state values hold valu-

able information. While an analyst does not necessarily have expectations for a given 

element of the drift parameter 𝜇, they may have one for the Eurozone CPI. 

We have two additional restrictions based on our assumptions. First,  𝑅𝑆𝑡
 is diagonal, 

thus at every time 𝑡 (𝑡 = 1, … , 𝑛) the estimation error in our yield curve points and the 

measurement errors in the macro factors are uncorrelated. Second, we assume that the 

foreign factors can influence the domestic ones but not vice versa.  

3 Parameter Estimation 

This section deals with the problem of estimating the parameters of the system de-

scribed in Section 2. We call the parameters 𝐻, 𝑅, 𝐶, 𝐹 and 𝑄 the model’s hyperparam-

eters, while the entirety of our parameter space is denoted by Θ ∈

                                                           
2  The index in 𝑓𝑛 is in no connection with the count of the observations; 𝑛. 
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{𝐻𝑗 , 𝐹𝑖, 𝐶𝑖 , 𝑄𝑖 , 𝑅𝑖, Ρ𝑟, 𝑆𝑗} (𝑖 ∈ {1, 2 }, 𝑗 ∈ (1, … , 𝑛 )). To estimate the values of the fac-

tors we turn to the work of Kim [6], while for the random number generation of the 

models hyperparameters we use the distribution suggested by Villani [8] and Sugita [9] 

within the framework of a Gibbs sampler.  

3.1 Kim Filter 

The Kim filter is an extension of the Kalman filter [4] which gives a solution to the 

parameter estimation problem of general dynamic linear models with a Markov-switch-

ing parameter put in a state-space representation form. 

Suppose that the hyperparameters of the model defined in Section 2 are known. Let 

ℱ𝑡 be the information available at time 𝑡. As defined in the Kalman filter the goal is to 

forecast 𝑋𝑡 based on information available at time 𝑡 − 1. Let 

𝑋𝑡|𝑡−1
(𝑖,𝑗)

= 𝐸(𝑋𝑡|ℱ𝑡−1, 𝑆𝑡 = 𝑗, 𝑆𝑡−1 = 𝑖)  (10) 

be the conditional expectation of 𝑋𝑡 based on ℱ𝑡−1 and 𝑆𝑡 = 𝑗, 𝑆𝑡−1 = 𝑖, and 

𝑃𝑡|𝑡−1
(𝑖,𝑗)

= 𝐸 ((𝑋𝑡 − 𝑋𝑡|𝑡−1
(𝑖,𝑗)

)
′

(𝑋𝑡 − 𝑋𝑡|𝑡−1
(𝑖,𝑗)

) |ℱ𝑡−1, 𝑆𝑡 = 𝑗, 𝑆𝑡−1 = 𝑖) (11) 

the mean squared error of the forecast. Then, conditional on 𝑆𝑡 = 𝑗, 𝑆𝑡−1 = 𝑖 at time 𝑡, 

the following 7 equations define the Kalman filter algorithm; the first 4 define the phase 

of prediction, the last 2 the phase of updating, while the fifth defines the Kalman gain: 

𝑋𝑡|𝑡−1
(𝑖,𝑗)

= 𝜇𝑗 + 𝑋𝑡−1|𝑡−1
(𝑖)

𝐹𝑗,  (12) 

𝑃𝑡|𝑡−1
(𝑖,𝑗)

= 𝐹𝑗
′𝑃𝑡−1|𝑡−1

(𝑖)
𝐹𝑗 + 𝑄𝑗 ,  (13) 

𝜂𝑡|𝑡−1
(𝑖,𝑗)

= 𝑌𝑡 − 𝐻𝑡 (𝑋𝑡|𝑡−1
(𝑖,𝑗)

)
′

,  (14) 

𝑓𝑡|𝑡−1
(𝑖,𝑗)

= 𝐻𝑡𝑃𝑡|𝑡−1
(𝑖,𝑗)

𝐻𝑡
′ + 𝑅𝑗,  (15) 

𝐾𝑡
(𝑖,𝑗)

= 𝑃𝑡|𝑡−1
(𝑖,𝑗)

𝐻𝑡
′ (𝑓𝑡|𝑡−1

(𝑖,𝑗)
)

−1

,  (16) 

𝑋𝑡|𝑡
(𝑖,𝑗)

= 𝑋𝑡|𝑡−1
(𝑖,𝑗)

+ (𝐾𝑡
(𝑖,𝑗)

(𝜂𝑡|𝑡−1
(𝑖,𝑗)

)
′

)
′

,  (17) 

𝑃𝑡|𝑡
(𝑖,𝑗)

= (𝐼𝑓𝑛
− 𝐾𝑡

(𝑖,𝑗)
𝐻𝑡) 𝑃𝑡|𝑡−1

(𝑖,𝑗)
.  (18) 

𝑋𝑡|𝑡
(𝑖)

= 𝐸(𝑋𝑡|ℱ𝑡 , 𝑆𝑡 = 𝑖) is the conditional expectation of 𝑋𝑡  based on ℱ𝑡  and 𝑆𝑡 = 𝑖, 

while 𝑃𝑡|𝑡
(𝑖)

= 𝐸 ((𝑋𝑡 − 𝑋𝑡|𝑡
(𝑖)

)
′
(𝑋𝑡 − 𝑋𝑡|𝑡

(𝑖)
)|ℱ𝑡 , 𝑆𝑡 = 𝑖) is the mean squared error of 𝑋𝑡 

conditional on ℱ𝑡  and 𝑆𝑡 = 𝑖 . 𝜂𝑡|𝑡−1
(𝑖,𝑗)

 is the conditional forecast error of 𝑌𝑡  based on 

ℱ𝑡−1 and 𝑆𝑡−1 = 𝑖, 𝑆𝑡 = 𝑗, while 𝑓𝑡|𝑡−1
(𝑖,𝑗)

 is the conditional covariance of 𝜂𝑡|𝑡−1
(𝑖,𝑗)

. 
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Assuming that 𝑋𝑡 is stationary, the unconditional mean and covariance matrix and 

the steady state probabilities can be used to start the filter. 

To handle the increase in the number of cases at each iteration caused by the different 

states, Kim suggests the following equations to collapse the terms 𝑋𝑡|𝑡
(𝑖,𝑗)

 and 𝑃𝑡|𝑡
(𝑖,𝑗)

 to 

𝑋𝑡|𝑡
(𝑗)

 and 𝑃𝑡|𝑡
(𝑗)

 respectively 

𝑋𝑡|𝑡
(𝑗)

=
∑ Pr(𝑆𝑡 = 𝑗, 𝑆𝑡−1 = 𝑖|ℱ𝑡)𝑋𝑡|𝑡

(𝑖,𝑗)𝑀
𝑖=1

Ρr(𝑆𝑡 = 𝑗|ℱ𝑡)
,  (19) 

𝑃𝑡|𝑡
(𝑗)

=
∑ Ρr(𝑆𝑡 = 𝑗, 𝑆𝑡−1 = 𝑖|ℱ𝑡)(𝑃𝑡|𝑡

(𝑖,𝑗)
+(𝑋𝑡|𝑡

(𝑗)
−𝑋𝑡|𝑡

(𝑖,𝑗)
)

′
(𝑋𝑡|𝑡

(𝑗)
−𝑋𝑡|𝑡

(𝑖,𝑗)
))𝑀

𝑖=1

Ρr(𝑆𝑡 = 𝑗|ℱ𝑡)
. (20) 

Using these approximations, the problem becomes feasible. To approximate the prob-

ability terms in equations (19) and (20) one can use the Hamilton filter suggested by 

Kim and Nelson [7], thus making the filter complete. 

3.2 Estimation of The Model Hyperparameters 

With the assumption that 𝐻, 𝑅, 𝐶, 𝐹 and 𝑄 parameters are known for both regimes, the 

Kim filter is applicable to estimate the values of 𝑋𝑡, and the 𝑃(𝑆𝑡 = 𝑗|ℱ𝑡) probabilities, 

while 𝑆𝑡 can be acquired through random number generation for all 𝑡 = 1, … , 𝑛. For the 

estimation of parameters 𝑅, 𝐶, 𝐹 and 𝑄 for a given 𝑋 we use Gibbs sampling.  

Assuming that 𝑣𝑒𝑐(𝐹𝑝𝑟𝑖𝑜𝑟) is multidimensional normal with 𝑣𝑒𝑐(𝐹0) mean and 𝑉0 

covariance matrix, while 𝑄𝑝𝑟𝑖𝑜𝑟  is inverse-Wishart with 𝑄0  scale matrix and 𝑛0  de-

grees of freedom, Sugita [9] has shown that 

𝑣𝑒𝑐(𝐹𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟)|𝑄, 𝑌~𝑁(𝑣𝑒𝑐(𝐹∗), 𝑉),  (21) 

𝑄𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟|𝐹, 𝑌~𝐼𝑊(𝑄∗, 𝑛∗),  (22) 

with 𝑉 = (𝑉0
−1 + 𝑄−1⨂(𝑋′𝑋))

−1
and 𝑣𝑒𝑐(𝐹∗) = 𝑉(𝑉0

−1𝑣𝑒𝑐(𝐹0) +

(𝑄−1⨂𝐼𝑚)−1𝑣𝑒𝑐(𝑋′𝑌)), while 𝑄∗ = (𝑌 − 𝑋𝐹)′(𝑌 − 𝑋𝐹) + 𝑄0 , 𝑛∗ = 𝑛 + 𝑛0 , where 

𝑉 and 𝑉0 are covariance matrices with appropriate dimensions 𝑣𝑒𝑐(∙) denotes the vec-

torization function, ⨂ the Kronecker product.  

Assuming that 𝐶𝑝𝑟𝑖𝑜𝑟 is multidimensional normal with 𝑐0 mean and Σ0 covariance 

matrix, Villani [8] has shown that the conditional distribution 𝐶𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟  is also multi-

dimensional normal 

𝐶𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟|𝑄, 𝐹, 𝑋∗~𝑁(𝑐∗, Σ∗),  (23) 

with Σ∗ = (𝑈′(𝐷′𝐷⨂𝑄−1)𝑈 + Σ0
−1)−1 , 𝑐∗ = (Σ∗(𝑈′𝑣𝑒𝑐(𝑄−1(𝑋∗)′𝐷) + Σ0

−1𝑐0
′ ))

′
, 

where U = [𝐼𝑚 𝐹]′, 𝐷 = [1𝑛 −1𝑛]. 1𝑛 is the vector of ones with dimension 𝑛 × 1, 

while 𝐼𝑚 is the identity matrix with 𝑚 × 𝑚 dimensions. 

With the proper transformations of distributions (21)-(23) we can generate samples 

for parameters 𝑅, 𝐶, 𝐹 and 𝑄 in each step of the Gibbs sampler for both regimes. The 
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selection of the starting covariance matrices 𝑉0 and Σ0 is crucial in a sense that it deter-

mines the parameter space explored. 

We use the Random Walk Metropolis Hastings algorithm for the estimation of 𝐻. 

𝐻𝑡  is only dependent on 𝜆𝑡,𝐻 , 𝜆𝑡,𝐸 , 𝜆𝑡,𝐶𝐷𝑆 . 𝜆𝑡,𝑘  is determined using the 𝜆𝑡,𝑘
𝑛𝑒𝑤 = 𝜆𝑡,𝑘 +

𝜅𝑡𝜀𝑡,𝑘 equation, where 𝑘 ∈ {𝐻, 𝐸, 𝐶𝐷𝑆}, 𝜅𝑡 can be arbitrarily chosen and 𝜀𝑡,𝑘~𝑁(0,1) 

for every 𝑡 and 𝑘. Using the generated parameter we calculate a candidate 𝐻, which we 

keep with a calculated 𝛼 probability, after the evaluation of the measurement equation’s 

likelihood function. 

3.3 The Algorithm 

Our parameter estimation algorithm is based on the works of Blake & Mumtaz [10]. 

The algorithm consists of the following 7 steps: 

1. We choose appropriate starting points, which are in the parameter space. Our strat-

egy is the following: we substitute the latent factors with their empirical ones. With 

these we estimate the system’s transition equation using the OLS method. Based on 

the absolute error of the transition equation we organize and divide them into two 

groups. The empirical covariance matrices of these groups specify the starting co-

variance matrices. The Kim filter becomes applicable after the setting of the starting 

parameters. 

2. Given the parameter space (Θ) of the model we run the Kim filter, thus we get the 

values of 𝑋𝑡 for every time 𝑡 = 1, … , 𝑛. 

3. In the third step we use the 𝑃(𝑆𝑡 = 𝑗|ℱ𝑡) probabilities acquired from the Kim filter 

to generate the probabilities of being in a given regime at time 𝑡 starting from 𝑡 = 𝑛 

heading towards 𝑡 = 1 using the transition probabilities. We determine the values of 

𝑆𝑡 for every 𝑡 = 1, … , 𝑛 using random generation. 

4. In the fourth step we generate new transition probabilities. Let 𝜋 (1 × 2) be the vec-

tor of steady state probabilities, and 𝑃𝑝𝑟𝑖𝑜𝑟  the matrix of transition probabilities, then 

𝑀𝑝𝑟𝑖𝑜𝑟 = 𝑃𝑝𝑟𝑖𝑜𝑟 ∘ (12⨂(𝜋𝑛)) 

 defines the prior state-transition matrix, with ∘ denoting the element-wise multipli-

cation and ⨂ the Kronecker product. The empirical state-transition matrix 𝑀𝑒𝑚𝑝 

comes from the realizations of  𝑆𝑡 generated in step 3. Thus 

𝑃𝑖
𝑛𝑒𝑤 = 𝐵𝑒𝑡𝑎(𝑀𝑖,𝑒𝑚𝑝 + 𝑀𝑖,𝑝𝑟𝑖𝑜𝑟) 

with 𝑖 denoting the rows of the specified matrices (𝑖 ∈ {1,2}), while the Beta distri-

bution comes as a special case of the Dirichlet distribution for 𝑀 = 2 states3. 

                                                           
3  The general idea for the generation of transition probabilities follows the work of Kim and 

Nelson [7], whereas a detailed and intuitive description of the Dirichlet distribution is given 

by Frigyik, Kapila and Gupta [11]. 
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5. Step five deals with the generation of the parameters 𝑄, 𝑅, 𝐶, and 𝐹. We use random 

number generation based on the distributions suggested by Sugita [9] and Villani 

[8]. 

6. In step six we estimate 𝐻𝑡  and 𝜆𝑡,𝐻 , 𝜆𝑡,𝐸 , 𝜆𝑡,𝐶𝐷𝑆 with the Random Walk Metropolis 

Hastings algorithm. 

7. We repeat steps 2-6 until the convergence meets our expectations. 

4 Data 

In this section we give an overview of the macro-financial and yield curve data used 

for fitting the Markov regime switching model. We also address the challenges regard-

ing the construction of yield curves and introduce our prior assumptions regarding the 

model. We use data with monthly frequency from October 2008 to December 2017 for 

a total of 𝑛 = 111 observations for each time series. The limitation is due to the lack 

of earlier Hungarian CDS data. This gives us about 10 years of historical data and most 

importantly, includes the 2008 crisis and the following recession period, giving merit 

to using a regime switching model.  

Our data sources include Thomson Reuters for CDS curve and Euro area yield curve 

points, the Hungarian Central Bureau of Statistics for Hungarian CPI data, Eurostat for 

the Euro area CPI data and the Hungarian National Bank for EUR/HUF exchange rate 

time series. 

To obtain Hungarian yield curve data, we use the secondary market bid-ask quotes 

of HUF denominated Hungarian government bonds, as price quotes provided by pri-

mary dealers are considered as actual market prices, the fixing process of which is reg-

ulated by the Hungarian Government Debt Management Agency. 

We use the Fama-Bliss [12] method to transform price quotes into yield curve points 

upon which we can fit the Nelson-Siegel model. This nonparametric method allows us 

to obtain zero-coupon yield curve points from bond price quotes. The Nelson-Siegel 

model can then be fitted on the unsmoothed Fama-Bliss yields. 

We impose additional restrictions compared to the original Fama-Bliss [12] algo-

rithm, using only fixed interest rate bonds with a maturity over 1 year as well as zero-

coupon T-bills. Our implementation of the Fama-Bliss [12] algorithm can be summa-

rized in four steps: 

1. We determine whether the Yield-to-Maturity (YTM) of a given security is between 

the moving average of the previous 3 and the next 3 (based on time to maturity) 

government securities’ yields. 

2. We examine the unsmoothed Fama-Bliss forward yields. We exclude a government 

security from the analysis if the forward rate corresponding to its maturity shows a 

change greater than 0.2 percentage points in the opposite direction. In this step we 

calculate the forward rates using only government securities passing step 1. 

3. We calculate the forward yield curve once more. Using the remaining government 

securities after step 2, we calculate the moving averages as in step 1. An instrument 

is to be considered in the analysis if the forward rate corresponding to its maturity is 
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between the two moving averages or the difference from one of them is not larger 

than 0.2 percentage points. 

4. We repeat steps 2 and 3 using instruments excluded from the analysis but fulfilling 

the initial conditions. 

In the end, we get a forward yield curve that fits the two smoothness criteria defined in 

steps 2 and 3. The forward yield curve can be then transformed into a zero-coupon yield 

curve. 

Fitting a Markov regime switching model requires us to give an initial estimation of 

the transition probability matrix (Eq. 5). We set the starting value to: 

𝑃𝑝𝑟𝑖𝑜𝑟 = (
0.987 0.013
0.180 0.820

). 

This means that the probability of going from the first regime to the second would be 

1.3%, while exiting from the second regime would be 18%. Thus, the first regime is 

expected to last 6.5 years, whereas the expected duration of the second regime is only 

half a year. The prior steady state values of the factors were determined using 𝑃𝑝𝑟𝑖𝑜𝑟  

and incorporate the effects of the current historically low interest rate period. 

The Hungarian CPI expectation in the first regime equals the inflation target of the 

Hungarian Central Bank (𝑐𝑝𝑖𝑝𝑟𝑖𝑜𝑟,𝐻𝑈𝑁 = 3%), and is one percentage point higher in 

the second regime. We expect the inflation rate of the Euro area to remain below the 

target set by the European Central Bank (𝑐𝑝𝑖𝑝𝑟𝑖𝑜𝑟,𝐸𝑈 = 1.5%). Regarding the HUF 

yield curve, we expect a 50bp increase in the short rate compared to 2017 December, 

and a 3.5% level for the long end of the yield curve. Our prognosis for the yield curve 

also includes a flattening slope and a rising level in case of a crisis.  

Finally, we expect the EUR/HUF exchange rate to stagnate during the first regime 

and rise during the second regime, meaning a comparatively weaker HUF and stronger 

Euro in a crisis situation. 

5 Results 

This section is split into two parts. First, we give an overview of the results of the fitted 

model, including regime probabilities and steady state values. Finally, we make a 5-

year forecast from end-2017 to end-2022 with 1 000 scenarios and examine its results4.  

 

5.1 Results of Model Fitting 

The resulting transition probability matrix is somewhat different compared to the initial 

values: 

𝑃𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 = (
0.95 0.05
0.20 0.80

). 

                                                           
4  The length of the forecast aligns with the medium term debt management framework of the 

Hungarian Government Debt Management Agency. 
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According to the posterior probabilities, the normal regime lasts for two years on aver-

age while a typical crisis lasts for 5 months. 

 

Regime 𝐿𝐻 𝑆𝐻 𝐶𝐻 𝐿𝐸 𝑆𝐸 𝐶𝐸 𝑐𝑝𝑖𝐻 𝑐𝑝𝑖𝐸 𝐸𝑈𝑅 𝐻𝑈𝐹⁄  𝐿𝐶𝐷𝑆 𝑆𝐶𝐷𝑆 

Normal 0.40 3.22 -3.10 -0.17 1.21 -1.15 2.79 1.36 -0.003 0.35 -2.64 

Crisis 2.92 1.31 -0.10 0.28 1.03 -0.66 3.96 1.58 -0.011 0.97 -1.53 

Table 1. Steady state factor values by regime 

Table 1 shows the resulting steady state values. The Hungarian short rate is 0.4% in the 

normal regime and about 3% during a crisis, while the long rates are 3.6% and 4.2%, 

respectively. Steady state values for Hungarian inflation are 2.8% in the normal and 

4% in the crisis regime. 

Euro area short rates are close to zero in both regimes, while long rate steady state 

values are over 1%. Euro area inflation rates are consistent with our assumptions and 

do not reach the 2% ECB goal in any regime. The EUR/HUF exchange rate steady state 

values show the HUF getting slightly weaker compared to the Euro in the normal re-

gime and weaker during a crisis. 

 

Fig. 1. Historical (upper panel) and predicted (lower panel) regime probabilities 

Figure 1 shows the historical and predicted regime probabilities. Historical crisis oc-

currences can be easily connected to the recession period and the Greek debt crisis. The 

Hungarian economy has been relatively stable since 2014, which is also shown by the 

dominance of the normal regime since then. We can also see that from 2018 onwards 

we have an approximately 20% probability of slipping into the crisis regime, which is 

consistent with the estimated transition probabilities.  
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Although our experience suggests that using a regime switching model with the pa-

rameters described in this paper improves the robustness of the model, a quantitative 

proof is out of the scope of this study. 

We have used 75 000 runs for the Gibbs sampling method. We discard the first 

20 000 runs to alleviate the dependence on manually given prior values. Geweke test 

statistics [13] show that the simulation converges and 75 000 runs are enough for sam-

pling. 

5.2 Forecast Results 

In order to make our predictions, we substitute the parameters gained from fitting the 

model into the transition equation. We generate 1 000 scenarios, all consisting of the 

trajectories of the yield curve and other macro-financial factors. The forecast horizon 

is 5 years with a monthly frequency.  

 

Fig. 2. Fan charts of selected yields, CDS spreads, CPI rates and exchange rate with 5-95% 

confidence intervals 

Figure 2 shows the historical and predicted values of several yield curve points, CDS 

spreads and macro variables. We can see a gradual increase in Hungarian yield levels. 

By 2020, we predict a 1% short rate and a 3% 10-year yield. According to our forecast, 

the Euro area yields are mostly expected to stagnate with the short rate slowly converg-

ing to zero. Hungarian CDS spreads are expected to rise by 10 − 20 basis points. The 

HUF shows a slight depreciation compared to the Euro. The fan charts also show that 

risks leading to the depreciation of the HUF as well as risks of higher interest rates are 

significantly higher than vice versa. CDS spreads in particular are especially vulnerable 

and can top 500bps in a crisis situation. 
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Fig. 3. Comparison of normal and crisis regime yield curves and CDS curves 

Figure 3 shows that the two regimes are significantly different. The dashed lines show 

the standard deviation for the yield curves and the 16th and 84th percentile for the Hun-

garian CDS spread. They indicate a higher instability during the crisis regime for the 

CDS spread and both yield curves. The uncertainty of the Euro area yield curve is lower 

than the HUF yield curve during both regimes showing the inherent vulnerability of a 

small open economy compared to a large one. Yield curve and CDS levels are generally 

higher in the crisis regime. The Hungarian yield curve is also distinctly flatter in the 

second regime. 

6 Conclusion 

In this paper we used a Markov regime switching state-space model to forecast the 

Hungarian and Euro area yield curves with additional macro-financial factors on a 5-

year horizon. We used a rotated Nelson-Siegel factor model for yield curve modeling 

and implemented the Kim filter to estimate the unobservable parameters. The fitted 

model matches our economic assumptions regarding normal and crisis regimes. We 

used data from October 2008 to December 2017. As of May 2018, the actual evolution 

of the factors is well within the confidence bounds of our predictions. 

Further studies can be conducted to improve both the depth and the breadth of this 

analysis. A deeper analysis could include several competing models. Comparing and 

testing them using out-of-sample tests could highlight the different strengths of various 

models. A broader analysis could use the results of the forecast to predict the cash-

flows of Hungarian government debt securities and calculate the costs of these together 

with the distribution of the costs, which is one of the risk factors that public debt man-

agers face. Thus, a cost-risk optimization or a scenario analysis can be carried out on 

the Hungarian debt portfolio. 
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1 Introduction

Clements and Hendry (1993) showed that evaluation of forecasts of individual variables at each hori-

zon separately is not invariant to linear transformations of the forecasts. Ericsson (2008) illustrates this

by considering two different models for forecasting the oil price, where the multi-step forecasts based

on one of the models are best when considering the oil price in levels, but that the forecasts of an-

other model are best when considering the oil price growth. Clements and Hendry (1993) suggested

a measure of the whole system of forecasts when evaluating the system forecasts. However, 25 years

later Hendry and Martinez (2017) point out that “relatively little work has been done to evaluate the

accuracy of the whole system jointly.”

Usually, measures for forecast accuracy only consider forecast for one variable at one forecasting

horizon. Measures such as mean absolute forecast errors and mean square forecast errors (or variants

of these) are usually applied. For measuring the accuracy of a system of forecasts variants of these

individual measures can be applied. One example is the mean (or sum) of the mean square forecast

errors. Unfortunately, none of these measures are invariant to linear transformations of the forecasts

(such as measuring the forecast errors in growth rates instead of log-levels). However, as suggested by

Clements and Hendry (1993), using the determinant of the covariance matrix of the forecast errors of the

whole system of forecasts yields a measure that is invariant to scale-preserving linear transformations

of the forecasts. This measure is equivalent to the predictive likelihood, see Bjørnstad (1990).

Hendry and Martinez (2017) mention almost 20 papers that apply the determinant of the covariance

matrix to evaluate system forecasts. However, these papers only rank sets of forecasts based on this

measure and do not apply any formal test for testing if one system forecast is statistically better than

another system forecast or if one system forecast encompasses another system forecast.

There are some important contributions in evaluating system forecasts. Jordà and Marcellino (2010)

consider the forecasts of a variable over all forecasting horizons and derive the confidence regions of

this path based on the covariance matrix of the forecast errors. By doing so, the confidence region will

be independent of linear transformations of the forecasts. Furthermore, considering systems of more

variables, Jordà and Marcellino (2010) show how these confidence regions for the forecast path of one

variable changes with different assumptions of the future path of other variables.

Sinclair et al. (2012, 2015) present a test for the absence of a forecast bias, for the full system forecast.

Sinclair and Stekler (2013) apply this approach to test for biases in the revision of forecasts. Also, this

test is independent of linear transformations of the forecasts.

With many variables and many forecasting horizons, the covariance matrix can become very large.

Building on Abadir et al. (2014), Hendry and Martinez (2017) propose an estimator of the large co-

variance matrix that can be derived with relatively few forecast error observations for evaluating such

forecasts systems.

This paper is mostly related to Diebold and Mariano (1995), who suggests a method for comparing

two forecasts. They suggest a test of equal forecast ability based on the deviation of the mean square

error of two univariate forecasts. The approach assumes a quadratic loss function. A rejection of the

hypothesis of equal predictability implies that the forecast with the smallest mean square error is sig-

nificantly better than the other forecast. The method has been extended to system forecasts, see Pesaran

and Skouras (2002). However, in this system version, a weighting matrix must be applied. The present

paper motivates using the covariance matrix of the optimally weighted forecast errors of the two fore-

cast systems as this weighting matrix.

When making forecasts of the Norwegian economy, Statistics Norway applies an econometric model.
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However, in the process of making the forecasts, the forecasts are also based on judgemental forecasts

where other information than what is included in the econometric model is used to improve the fore-

casts (see also Lawrence et al., 2006, for a review of judgmental forecasting techniques). Hence, the

forecasts we are evaluating are considered to be model-free forecasts. This implies that testing the fore-

cast we are conducting here is not a part of testing the underlying model where we have to take into

account estimation uncertainty. For an overview of evaluating models based on their forecasts, see

Clark and McCracken (2013).

In this paper, we consider a test for testing if one set of forecast is significantly better than another

set of forecasts. The tests are used to compare forecasts made by Statistics Norway with forecast made

by Norges Bank. In the analysis, we investigate the forecasts of GDP, CPI and the unemployment rate

for the current and the next year jointly.

The rest of the paper is organized as follows: In Section 2 the theoretical background for the test as

well as the proposed test for equal predictability is presented. In Section 3 the proposed ranking test

is applied to compare the forecasts made by Statistics Norway with forecasts made by Norges Bank.

Section 4 concludes.

2 Theory

2.1 Measures of forecast accuracy

Let yi
t+h|t be the forecast of variable i in period t + h made in period t. In the present paper we assume

that the value of y in period t is not known in period t; hence forecasts for the current period — also

referred to as nowcasting — can be made and is denoted yi
t|t. The prediction error of the forecast of

variable i in period t + h made in period t is defined as

ei
t+h|t ≡ yi

t+h − yi
t+h|t, (1)

where yi
t+h is the outcome of variable i in period t + h.

The observed Mean Square Forecast Error (MSFE) is given by

T−1
T

∑
t=1

(
ei

t+h|t

)2
, (2)

which expresses the mean square forecast error of variable i forecasted h periods for forecasts made in

T consecutive periods. The MSFE (or the root of MSFE) is a widely used measure for the accuracy of

forecast and comparing of forecasts. However, it can be problematic to use this measure when compar-

ing a system forecast of multiple variables or multiple forecasting horizons. To see the former, consider

the following example:

Example 1 Consider a nowcasts of a system with two variables; private consumption and income, both measured

in logs. Assume a forecaster predicts both income and consumption to increase by 2 percent. Then, the National

Accounts numbers shows that both variables increased by 3 percent that period, which implies that this forecaster

missed by one percentage point for both private consumption and income. However, we could also consider the

forecast accuracy of the system forecast by measuring the system MSFE of private consumption and private

savings ratio, where the latter is the difference between (log of) private income and (log of) private consumption.

Then this forecaster still would miss 1 percentage point on private income but be spot on for the forecast on the
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savings ratio.

Suppose, as in the example, that variable 1 is (log of) consumption and variable 2 is (log of) income.

One measure of the accuracy of nowcasts of these two variables could be the sum of the MSEF of the

two variables,

T−1
T

∑
t=1

(
e1

t|t

)2
+ T−1

T

∑
t=1

(
e2

t|t

)2
. (3)

However, we could alternatively consider the sum of the MSFE errors of (log) consumption and the

savings ratio (defined as the difference between the log of income and the log of consumption). This

measure would then be

T−1
T

∑
t=1

(
e1

t|t

)2
+ T−1

T

∑
t=1

(
e2

t|t − e1
t|t

)2
, (4)

which is not identical to the previous measure.

To make a measure that is invariant of linear transformation of the variables within one forecast-

ing horizon, we define a vector of the forecast of all N variables in period t + h made in period t as

yt+h|t =
(

y1
t+h|t, y2

t+h|t, . . . , yN
t+h|t

)′
. Similarly, the outcome of these variables in period t + h is yt+h =

(
y1

t+h, y2
t+h, . . . , yN

t+h

)′
, which implies that the prediction error vector becomes et+h|t =

(
e1

t+h|t, e2
t+h|t, . . . ,

eN
t+h|t

)′
with elements defined as in (1). A matrix version of the observable MSFE for forecasting hori-

zon h would then be

V̂h = T−1
T

∑
t=1

et+h|te
i′
t+h|t. (5)

This matrix is of dimension N × N and it is not obvious how to compare forecasts based on this mea-

sure. The measure that we considered above and showed was not invariant to linear transformation,

corresponds to use the trace of the matrix in (5): if N = 2 and h = 0, than the trace is given by (3).

To compare the vectors of prediction errors we define (Vh)A and (Vh)B of two different forecasting

models. Furthermore, let M(Vh)AM′ and M(Vh)BM′ be the similar measure of the linear transformed

versions of the two forecasts where M is an N × N full rank matrix expressing the linear transfor-

mation.1 For example, if (as in Example 1) the the first element in et+h|t refers to (the log of) private

consumption an the latter refers to (the log of) private income, then pre-multiplying the vector pre-

diction errors with M =
[

1 0

−1 1

]
transforms the vector of prediction errors to a vector where the first

element still represents the prediction error for (the log of) private consumption but where the sec-

ond element now is the prediction error of the savings ratio. Now the trace of (5) with these trans-

formed forecasts are given by (4). Therefore, if trace
(
(Vh)A

)
< trace

(
(Vh)B

)
, it does not follow that

trace
(
M(Vh)AM′) < trace

(
M(Vh)BM′

)
.

Clements and Hendry (1993) suggest using the determinant of (5) when comparing system forecasts.

If |(V̂h)A| < |(V̂h)B|, then the forecast based on model A with MSFE given by (Vi
H)A has a smaller

prediction error than the forecast of model B with MSFE given by (V̂h)B. This measure is invariant to

linear transformations of the forecasts, i.e. |(V̂h)A| < |(V̂h)B| implies |M(V̂h)AM′| < |M(V̂h)BM′|.2

Furthermore, if (V̂h)B − (V̂h)A � 0, (i.e., that the difference between the two matrices defined by (5) is

positive definite, see, e.g. Dhrymes, 1984, prop. 66), then it follows that |(V̂h)A| < |(V̂h)B|.

The MSFE (or the root of MSFE) is a widely used measure for the accuracy of forecast also for h > 0;

1Clements and Hendry (1993) also assume |M| = 1, which can be interpreted as a scale-preserving transformation. Then
trace(M(Vh)AM′) 6= trace((Vi

H(Vh)A) shows the lack of invariance. However, since two forecasts are compared, we do not need
M to have this property; see also Schmidt (1993).

2The implication follows from |M (V̂h)jM′ | = |M|2|(V̂h)j| for j = A, B.
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see, e.g., Bjørnland et al. (2017), El-Shagi et al. (2016), Jungmittag (2016), and Kock and Teräsvirta (2016)

for some recent applications. However, the MSFE for measuring the forecast accuracy when h > 0

depends on how the forecasts are measured, see Clements and Hendry (1993). Only in the case with

one variable and h = 0 (univariate nowcasting) comparison based on the observed (univariate) MSFE

are invariant of linear transformations of the forecasts, see Clements and Hendry (1993, 1998).

To compare forecasts generated by different models, we need to consider all forecasts up to forecast

horizon H (where H is used for the longest forecast horizon). Therefore, we define Yt,H|t to be the

vector of forecasts of yt+h|t in each period from period t to period t + H made at time t, i.e., Yt,H|t =
(

yt|t, yt+1|t, . . . , yt+H|t

)′
. The prediction error of Yt,H|t is given by Et,H|t ≡ Yt,H − Yt,H|t, where Yt,H =

(yt, yt+1, . . . , yt+H)′ is the vector of the outcome of all the variables from period t to period t + H. This

implies that vector of prediction error is Et,H|t =
(

et|t, et+1|t, . . . , et+H|t

)′
.

A matrix version of the observable MSFE for all forecasting horizons up to period H would then be

VH = T−1
T

∑
t=1

Et,H|tE
′
t,H|t, (6)

which is here denoted the MSFEM (for the MSFE Matrix).3 This matrix is of dimension K × K with

K = N(H + 1). Also for this measure, Clements and Hendry (1998) suggest using the determinant as a

measure of accuracy.

2.2 Autocorrelation

Suppose the process of the considered variables can be formulated by the following Wold representation

yt =
∞

∑
i=0

Γiυt−i,

with Γ0 = IN . Hence, the optimal h period ahead prediction given at time t and provided that the

coefficients in the infinite lag polynomial IN + Γ1L + Γ2L2 + . . . are known and that the error in period

t is not known, is

yt+h|t =
∞

∑
i=h+1

Γiυt+h−i,

and the prediction error then becomes

et+h|t = yt+h − yt+t|t =
h

∑
i=0

Γiυt+h−i.

Hence,








et|t

et+1|t
...

et+H|t









=










IN 0 ∙ ∙ ∙ 0

Γ1 IN
. . . 0

...
. . .

. . . 0

ΓH ∙ ∙ ∙ ∙ ∙ ∙ IN


















υt

υt+1
...

υt+H









,

which shows that optimal forecasts up to a forecasting horizon H has autocorrelation of order H. The

reason is that a forecast made in period t + H will overlap with a forecast made in period t, as both sets

3Clements and Hendry (1998) referrers to the measure in (6) as GFESM (generalized forecast error second moment) and the
measure in (5) as MSFEM.
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of forecasts will involve forecasts of variables for period t + H. However, a optimal forecast made in

period t + H + 1 will not overlap with a forecast made in period t, and hence the prediction errors in

the two sets of forecasts are not expected to be correlated. This property is also shown in Hendry and

Martinez (2017) and used by Harvey et al. (1997, 1998), and Harvey and Newbold (2000), among others.

2.3 The Diebold-Mariano test

Diebold and Mariano (1995) suggest a test for equal predictability. Let ei,j
t+h|t (j = A, B) be the predic-

tion error of the forecast made by forecaster j of variable i in periode t + h made in period t. Then

consider a loss-difference series di
t,h =

(
ei,A

t+h|t

)2
−
(

ei,B
t+h|t

)2
for variable i at forecasting horizon h when

considering a quadratic loss function. The test statistics Diebold and Mariano (1995) suggests is simply

T1/2d̄i
hQ−1/2

h,i , (7)

where d̄i
h = T−1 ∑T

t=1 di
t,h (i.e., ...) and

Qh,i =
1
T

[
T

∑
t=1

(
di

t,h − d̄i
h

)2
+ 2

τ

∑
l=1

T−l

∑
t=1

(
di

t,h − d̄i
h

) (
di

t+l,h − d̄i
h

)
]

, (8)

where τ is the truncation lag, τgeqT. Diebold and Mariano (1995) show that the test statistics in (7) is

asymptotical standard normally distributed. The null hypothesis of d̄i
h = 0 implies equal predictability.

If this null hypothesis is rejected and d̄i
h < 0, then forecast A of variable i at horizon h is significantly

better than forecast B.

The test statistics in (7) only considers a univariate forecast, i.e., a forecast of one variable at one

forecasting horizon. Pesaran and Skouras (2002) presents the loss-difference series

dt = EA′
t,H|t

′HEA
t,H|t − EB′

t,H|t
′HEB

t,H|t (9)

for the multivariate quadratic model where the K × K matrix H depends on the parameters in the loss

function. Capistrán (2006) suggests using H = IK and Quaedvlieg (2017) suggests (in his weighted

average loss test) using a diagonal matrix with weights along its diagonal. However, none of these

suggestions leads to a measurement that is invariant to linear transformations.

2.4 The test statistics for equal predictability

Williams and Kloot (1953) introduced a general test for testing equal predictability for two models, see

also Howrey (1993). Consider two different forecasts of variable i in period t + h made in period t;

denoted yi,A
t+h|t and yi,B

t+h|t. Then, we apply the regression

yi
t+h −

1
2

[
yi,A

t+h|t + yi,B
t+h|t

]
= γ

[
yi,B

t+h|t − yi,A
t+h|t

]
+ ui

t+h|t. (10)

A test of the hypothesis γ = 0 is a test of equal weight on both forecasts. If the estimate of γ is negative,

we can test if the coefficient is significant. If it is, we say that forecast A is significantly better than

forecast B.

Note also that the hypothesis that γ = −1/2 corresponds to a of forecast A encompassing forecast

B, i.e., forecast A contains all information so there is no additional information in forecast B. This test is
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not considered here, see Hungnes (2018) for a system version of this test.

A generalization of this test could be to consider the vector version where all forecast horizons up

to H for all variables are considered jointly, i.e.

Yt,H −
1
2

[
YA

t,H|t + YB
t,H|t

]
= γ

[
YB

t,H|t − YA
t,H|t

]
+ Ut,H|t, (11)

where the error term is Ut,H|t =
(

u1′
t,H|t, u2′

t,H|t, . . . , uN′
t,H|t

)′
with ui

t,H|t =
(

ui
t|t, ui

t+1|t, . . . , ui
t+H|t

)′
. This

can also be formulated as

yt = γxt + Ut,H|t, (12)

where yt = 1
2 EA

t,H|t + 1
2 EB

t,H|t and xt = EA
t,H|t − EB

t,H|t.

By defining the vectors y =
(
y′1, y′2, . . . , y′T

)′ and x =
(
x′1, x′2, . . . , x′T

)′, (12) can be formulated as

y = γx + ε, (13)

with ε =
(

U′
1,H|1, U′

2,H|2, . . . , U′
T,H|T

)′
.

The conditional estimators for γ and the covariance matrix for ε in (13) are given by (when ignoring

possible degrees of freedom adjustments for the covariance matrix)

γ̂(Ω̂) =
(

1
T

x′
(

IT ⊗ Ω̂−1
(γ̂)

)
x

)−1 ( 1
T

x′
(

IT ⊗ Ω̂−1
(γ̂)

)
y

)

, (14)

Ω̂(γ̂) =
1
T

T

∑
t=1

(
yt − γ̂(Ω̂)xt

) (
yt − γ̂(Ω̂)xt

)′
, (15)

where ⊗ indicates the Kronecker product and the subscript in parenthesis indicates that the estimates

are a function of another estimate. The estimates in (14) and (15) can be obtained by an iterative pro-

cedure until convergence, and the final estimates will equal the ones obtained with full information

maximum likelihood, see Oberhofer and Kmenta (1974).

The estimator of the variance of (14), when considering that forecasts made at different time periods

can be correlated, is given by

̂
Var

(
γ̂(Ω̂)

)

(g)

=
1
T

[
1
T

x′
(

IT ⊗ Ω̂−1
(γ̂)

)
x

]−2 [ 1
T

x′
(

IT ⊗ Ω̂−1
(γ̂)

)
Σ̂(g)

(
IT ⊗ Ω̂−1

(γ̂)

)
x

]

, (16)

where the TK × TK matrix Σ̂(a) is the covariance matrix of ε. The parameter g usually is set equal to the

estimated γ or γ under the null hypothesis (here; 0). Section 2.2 shows that with optimal forecasts H

steps ahead (including nowcasting), there will be autocorrelation up to order H and no autocorrelations

above order H. Hence, the block element (t, t + l) in Σ̂(a) is given by

{Σ̂(g)}t,t+l =






Û(g),t,H|tÛ
′
(g),t+l,H|t+l for l = −H, . . . , 0, . . . , H

0K×K otherwise,
(17)

where

Û(g),t,H|t = yt − gxt, (18)
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which implies that Û(0),t,H|t = yt.

The last term in (16) can then be written as

Q(g) =
1
T

x′
(

IT ⊗ Ω̂−1
(γ̂)

)
Σ̂(g)

(
IT ⊗ Ω̂−1

(γ)

)
x

=
1
T

[
T

∑
t=1

d2
(g),t + 2

H

∑
l=1

T−l

∑
t=1

wld(g),td(g),t+l

]

, (19)

where

d(g),t = x′tΩ̂
−1
(γ̂)Û(g),t,H|t, (20)

and where wl must be equal to unity for the equality in (19) to hold. However, to secure that the

estimated variance in the (16) is positive, Newey and West (1987) suggest using wl = 1 − l
H+1 (l =

1, . . . , H), as will be used here.

The expression for d(g),t in (20) resembles the multivariate version of Diebold and Mariano (1995)

loss differential. By inserting the expressions for xt and yt we have

2d(0),t =
(

EA
t,H|t − EB

t,H|t

)′
Ω̂−1

(γ̂)

(
EA

t,H|t + EB
t,H|t

)

= EA′
t,H|tΩ̂

−1
(γ̂)EA

t,H|t − EB′
t,H|tΩ̂

−1
(γ̂)EB

t,H|t, (21)

which is the multivariate version of the Diebold and Mariano (1995) loss differential based on square

forecast errors and with Ω̂−1
(γ̂) as the weighting matrix.

Based on (20), two alternative t-tests can be formulated for testing the null hypothesis of γ = 0: one

where the estimated value of γ is used in the expression for the variance in (16) and another where the

value under the null hypothesis is used. Both t-statistics can be formulated as

γ̂
√

V̂ar (γ̂)(g)

= T1/2w1/2
0 d̄(0)Q−1/2

(g) , (22)

where d̄(g) is the sample mean of (20). When the test statistic is computed for the estimated γ in the ex-

pression of the variance, we have g = γ̂; and when it is computed under the null, we have g = 0. Based

on Harvey et al. (1997) we also include the correction factor w0 = T−1
[
T − 1 − 2H + T−1H(H + 1)

]
.

This correction factor is because one in (19) divide by the sample size T instead of the number of auto-

covariances T − l (where l = 1, 2, . . . , H).

In the univariate case, i.e., when only forecast of one variable and not of a vector of forecasts, Harvey

et al. (1998) and Harvey and Newbold (2000) show that both variants of the test that are similar to (22)

have severe size distortions; the version with g = γ over-rejects and the other under-rejects in small

samples. Therefore Harvey et al. (1998) and Harvey and Newbold (2000) suggest a modification of the

test where Q(g) in (22) is replaced with

Q∗
(g) =

1
T

[
T

∑
t=1

(
d(g),t − d̄(g)

)2
+ 2

H

∑
l=1

T−l

∑
t=1

wl

(
d(g),t − d̄(g)

) (
d(g),t+l − d̄(g)

)
]

. (23)

They show that this modified expression with g equal to γ under the null hypothesis, the corresponding

t-test has only small size distortions in the univariate case. Furthermore, the t-statistic in (22) with Q∗
(0)

corresponds to the multivariate version of the Diebold and Mariano (1995) test statistics.

We will now show that the test statistics in (22) is independent of linear transformations of the
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forecasts. It follows from both (19) or (23) that Q(g) and Q∗
(g) are unaltered of such linear transformations

if d(g),t and d̄(g) are unaltered by such linear transformations. Hence, it is sufficient to show that d(g),t

(and therefore d̄(g)) is invariant of linear transformations of the forecasts. If we consider the linear

transformation given by the K × K matrix M such that M
(

EA
t,H|t − EB

t,H|t

)
is the difference between the

two system forecasts and MÛ(g),t,H|t is the corresponding residual vector to (18) of the transformed

forecasts. Hence, the transformed covariance matrix is MΩ̂(a)M′. By substituting these terms into the

definition of d(g),t in (20), it follows that the transformation matrix cancels out and we have shown that

d(g),t is independent of linear transformations of the forecasts.

Harvey et al. (1997) showed that the test in (22) have a distribution close to a t-distribution with

T − 1 degrees of freedom in the univariate case. In the multivariate case of a system of forecasts with

a vector of K forecasts, we apply the t-distribution with T − K degrees of freedom. Simulation results

in Hungnes (2018) indicate that the 95 percent quantile in the statistic in (22) increases with K, and that

the adjustment based on T − K performs better than using T − 1. An additional argument for using

the smaller number of degrees of freedom is that t-tests based on heteroscedasticity-consistent standard

errors generally exhibit substantial size distortions, see, e.g., Andrews (1991), Andrews and Monahan

(1992), and den Haan and Levin (1997). Usually, the distortions lead to over-rejecting. Applying T − K

degrees of freedom instead of T − 1 degrees of freedom in the test can therefore also reduce distortion

bias.

2.5 Size and power of the tests

Hungnes (2018) presents a Monte Carlo simulation and investigates the size and power of an encom-

passing test. The results from the simple encompassing test also apply to the test presented here. Hence,

the important findings there are repeated here.

Regarding the size of the test, the most important result is that the size distortion is smaller when ap-

plying the distribution under the null with (23). Hence, this is the statistic we apply in our comparison

in the next section.

Regarding the power of the test, the Monte Carlo example in Hungnes (2018) indicates that the

power increases with the dimension K in addition to the sample size T.

3 Comparison with Norges Bank

Statistics Norway has, with a few exceptions, published forecasts every quarter for many variables for

the year the forecast was made as well as the following year since the 1st quarter in 1990. Among these

variables are Mainland GDP4, CPI and the unemployment rate (UR).

Even though a quarterly model is used in generating the forecasts, the forecasts are only published

in annual terms. Therefore, in testing the forecasts from Statistics Norway, we only consider forecasts

of annual values.

Statistics Norway did not publish forecasts in the 2nd quarter of 1990 and 1991. In the analysis, we

have set those forecasts equal to the forecasts made in the 1st quarter. Also in the 3rd quarter in 2013

Statistics Norway did not publish a forecast. Here, also, the forecast for the 3rd quarter is set equal to

4Mainland Norway consists of all domestic production activity except exploration of crude oil and natural gas, transport via
pipelines and ocean transport. The term was revised as a part of the main revision of the national accounts in 2014. Before this,
service activities incidental to oil and gas were also excluded from Mainland Norway.
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Table 1: Comparison with Norges Bank

Q1 (1990-2014) Q2 (1993-2014) Q3 (1990-2014) Q4 (1992-2014)

Both horizons
γ̂Ω̂(γ̂) 0.0117 (0.0801) -0.0215 (0.1017) -0.2502 (0.0651) 0.1348 (0.0791)
H0 : γ = 0 (0.0877) 0.0178 [0.8960] (0.1064) 0.0407 [0.8429] (0.0765) 10.6882 [0.0067]** (0.0869) 2.4086 [0.1402]

Nowcasting
γ̂Ω̂(γ̂) -0.1328 (0.1448) -0.0221 (0.1608) -0.2386 (0.0844) 0.2805 (0.1018)
H0 : γ = 0 (0.1430) 0.8623 [0.3678] (0.1646) 0.0180 [0.8948] (0.1148) 4.3183 [0.0553] (0.1314) 4.5578 [0.0460]*

GDP H = 1
γ̂Ω̂(γ̂) -0.3056 (0.3937) -0.3209 (0.2678) -0.7963 (0.2442) -0.0814 (0.1264)
H0 : γ = 0 (0.4322) 0.5002 [0.4896] (0.2936) 1.1950 [0.2880] (0.3726) 4.5665 [0.0484]* (0.1459) 0.3116 [0.5829]

CPI H = 1
γ̂Ω̂(γ̂) -0.0590 (0.1359) -0.1506 (0.1905) -0.1464 (0.0792) 0.2830 (0.1295)
H0 : γ = 0 (0.1462) 0.1630 [0.6918] (0.1728) 0.7601 [0.3942] (0.1001) 2.1412 [0.1628] (0.1767) 2.5657 [0.1249]

UR H = 1
γ̂Ω̂(γ̂) 0.0604 (0.1557) 0.0336 (0.2262) 0.0986 (0.1680) 0.2677 (0.2313)
H0 : γ = 0 (0.1849) 0.1067 [0.7482] (0.2438) 0.0190 [0.8917] (0.1733) 0.3235 [0.5774] (0.2612) 1.0500 [0.3177]

Note: Q1 – Q4 indicates the quarter (of the year) the forecast is made. For (̂Ω̂) the estimated value and its standard
errors (implicitly derived such that the t-value is given in (22) with g = γ) is reported. For the hypothesis tests the
standard errors (derived under the null hypothesis γ = 0 with Q∗

(0) from (23)), F-value (squared t-value), and the

corresponding p-value to the F-value are reported, in addition to asterisks, where one asterisk denote that the test
statistics exceeds the 95 percent critical value and two asterisks denote that the test statistics exceeds the 99 percent
critical value. For the full test the F-value with corresponding p-value is reported together with asterisks.

the previously published forecast, i.e., the forecast from the 2nd quarter that year.5 The latest forecast

considered in the examination is the forecast made in the 4th quarter of 2014, which includes forecasts

of variables for the year 2015. Hence, the sample spans 25 years of forecasts.

The published numbers for CPI and the unemployment rate are never revised. The published num-

bers for variables from the National Accounts, such as the Mainland GDP, can be revised in many

quarters until they are fixed. Though also these ‘fixed’ numbers can be revised due to revisions in the

System of National Accounts. In the analysis undertaken here, the first published number of Mainland

GDP-growth is used.

Table 1 compares the forecasts made by Statistics Norway with the forecasts made by Norges Bank

(the central bank of Norway). Forecasts from Norges Bank made in the 1st quarter of the year is avail-

able from 1996; and forecasts from Norges Bank made in the 2nd quarter are available from 1993. These

forecasts are published about the same time as the forecasts from Statistics Norway are published.

Hence, these forecasts can (without problems) be compared.

From 2001 to 2012 Norges Bank only published their forecasts 3 times a year. The last forecasts in

these 12 years were published at the end of October. When comparing the forecast from the third quarter

from Statistics Norway and Norges Bank, we use the forecasts made in the beginning of September for

Statistics Norway. For Norges Bank, we use forecasts made about the same time in the years 1996-2000

and 2013-2014. For the years 2001-2012 we use the forecasts published in end-October. This implies

that Norges Bank have about 1 1
2 month of information advantages in 12 out of 19 years we compare

forecasts from the ”3rd” quarter.6

Norges Bank has published forecasts in the 4th quarter since 1992. In the years 2001-2012 these

forecasts were made in late October, while in the other years they are from December. The forecasts

5Due to the onset of the financial crises, Statistics Norway published an extra forecast in mid-October 2008. This extra forecast
is not included in the current analysis.

6This differs form Bjørnland et al. (2012) who use the forecasts from the 2nd quarter when they compare the forecasts from
Norges Bank with a system of averaging models, SAM.
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from Statistics Norway are from beginning of December in all the years we compare. Hence, here

Statistics Norway has an information advantages in 12 out of 23 years.

In the upper part of the table (’Both horizons’) we compare the forecast for all three variables in both

the current and the next year. In the first line, two numbers are reported for the forecasts made in each

quarter; the estimated γ and its standard error.7 For forecasts made in the 1st quarter (of the year) this

estimate is about 0.01, indicating that the forecasts made by Statistics Norway is slightly better than the

forecasts made by Norges Bank. However, seen in relation to the relative high standard error (0.08), this

indicates that the estimate is not significantly different from zero.

In the next line, we indirectly apply (22) under the null hypothesis (g = 0) with Q∗
(0) from (23)

to derive the standard error (reported in parenthesis). This leads to a slightly higher estimate of the

standard error. The next two figures reported in the cell is the F-value of the hypothesis test (i.e., the

squared t-value) and the corresponding p-value in brackets. As can be seen, we cannot reject the null

hypothesis that the forecasts made by Statistics Norway and Norges Bank are equally good.

When comparing the forecasts made by Statistics Norway and Norges Bank made in the 2nd quarter

of the year, we find that the estimate is not significantly different from zero (an estimate of -0.02 with

a standard deviation given by 0.10). Hence, also for the forecasts made in the 2nd quarter made by

Statistics Norway and Norges Bank we cannot reject that they are equally good.

For the forecasts made in the 3rd quarter, the estimated γ is close to 1
4 and — by both measures

of the standard error — is clearly significantly different from zero. This estimate imply that we could

compute an optimal forecast with a weight of 3
4 for the forecast made by Norges Bank and 1

4 for the

forecast made by Statistics Norway in this quarter. However, here Norges Bank has an information

advantage of about 1,5 month in more than half of the years the forecasts were made. Hence, we would

expect Norges Bank to do better than Statistics Norway for forecasts made in the 3rd quarter of the year.

For the forecasts made in the 4th quarter, the estimated γ is about 0.135, indicating that the forecasts

made by Statistics Norway in this quarter are better than the forecasts made by Norges Bank. However,

the forecasts made by Statistics Norway are not significantly better than the ones made by Norges Bank,

despite that Statistics Norway has had an information advantage for many of the years.

In the next part of the table (’Nowcasting’) we only consider the forecast for the current year for the

three variables. The results for the forecasts made in the 1st and 2nd quarter are is similar to the forecast

for both horizons. When only considering now-casting we do not find that the forecasts made by Norges

Bank in the 3rd quarter is significantly better than the forecasts made by Statistics Norway, even though

the point estimate is almost identical to the one when considering both forecasting horizons. For now-

casts made in the 4th we see that the forecasts made by Statistics Norway are significantly better than the

ones from Norges Bank. However, this must be contributed to that Statistics Norway has an information

advantage in half of the years and this information advantages is much more important when only

forecasts for the current year is considered.

In the bottom of the table the forecasts for Mainland-GDP, CPI, and the unemployment rate are

considered separately to see which institution does the best to forecast these variables. For Mainland-

GDP Norges Bank makes the best forecasts, based on the sign of the estimated γ. But only for Mainland-

GDP are the forecasts by Norges Bank made in the 3rd quarter significantly better than the forecasts

made by Statistics Norway.

7The standard error is implicitly derived such that the t-value is given in (22) with g = γ.
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4 Conclusions

This paper presents a test for equal predictability of system forecasts. The test, which is a variant of a

multivariate version of the Diebold and Mariano (1995) test, is invariant to linear transformations of the

system forecasts. The test is used to compare the forecasts made by Statistics Norway with forecasts

made by Norges Bank. We find that when the forecasts are made approximately at the same time, they

are equally good in the sense that none of the are significantly better than the other. However, when

one institution has an information advantage, the forecast made by the institution with an information

advantage can be significantly better than the forecasts made by the other institution.

In the present paper we consider testing equal predictability between only two system forecasts.

Mariano and Preve (2012) considers a test considers an extension of of the Diebold and Mariano (1995)

test to test equal predictability between three or more univariate forecasts. Mariano and Preve (2012)

show that this test is invariant concerning the ordering of the forecasts being compared. The test pro-

posed by Mariano and Preve (2012) can easily be applied to compare multiple system forecasts when

each pair of system forecasts is compared as in the present paper.
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Abstract:  

This paper incorporates conditional heteroscedasticity properties in the long memory model and applies the 

model on squared returns of BRICS (Brazil, Russia, India, China, and South Africa), UK and USA equity 

markets to capture the volatility of stock return. The conditional first- and second-order moments are provided. 

The CLS, FGLS and QML are discussed and 2SQML estimator is proposed. The simulation study suggests 

that the proposed 2SQML estimator performs better than the other three estimators. Both in simulation and 

empirical studies, we find that the proposed model FIMACH outperforms FIGARCH in terms of eliminating 

serial correlations.  
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1. Introduction 

The volatility of stock returns reflects the response to macroeconomic news and rumors. Engle and Patton 

(2001), and Poon and Granger (2003) stress that volatility surface has empirically been proved to have 

persistence for a long time against market shocks. The long-memory phenomenon in time series is first 

considered by Hurst (1951, 1956). In these studies, he explains the long-term storage requirements of the Nile 

River. He shows that the cumulated water flows in a year depend not only on the water flows in recent years, 

but also on water flows in years much earlier prior to the present year. Mandelbrot and Van Ness (1968) explain 

and advance Hurst’s studies by employing fractional Brownian motion. In analogy with Mandelbrot and Van 

Ness (1968), Granger (1980), Granger and Joyeux (1980) and Hosking (1981) develop Autoregressive 

Fractionally Integrated Moving Average (ARFIMA) models to account for the long memory in time series data. 

However, an empirical study regarding the usefulness of ARFIMA model is conducted by Bhardwaj and 

Swanson (2006), who find strong evidence in favor of ARFIMA in absolute, squared and log-squared stock 

index returns. In this regard, Ding and Granger (1996) point out that a number of other processes can also 

have the long-memory property. Further, a fractionally integrated generalized autoregressive conditional 

heteroskedasticity (FIGARCH) is primarily developed by Baillie, Bollerslev and Mikkelsen (1996), but later 

modified by Chung (1999). Nevertheless, Quoreshi (2014) develops an Integer-valued ARFIMA (INARFIMA) 

model to account for the long-memory property in a high frequency count data framework. 

 

This paper incorporates conditional heteroscedasticity properties in the long memory model and applies the 

model on squared returns of BRICS (Brazil, Russia, India, China, and South Africa), UK and USA. The new 

model is called Fractionally Integrated Moving Average Conditional Heteroskedasticity (FIMACH). This model 

is designed, in a similar fashion to Quoreshi (2014), for non-integer data. The main difference between the 

introduced model and model in ARFIMA class is that this model class can study the heteroskedasticity property 

on the level series, while the ARFIMA-FIGARCH class studies the same on the fractionally differenced series 

through Fourier transformation. One obvious advantage of the FIMACH model over the ARFIMA-

FIGARCH class is that the model can easily be extended to multivariate settings for the level series. The model 
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may additionally be used to measure the reaction times for macro-economic news or rumors, and captures 

information spread through the system. The model is specified in terms of first and second order moments 

conditioned on historical observations. We perform a Monte-Carlo simulation, where we find that ARFIMA 

or FIGARCH is not suitable for data that are generated according to the FIMACH model. Empirically, we find 

evidence of long memory for squared stock return of UK, USA and BRICS countries. It is also found that the 

FIMACH model outperforms both FIGARCH and ARFIMA models in terms of eliminating serial correlations. 

 

The paper is organized as follows. The ARFIMA-FIGARCH model class is discussed, and the FIMACH model 

is introduced in section 2. The estimation procedure of FIMACH is discussed in section 3. Section 4 presents 

a brief Monte Carlo experiment. The description of the empirical data is presented in section 5. The empirical 

results on the stock return volatilities are presented in section 6, and the concluding comments are included in 

section 7. 

 

2. Model 

We assume that 𝑟𝑟𝑡𝑡 = 𝑝𝑝𝑡𝑡 − 𝑝𝑝𝑡𝑡−1 is a stock index return time series, where 𝑝𝑝𝑡𝑡 is price for the index at time 𝑡𝑡. 

Let 𝜎𝜎𝑡𝑡2 be the degree of index return volatility, proxied by the squared return 𝑟𝑟𝑡𝑡2, which has a slow decaying 

autocorrelation function. The moving average representation of ARFIMA (0,d,0) of the series 𝑦𝑦𝑡𝑡 is  

 

𝜎𝜎𝑡𝑡2 = 𝑢𝑢𝑡𝑡 + 𝑑𝑑1𝑢𝑢𝑡𝑡−1 + 𝑑𝑑2𝑢𝑢𝑡𝑡−2 + 𝑑𝑑3𝑢𝑢𝑡𝑡−3 …         

or 

𝜎𝜎𝑡𝑡2 = (1 + 𝐿𝐿)−𝑑𝑑𝑢𝑢𝑡𝑡.                                          (1) 

 

where 𝑦𝑦𝑡𝑡 = 𝜎𝜎𝑡𝑡2 , t = 1, . . . , T time intervals and  𝜎𝜎𝑡𝑡2 has long memory properties. Note that 𝜎𝜎𝑡𝑡2 has long memory 

in a sense that the variable has a slow decaying autocorrelation function and the parameters 𝑑𝑑𝑖𝑖 = Γ(𝑖𝑖 +

𝑑𝑑)/[Γ(𝑖𝑖 + 1)Γ(𝑑𝑑)],  𝑖𝑖 = 0, 1,2, …  where 𝑑𝑑0 = 1. The 𝑢𝑢𝑡𝑡 is i.i.d. sequence of random variables with 

unconditional mean 𝐸𝐸(𝑢𝑢) = 𝜆𝜆 and variance 𝑉𝑉(𝛼𝛼𝑢𝑢)=𝛼𝛼2∅2 where 𝑉𝑉(𝑢𝑢) = 𝐸𝐸(𝑢𝑢)2-𝜆𝜆2=∅2. Conditionally, it 
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holds that 𝐸𝐸(𝑢𝑢|𝑢𝑢) = 𝑢𝑢 and 𝑉𝑉(𝛼𝛼𝑢𝑢|𝑢𝑢)=𝛼𝛼2𝑉𝑉(𝑢𝑢|𝑢𝑢) where 𝑉𝑉(𝑢𝑢|𝑢𝑢) = 𝑢𝑢2 − 2𝜆𝜆𝑢𝑢 + 𝜆𝜆2. The conditional mean 

and variance for the moving average representation of ARFIMA (0,d,0) are  

 

𝐸𝐸(𝜎𝜎𝑡𝑡2 |𝑌𝑌𝑡𝑡−1) = 𝐸𝐸𝑡𝑡−1 = 𝜆𝜆 + �𝑑𝑑𝑖𝑖

∞

𝑖𝑖=1

𝑢𝑢𝑡𝑡−𝑖𝑖                                                         (2𝑎𝑎) 

𝑉𝑉(𝜎𝜎𝑡𝑡2 |𝑌𝑌𝑡𝑡−1) = 𝑉𝑉𝑡𝑡−1 = ∅2 + �𝑑𝑑𝑖𝑖2�𝑢𝑢𝑡𝑡−𝑖𝑖2 − 2𝜆𝜆𝑢𝑢𝑡𝑡−𝑖𝑖 + 𝜆𝜆2�
∞

𝑖𝑖=1

.                    (2𝑏𝑏) 

 

where,𝑌𝑌𝑡𝑡−1 is the information set available at time t-1. The conditional mean and variance vary with 𝑢𝑢𝑡𝑡−𝑖𝑖 . Since 

the conditional variance varies with 𝑢𝑢𝑡𝑡−𝑖𝑖, there is a conditional heteroskedasticity property of moving average 

type that Brännäs and Hall (2001) called MACH(q). As 𝜆𝜆 and ∅2 are not functions of time and |∑ 𝑑𝑑𝑖𝑖∞
𝑖𝑖=1 | ≤

�∑ 𝑑𝑑𝑖𝑖2∞
𝑖𝑖=1 � for 𝑑𝑑 ∈ [−1, 1], it is sufficient that ∑ 𝑑𝑑𝑖𝑖∞

𝑖𝑖=1 < ∞ for {𝜎𝜎𝑡𝑡2 } to be a stationary sequence. We call the 

model Fractionally Integrated Moving Average Conditional Heteroskedasticity FIMACH (d) where d represents 

the long memory parameter. The main difference between this model and the model in the ARFIMA class is 

that this model can study the heteroskedasticity property on the level series, while, e.g., FIGARCH of ARFIMA 

class studies the same on the fractionally differenced series through Fourier transformation. The autocorrelation 

functions of the ARFIMA model class are assumed to be a hyperbolic function, while the general mathematical 

expression of the autocorrelation function for FIMACH is considerably complicated to derive, although 

possible. Assuming 𝐸𝐸(𝑢𝑢𝑡𝑡𝑢𝑢𝑡𝑡|𝑌𝑌𝑡𝑡−1) = 𝑢𝑢𝑡𝑡2 and 𝐸𝐸(𝑢𝑢𝑡𝑡𝑢𝑢𝑡𝑡−𝑖𝑖|𝑌𝑌𝑡𝑡−1) = 0 where 𝑖𝑖 = 1, 2, … ,∞, we can provide a 

simple form of conditional auto-correlation function at lag k for FIMACH as 

 

𝜌𝜌𝑘𝑘|𝑡𝑡−1 =
∑ 𝑑𝑑𝑖𝑖𝑑𝑑𝑘𝑘+𝑖𝑖𝑢𝑢𝑡𝑡−𝑖𝑖−𝑘𝑘2∞
𝑖𝑖=0

𝑉𝑉(𝜎𝜎𝑡𝑡2 |𝑌𝑌𝑡𝑡−1)
                                                                      (2𝑐𝑐) 

 

where 𝑘𝑘 = −𝑗𝑗, 𝑗𝑗 and represent lag, and 𝑑𝑑0 = 1. Note that this autocorrelation function varies with 𝑢𝑢𝑡𝑡−𝑖𝑖 which 

captures the heteroscedasticity property in autocorrelation function. The heteroscedasticity in autocorrelation 
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function for absolute return of stock is illustrated by Ding et al. (1993), although the authors assume a smooth 

function for explaining the autocorrelation. The model can be extended with random parameters as 

 

𝜎𝜎𝑡𝑡2 = 𝑢𝑢𝑡𝑡 + 𝑑𝑑1𝑢𝑢𝑡𝑡−1 + 𝑑𝑑2𝑢𝑢𝑡𝑡−2 + 𝑑𝑑3𝑢𝑢𝑡𝑡−3 … + �𝜃𝜃𝑖𝑖

𝑝𝑝

𝑖𝑖=1

𝑢𝑢𝑡𝑡−𝑖𝑖                                                                              (3) 

 

where 𝑑𝑑𝑖𝑖 capture the long memory properties and have the same definitions as in equation 1. The 𝜃𝜃𝑖𝑖 , 𝑖𝑖 =

1,2, …, comprise the random parameters and are independent of each other. These parameters capture the 

short term deviation from the long memory trend. We name this model FIMACH(d, p) model. The conditional 

mean and variance of the random coefficients of FIMACH(d, p) representation can be written as 

 

𝐸𝐸(𝜎𝜎𝑡𝑡2 |𝑌𝑌𝑡𝑡−1) = 𝐸𝐸𝑡𝑡−1 = 𝜆𝜆 + �𝑑𝑑𝑖𝑖

∞

𝑖𝑖=1

𝑢𝑢𝑡𝑡−𝑖𝑖    + �𝜃𝜃𝑖𝑖

𝑝𝑝

𝑖𝑖=1

𝑢𝑢𝑡𝑡−𝑖𝑖                                                                                      (4𝑎𝑎) 

𝑉𝑉(𝜎𝜎𝑡𝑡2 |𝑌𝑌𝑡𝑡−1) = 𝑉𝑉𝑡𝑡−1 = ∅2 +�𝑑𝑑𝑖𝑖2�𝑢𝑢𝑡𝑡−𝑖𝑖2 − 2𝜆𝜆𝑢𝑢𝑡𝑡−𝑖𝑖 + 𝜆𝜆2�
∞

𝑖𝑖=1

+ �𝜃𝜃𝑖𝑖

𝑝𝑝

𝑖𝑖=1

�𝑢𝑢𝑡𝑡−𝑖𝑖2 − 2𝜆𝜆𝑢𝑢𝑡𝑡−𝑖𝑖 + 𝜆𝜆2�.                    (4𝑏𝑏) 

 

Note that the moments are conditioned only on the previous observations, 𝑌𝑌𝑡𝑡−1. The same stationary condition 

is applicable as for equation (2). The model can be used to measure mean and median reaction time to 

macroeconomic news and rumors3. The model can easily be extended to a multivariate setting. Hence, the 

covariance and Granger-Causality between two or several series can easily be studied in the same fashion as the 

VARMA model. These possibilities are limited in the FIGARCH of ARFIMA class, at least on the level series. 

 

3This is the reaction to macroeconomic news/rumours in the (ujt) sequence, we use the mean lag ∑ 𝑖𝑖𝑞𝑞𝑗𝑗
𝑖𝑖=0 𝛼𝛼𝑗𝑗𝑖𝑖/𝑤𝑤,  where𝑤𝑤 = � 𝛼𝛼𝑗𝑗𝑖𝑖

𝑞𝑞𝑗𝑗
𝑖𝑖=0  and 𝛼𝛼𝑗𝑗0 = 1 (see 

Quoreshi, 2012). 
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3. Estimation 

If we do not assume a full density function, we may estimate the Quasi Maximum Likelihood (QML) Estimator 

as discussed by Weiss (1986) and Bollerslev and Wooldridge (1992) instead of Maximum Likelihood (ML) 

Estimator. Conditional Least Square (CLS), Feasible Generalized Least Square (FGLS), Generalized Methods 

of Moments (GMM) and possibly others, e.g. Two Stage Least Square (2SLS), are candidates for estimation. In 

the previous studies, it turns out that FGLS is the best estimator among the three in terms of eliminating serial 

correlation (Quoreshi, 2014). The CLS comes in the second position, which is almost as good as FGLS. Here, 

we only consider CLS, FGLS and ML class for estimation.  

The Conditional least square (CLS) estimator for FIMACH(d, p) representation model have the following 

residual 

 

𝑒𝑒𝑡𝑡 = 𝑦𝑦𝑡𝑡 − 𝐸𝐸𝑡𝑡−1 = 𝜎𝜎𝑡𝑡2 − 𝜆𝜆 −�𝑑𝑑𝑖𝑖

∞

𝑖𝑖=1

𝑢𝑢𝑡𝑡−𝑖𝑖   −�𝜃𝜃𝑖𝑖

𝑝𝑝

𝑖𝑖=1

𝑢𝑢𝑡𝑡−𝑖𝑖                                                                  (5) 

 

and the criterion function 𝑆𝑆𝐶𝐶𝐶𝐶𝐶𝐶 = ∑ 𝑒𝑒𝑡𝑡2𝑇𝑇
𝑖𝑖=𝑚𝑚+1 is minimized with respect to unknown parameters, i.e. 𝜓𝜓 =

(𝜆𝜆,𝜃𝜃′and 𝑑𝑑′) where 𝜃𝜃′ and 𝑑𝑑′ are vector of parameters with elements 𝜃𝜃𝑖𝑖 respective 𝑑𝑑𝑖𝑖 . Using a finite maximum 

lag m in (5) instead of infinite lags may cause biasing effects. Due to omitted variables, i.e. 𝑢𝑢𝑡𝑡−𝑚𝑚−1, … ,𝑢𝑢𝑡𝑡−∞, 

we may expect a positive bias on the parameters 𝜆𝜆,𝜃𝜃𝑖𝑖and𝑑𝑑𝑖𝑖 (Brännäs and Quoreshi, 2010). These moment 

conditions correspond to the normal equations of the CLS estimator that focuses on the unknown parameters 

of the conditional mean function. Alternatively and equivalently, the properties E(𝑒𝑒𝑡𝑡) = 0 and E(𝑒𝑒𝑡𝑡𝑒𝑒𝑡𝑡−𝑗𝑗 ) = 0, 

j ≥ 1 could be used. Note that the moment conditions for FIMACH(d, 0) can be obtained by setting 𝜃𝜃𝑖𝑖 = 0. 

The FGLS estimator minimizes 

 

𝑆𝑆𝐹𝐹𝐹𝐹𝐶𝐶𝐶𝐶 = � 𝑒𝑒𝑡𝑡

𝑇𝑇

𝑡𝑡=𝑚𝑚+1

𝑉𝑉�−1                                                                                                                          (6) 
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with 𝑉𝑉�−1 as given. The variance of error from CLS estimates may be used for approximation of  𝑉𝑉�−1 in 

equation (6). Alternatively, 𝑉𝑉�−1 can be estimated as specified in (4b) by employing estimates from CLS. The 

covariance matrix estimators for CLS and FGLS are 

𝐶𝐶𝐶𝐶𝐶𝐶�𝜓𝜓�𝐶𝐶𝐶𝐶𝐶𝐶� = � �
𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓

𝑇𝑇

𝑡𝑡=𝑚𝑚+1

𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓′�

−1

 

 

𝐶𝐶𝐶𝐶𝐶𝐶�𝜓𝜓�𝐹𝐹𝐹𝐹𝐶𝐶𝐶𝐶� = � � 𝑉𝑉�−1
𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓

𝑇𝑇

𝑡𝑡=𝑚𝑚+1

𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓′�

−1

. 

 

The ML or QML estimator for FIMACH(d, p) representation model have the same residual as in equation (5), 

and maximize the following criterion function 

 

𝑓𝑓(𝜎𝜎12 ,𝜎𝜎22 … ,𝜎𝜎𝑇𝑇2 |𝑌𝑌𝑡𝑡−1,𝜆𝜆, 𝜃𝜃𝑖𝑖and 𝑑𝑑𝑖𝑖) = �𝑓𝑓(𝜎𝜎𝑡𝑡2 |𝑌𝑌𝑡𝑡−1,𝜓𝜓𝑖𝑖)
𝑇𝑇

𝑡𝑡=1

 = �
1

2𝜋𝜋𝑉𝑉𝑡𝑡−1
�
𝑇𝑇/2

𝑒𝑒𝑒𝑒𝑝𝑝 �−
∑ 𝑒𝑒𝑡𝑡2𝑇𝑇
𝑖𝑖=𝑚𝑚+1
2𝑉𝑉𝑡𝑡−1

� (6) 

 

Where 𝜓𝜓𝑖𝑖 = (𝜆𝜆,𝜃𝜃𝑖𝑖 and 𝑑𝑑𝑖𝑖) and 𝑉𝑉𝑡𝑡−1 is as in equation(4𝑏𝑏). Taking logarithm of equation (6), we may simply 

use the criterion function and minimize the function as  

 

𝐿𝐿𝐿𝐿𝑓𝑓�𝜎𝜎12 ,𝜎𝜎22 … ,𝜎𝜎𝑇𝑇2 |𝑌𝑌𝑡𝑡−1,𝜆𝜆, 𝜃𝜃𝑖𝑖,𝑑𝑑𝑖𝑖and𝑉𝑉�𝑡𝑡−1� = −
𝑇𝑇
2

ln�𝑉𝑉�𝑡𝑡−1� − ln(2𝜋𝜋) − �
∑ 𝑒𝑒𝑡𝑡2𝑇𝑇
𝑡𝑡=𝑚𝑚+1

2𝑉𝑉�𝑡𝑡−1
�   (7) 

 

where 𝑉𝑉�𝑡𝑡−1is an estimate for 𝑉𝑉𝑡𝑡−1  that is to be estimated. Since T, 2 and 𝜋𝜋  are constants, we can equivalently 

minimize the following criterion function   

 

𝐿𝐿𝐿𝐿𝑓𝑓�𝜎𝜎12 ,𝜎𝜎22 … ,𝜎𝜎𝑇𝑇2 |𝑌𝑌𝑡𝑡−1,𝜆𝜆,𝜃𝜃𝑖𝑖,𝑑𝑑𝑖𝑖and𝑉𝑉�𝑡𝑡−1� = − ln(𝑉𝑉�𝑡𝑡−1)− �
∑ 𝑒𝑒𝑡𝑡2𝑇𝑇
𝑡𝑡=𝑚𝑚+1

𝑉𝑉�𝑡𝑡−1
� .                             (8) 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 831



 

Note that the 𝑉𝑉�𝑡𝑡−1 is to be estimated at the same time as the other parameters. If the estimation is sensitive to 

the start value of 𝑉𝑉�𝑡𝑡−1, we can obviously estimate CLS at the first stage and calculate the 𝑉𝑉�𝑡𝑡−1 which can be 

used as the start value for QML. We call this estimation procedure Two Stage Quasi Maximum Likelihood 

(2SQML) Estimation. The covariance matrix estimators for QML and 2SQML are 

 

𝐶𝐶𝐶𝐶𝐶𝐶�𝜓𝜓�𝑄𝑄𝑄𝑄𝐶𝐶� = � � 𝑉𝑉�−1
𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓

𝑇𝑇

𝑡𝑡=𝑚𝑚+1

𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓′�

−1

 

𝐶𝐶𝐶𝐶𝐶𝐶�𝜓𝜓�2𝐶𝐶𝑄𝑄𝑄𝑄𝐶𝐶� = � � 𝑉𝑉�−1
𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓

𝑇𝑇

𝑡𝑡=𝑚𝑚+1

𝜕𝜕𝑒𝑒𝑡𝑡
𝜕𝜕𝜓𝜓′�

−1

. 

 

4.  Monte Carlo experiment 

Smith et al. (1996) and Quoreshi (2014) have studied the bias and misspecification in ARFIMA respective 

INARFIMA models. Drost et al. (2009) investigated finite sample behavior of semiparametric integer-valued 

AR(p) models, while Brännäs and Quoreshi (2010) studied finite lag misspecification when the data is generated 

according to an infinite-lag INMA model. In this brief Monte Carlo experiment we study the bias, MSE, Ljung–

Box statistics, AIC and SBIC properties of the ML estimators for finite-lag specifications, when data is 

generated according to FIMACH (d,0). The data generating process is as in (1), with 𝑑𝑑 = 0.1, 0.25 and 0.4 and 

lag length 𝑚𝑚 = 70. The 𝑢𝑢𝑡𝑡 sequence is generated from i.i.d. normal distribution, with mean 25 and standard 

deviation 10. Six time series with length 𝑇𝑇 = 4500 and 𝑇𝑇 = 900 are generated. The first 500 observations are 

discarded to avoid the start-up effect. The results for the Monte Carlo experiment are given in Table 1. We also 

generate four other series in a similar fashion, with mean 25 and standard deviation 4 and 100 to study the 

performance of CLS, FGLS, 2SQML and QML estimators. We also evaluate the FIMACH(d, 0), ARFIMA (0, 

d, 0), FIGARCH (1,1) and GARCH (1,1) models in terms of eliminating serial correlations when the data are 

generated in accordance with FIMACH(d, 0). These results are presented in Table 2.  
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We set �̂�𝜆 equal to mean values for the generated series instead of 𝜆𝜆 = 25. By doing so, we eliminate biased 

effect of 𝜆𝜆 in the generated series. Hence, we can study the bias of the estimated parameter 𝑑𝑑 due to 

misspecification of lag length 𝑚𝑚 more appropriately. The Monte Carlo study shows that as 𝑚𝑚 increases towards 

𝑚𝑚 =  70, the bias in 𝑑𝑑 decreases (see Table 1). For 𝑚𝑚 less than 70 we find positive bias in 𝑑𝑑, while the bias is 

negative for 𝑚𝑚 = 90. Biases are smaller for 𝑇𝑇 = 4500 when m is less than 70 than those for 𝑇𝑇 = 9000. MSE 

decreases as sample size increases or 𝑚𝑚 increases. Like Brännäs and Quoreshi (2010) and Quoreshi (2014), we 

conclude that we may expect a positive biasing effect on the parameters due to omitting variables, i.e. 

𝑢𝑢𝑡𝑡−𝑚𝑚−1, … ,𝑢𝑢𝑡𝑡−∞. The statistics for AIC and SBIC decrease as lag length increases, and are noted lowest at 

𝑚𝑚 = 90. Hence, the standard AIC and SBIC need to be corrected in order to choose optimal lag lengths. As 

expected, the  𝐿𝐿𝐿𝐿 statistics are, with some exceptions, lowest at 𝑚𝑚 = 70. The exceptions may arise due to the 

conditional heteroskedasticity nature of the data set. Hence, it is appropriate to evaluate at more than one time 

point or to use an average value of 𝐿𝐿𝐿𝐿 statistics for a number of time points. 

 

Insert Table 1 about here 

 

When the data is generated according to FIMACH (𝑑𝑑, 0), it is not appropriate to use ARFIMA, FIGARCH or 

GARCH model (see Table 2). The ARFIMA model reduces the serial correlation successfully, but it does not 

perform as well as FIMACH. This shows that there is need of using FIMACH instead of ARFIMA when we 

need to take account of the heteroskedasticity property in the long memory. FIGARCH and GARCH take 

account of heteroskedasticity in the short memory. Hence, these models did not perform well. FGLS and CLS 

perform consistently well, and somewhat better than QML. It turns out that QML is sensitive to start values. 

Estimating CLS at the first stage and using the CLS estimates as start value for QML estimator, we estimate 

2SQML which performs best out of these estimators.  

 

Insert Table 2 about here 
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We have also conducted similar Monte-Carlo studies with innovation U^2. The results are quite similar. Average 

discrepancy (d̂-d) with number of simulation equals 100 for FIMACH time series, with innovation U^2 

respective U; when the data are generated with lag length 70 and d=0.1 respective d=0.25 are presented in 

Figure 1 below. 

 

Figure 1: Average discrepancy ( 𝒅𝒅� − 𝒅𝒅 ) with number of simulation equals 100 for FIMACH time-
series with innovation U^2 respective U when the data are generated with lag length 70 and 𝒅𝒅 =
𝟎𝟎.𝟏𝟏 𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫𝐫 𝒅𝒅 = 𝟎𝟎.𝟐𝟐𝟐𝟐. 

 

 

 

 

 

 

 

 

 

 

 

 
5. Empirical Data  

The daily squared stock MSCI index return series over the period of 17 years from 1995 to 2011 for the UK, 

USA and BRICS are applied in this paper (see Figure 2 below). Each series comprises 4435 observations. The 

descriptive statistics of the data set are given in Table 3. The mean squared stock index return for Brazil is about 

1800, which is the largest among the BRICS counties. The corresponding number for China is about 1, which 

is the smallest among the BRICS countries. The corresponding mean for USA and UK are 172 and 195 
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U^2: d=0.10 0,0181 0,0066 0,0002 -0,0042
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respectively. The skewness, kurtosis and Jarque-Bera statistics indicate that the data are not from normal 

distribution. The autocorrelation functions are presented in Figure 3 below. The autocorrelation functions for 

all of the series decay very slowly, which indicates a long memory behavior in the squared return series. 

 

Insert Table 3 about here 

 
Figure 2: The daily squared stock index return series over the period of 17 years from 1995 to 2011 for 
the BRICS countries, USA and UK. 
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Figure 3: Autocorrelation Function for BRICS countries, USA and UK. 
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6. Empirical Results 

The empirical results of the squared stock index returns for USA, UK and BRICS countries are presented in 

Table 4a-g. CLS, FGLS and QML estimators have been employed to evaluate the performance of the 

estimators. FIMACH (d,0), FIGARCH (0,d,0), FIGARCH (1,d,1) and GARCH (1,1) are estimated to find out 

the most suitable model for the volatility return. It turns out that CLS, FGLS and QML estimators have 

performed equally well for the time series of USA, Brazil, Russia and China in terms of reducing serial 

correlation. However, the QML estimator outperforms CLS and FGLS for the time series of India and South 

Africa, while CLS and FGLS perform better than QML estimator for the time series of UK. Hence, we conclude 

that QML is somewhat better estimator among these. It is to be noted that the performance the QML estimator 

is highly sensitive to the start values, and may turn out worse than that of FGLS or CLS if the start values are 

not selected carefully. We suggest that the value for the autocorrelation at lag one may be chosen as the start 

values for the fractional integration parameter. The variance of residuals from the CLS estimator may be used 

as the start value for 𝑉𝑉�𝑡𝑡−1 of the QML estimator which we call 2SQML. We also recommend to use both QML 

and CLS estimators in order to determine the best estimates in terms of reducing serial correlation.  

 

We find that the GARCH is not an appropriate model for the time series, as the estimated parameters deviate 

substantially from the expected values. The FIMACH (0,d) turns out to be the best in terms of eliminating serial 

correlations. This model performs much better than that of FIGARCH (0,d,0) and FIGARCH (1,d,1) for all 

,000
,100
,200
,300
,400

13 26 39 52 65 78 91 10
4

11
7

13
0

14
3Au

to
co

rr
el

at
io

n

Number of lags

ACF of squared return for UK

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 837



the five time series. For Brazil, the Ljung-Box (LB) statistics for residuals for FIMACH is about 1430, while 

the corresponding number for FIGARCH is about 16,882 (see Table 4a). The corresponding statistics for USA 

are 698 for FIMACH and 7147 for FIGARCH (see Table 4f). The Ljung-Box statistics for standardized 

residuals for FIGARCH are smaller than that of residuals, but these are much larger than the corresponding 

statistics for FIMACH. Note that the Ljung-Box statistics for standardized residuals, and residuals are the same 

for all FIMACH estimations. This may imply that the FIMACH model captures heteroskedasticity properly. 

Employing the proposed FIMACH (𝑑𝑑, 0) model, we find that the squared stock return index for each of the 

USA, UK and BRICS countries have long memory properties. The persistence in terms of days varies among 

the countries. The effects of macroeconomics news and rumors on stock market volatility for India persist up 

to 35 days, while the corresponding number of days for South Africa is 70. The stock market in China reacts 

initially more than any other BRICS countries, since the fractional integration parameter (d) for China is 0.283, 

which is the largest among the BRICS countries. The stock market in Russia reacts initially least (𝑑𝑑 =  0.167) 

among those countries. The volatility intensity increases for all the seven stock markets when the macro-

economic news or rumors break out, and the impact remains between 35 and 70 days, and fades away very 

slowly with time. 

Insert Tables 4a-g about here 

7. Conclusion 

This paper introduces a new class of long memory model for volatility of stock returns. The model introduced 

is capable of taking account of heteroskedasticity in long memory. The conditional first- and second-order 

moments are provided. The CLS, FGLS and QML are discussed and 2SQML estimator is proposed. In Monte 

Carlo experiments we find that it is not appropriate to use ARFIMA, FIGARCH or GARCH model if the data 

is generated according to FIMACH (𝑑𝑑, 0). The ARFIMA model reduces the serial correlation successfully, but 

it does not perform as well as FIMACH. From the empirical results, we establish that the squared returns of 

stock index for the BRICS countries, UK and USA have long memory properties. However, the effects of 

macroeconomics news and rumors on stock return volatility vary among the countries. We also find that the 

volatility intensity increases for all the seven stock markets when the macro-economic news or rumors break 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 838



out, and that the impact remains between 35 and 70 days and fades away very slowly with time. CLS and FGLS 

estimators perform equally well in terms of residual properties, while the QML estimator performs in somewhat 

better among the three estimators. The results of the simulation study indicate that 2SQML performs best 

among the five estimators and hence 2SQML is suggested to be used when QML does not perform well. Both 

in simulation and empirical studies, we find that the proposed model FIMACH outperforms FIGARCH in 

terms of eliminating serial correlations.  
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Table 1: Bias, MSE, Ljung–Box statistics, AIC and SBIC properties of the ML estimators for finite-lag 
specifications, when data is generated according to FIMACH (0,d,0) Model with 𝒅𝒅 =  𝟎𝟎.𝟏𝟏,𝟎𝟎.𝟐𝟐𝟐𝟐 and 𝟎𝟎.𝟒𝟒 and 
𝒎𝒎 =  𝟕𝟕𝟎𝟎 and 𝝈𝝈𝟐𝟐=100. 

Lag Parameters 

T=4500 T=9000 

0.10 0.25 0.40 0.10 0.25 0.40 

M10 

δ 
(s.e.) 

0.168*** 
(0.00) 

0.432*** 
(0.00) 

0.698*** 
(0.00) 

0.167*** 
(0.00) 

0.431*** 
(0.00) 

0.696*** 
(0.00) 

MSE 99.115 104.898 130.848 97.579 103.611 129.173 

LB100 130.669 297.170 1047.228 166.566 525.401 2045.455 

LB200 236.154 417.668 1214.240 285.267 651.793 2200.088 

AIC 20659.704 20907.183 21811.986 41201.319 41723.602 43516.296 

SBIC 20730.210 20977.689 21882.492 41279.461 41801.744 43594.438 

M30 

δ 
(s.e.) 

0.122*** 
(0.00) 

0.308*** 
(0.00) 

0.496*** 
(0.00) 

0.122*** 
(0.00) 

0.307*** 
(0.00) 

0.495*** 
(0.00) 

MSE 98.180 99.305 103.427 96.901 97.936 101.736 

LB100 101.855 116.564 167.503 108.976 151.998 284.131 

LB200 202.485 219.121 268.172 225.197 268.950 405.750 

AIC 20566.007 20616.690 20797.669 41048.905 41143.489 41482.381 

SBIC 20596.463 20815.250 20996.228 41127.023 41221.607 41560.499 

M50 

δ 
(s.e.) 

0.108*** 
(0.00) 

0.271*** 
(0.00) 

0.434*** 
(0.00) 

0.108*** 
(0.00) 

0.270*** 
(0.00) 

0.433*** 
(0.00) 

MSE 98.177 100.234 104.320 97.025 97.903 100.766 
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LB100 101.107 111.853 150.678 105.672 116.088 180.584 

LB200 200.968 217.921 264.321 224.083 234.140 299.255 

AIC 20514.152 20606.353 20784.158 41049.001 41129.531 41387.421 

SBIC 20840.585 20932.787 21110.592 41411.071 41491.601 41749.491 

M70 

δ 
(s.e.) 

0.101*** 
(0.00) 

0.251*** 
(0.00) 

0.402*** 
(0.00) 

0.100*** 
(0.00) 

0.250*** 
(0.00) 

0.401*** 
(0.001) 

MSE 98.027 99.939 105.527 96.821 97.604 100.086 

LB100 103.897 115.392 160.502 103.300 108.986 134.357 

LB200 200.740 212.267 264.265 222.201 226.818 249.751 

AIC 20455.626 20541.172 20782.114 40989.067 41060.157 41281.722 

SBIC 20909.753 20995.299 21236.241 41492.967 41564.057 41785.621 

M90 

δ 
(s.e.) 

0.096*** 
(0.00) 

0.238*** 
(0.00) 

0.380*** 
(0.00) 

0.095*** 
(0.00) 

0.237*** 
(0.00) 

0.379*** 
(0.00) 

MSE 98.110 100.157 106.060 96.917 97.794 100.522 

LB100 110.666 162.701 332.128 108.179 143.667 292.239 

LB200 210.420 267.350 445.421 228.784 266.039 422.550 

AIC 20407.668 20498.686 20750.943 40936.006 41016.225 41261.143 

SBIC 20989.306 21080.324 21332.581 41581.644 41661.864 41906.782 
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Table 2: Comparing between FIMACH, FIGARCH and GARCH and between QMLE, 2SQMLE, FGLS and 
CLS estimators, when data is generated according to FIMACH (𝟎𝟎,𝒅𝒅,𝟎𝟎) models with 𝒅𝒅 =  𝟎𝟎.𝟐𝟐𝟐𝟐 and 𝒎𝒎 =  𝟕𝟕𝟎𝟎. 

    T=4500   T=9000 

Lag 
Ljung-
Box FIMACH ARFIMA FIGARCH GARCH  FIMACH ARFIMA FIGARCH GARCH 

σ=4 LB100 90.521 138.064 2704.712 2730.476  90.521 138.064 1455.198 1578.196 

 LB200 198.883 247.337 2781.968 2805.809  198.883 247.337 1564.312 1687.964 

σ=10 LB100 90.521 138.064 2704.712 2730.476  90.521 138.064 1455.198 1578.196 

 LB200 198.883 247.337 2781.968 2805.809  198.883 247.337 1564.312 1687.964 

σ=100 LB100 90.521 138.064 1455.198 1578.196  90.521 138.064 1455.198 1578.196 

  LB200 198.883 247.337 1564.312 1687.964   198.883 247.337 1564.312 1687.964 

           
  QMLE 2SQMLE FGLS CLS  QMLE 2SQMLE FGLS CLS 

           
σ=4 LB100 679.924 90.521 100.409 100.409  291.590 90.521 291.586 291.592 

 LB200 843.340 198.883 200.232 200.232  406.221 198.883 406.217 406.224 

σ=10 LB100 109.710 90.521 100.229 100.229  108.557 90.521 108.557 108.557 

 LB200 206.859 198.883 199.617 199.617  226.373 198.883 226.373 226.373 

σ=100 LB100 99.964 90.521 100.139 100.139  102.549 90.521 102.549 102.549 

  LB200 198.430 198.883 199.260 199.260   221.728 198.883 221.728 221.728 

           
  σ=4 σ=10 σ=100    σ=4 σ=10 σ=100   

Generated 
series 

LB100 1885.1 1885.1 1885.1   1885.1 1885.1 1885.1  
LB200 1991.9 1991.9 1991.9     1991.9 1991.9 1991.9   
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Table 3: Descriptive Statistics 

 

 

 

 

 

 

 

 

 

 

 

 

This table reports descriptive statistics of squared returns for BRICS (Brazil, Russia, India, China, and South Africa) countries, UK and US for 
the period 1995-2011. 

 Country  Mean  Median  Std. Dev.  Minimum  Maximum  Skewness  Kurtosis  Jarque-Bera 
 
Observations 

Brazil 1799.718 158.722 6476.492 0.000 130113.100 9.301 125.839 2851677.000*** 4435 

Russia 216.787 23.981 949.744 0.000 35765.620 19.805 594.868 65009317.000*** 4435 

India 26.928 2.151 119.300 0.000 4115.351 18.851 542.786 54093083.000*** 4435 

China 1.032 0.123 4.089 0.000 121.396 14.887 341.988 21393884.000*** 4435 

South Africa 33.414 4.351 95.426 0.000 1725.239 7.215 78.675 1096490.000*** 4435 

UK 195.152 46.909 548.819 0.000 11764.870 10.107 152.599 4210143.000*** 4435 

US 171.966 34.018 472.666 0.000 10158.220 9.380 141.160 3591553.000*** 4435 
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Table 4a: Empirical results for squared stock return index for Brazil. 

Coefficients FIMACH (d,0) FIGARCH (0,d,0) FIGARCH (1,d,1) GARCH (1,1) 

QMLE 
Estimates (s.e.) 

FGLS 
Estimates (s.e.) 

CLS 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

Constant (Mean) 737.541*** 
(72.54) 

737.541***  
(73.65) 

737.541***  
(72.83) 

129.996*** 
(8.71) 

126.228***       
(6.28) 

101.091***   
(8.41) 

Constant (Variance)     -46632.882***    
(1915.54) 

634.873 
(487.658) 

d 0.208*** 
(0.029) 

0.208***    
(0.029) 

0.208***    
(0.028) 

0.661*** 
(0.004) 

0.751***       
(0.003) 

 

α      1.081***    
(0.03) 

β     0.513***       
(0.00) 

0.879***    
(0.02) 

VAR 34453328*** 
(5577746) 

34468875.171 34468875.171 46284279 
 

41936202 41927397 

Q(100) 1430.501*** 1430.501*** 1430.501*** 16882.451*** 16882.451*** 16881.811*** 
Q(200) 2345.913*** 2345.913*** 2345.913*** 25714.538*** 25714.538*** 25713.570*** 
LBSD (100) 1430.501*** 1430.501*** 1430.501*** 5142.817*** 4164.267*** 1712.273*** 
LBSD (200) 2345.913*** 2345.913*** 2345.913*** 8786.100*** 6739.816*** 2668.345*** 
Lag length 45 45 45    
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Table 4b: Empirical results for squared stock return index for Russia. 
Coefficients FIMACH(d,0) FIGARCH (0,d,0) FIGARCH(1,d,1) GARCH (1,1) 

QMLE 
Estimates (s.e.) 

FGLS 
Estimates (s.e.) 

CLS 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

Constant (Mean) 107.259***     
(12.47) 

107.259***   
(14.48) 

107.258***   
(14.22) 

24.075*** 
(1.86) 

10.409***    
(0.276) 

2.901 
(1.84) 

Constant (Variance)     -1860.043***    
(61.58) 

 5.340 
(7.66) 

d 0.167*** 
(0.04) 

0.167***    
(0.04) 

0.167***  
(0.04) 

0.615*** 
(0.00) 

0.728***      
(0.00) 

 

α      1.302*** 
(0.10) 

β     0.537***      
(0.00) 

0.808***  
(0.03) 

VAR 823353*** 
(309982.45) 

823727 823727  901821 901627 

LB (100) 997.362*** 997.362*** 997.362*** 4487.831*** 4487.831*** 4488.051*** 
LB (200) 1374.943*** 1374.943*** 1374.943*** 5959.304*** 5959.304*** 5959.476*** 
LBSD (100) 997.362*** 997.362*** 997.362*** 3363.808*** 1348.205*** 112.467*** 
LBSD (200) 1374.943*** 1374.943*** 1374.943*** 5564.297*** 2043.733*** 232.909*** 
Lag length 41 41 41    
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Table 4c: Empirical results for squared stock return index for India 
 FIMACH FIGARCH (0,d,0) FIGARCH (1,d,1) GARCH (1,1) 
 QML 

Estimates (s.e.) 
FGLS 

Estimates (s.e.) 
CLS 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
Constant (Mean) 12.709***    

(2.57) 
17.614***    
(1.59) 

17.614***    
(1.59)   

1.499*** 
(0.11) 

1.579***  
(0.11) 

1.469*** 
(0.22) 

Constant (Variance)     0.311* 
(0.18) 

0.035  
(0.23) 

d 0.185***     
(0.05) 

-0.169***  
(0.04) 

-0.169***   
(0.04) 

0.549*** 
(0.11) 

0.999***  
(0.00) 

 

α   0.319  
(0.18) 

  1.204***  
(0.10) 

β     0.934***  
(0.02) 

0.854***  
(0.04) 

VAR 12829.171***  
(4439.03) 

13166.002 13166.002 14229.523 14229.523 14226.460 

LB (100) 717.844*** 1572.995*** 1572.995*** 6214.240*** 6214.240*** 6214.247*** 
LB (200) 1150.830*** 2582.103*** 2582.103*** 9987.077*** 9987.077*** 9987.540 
LBSD (100) 717.844***   1319.669*** 1052.742*** 1057.400*** 
LBSD (200) 1150.830***   2479.399*** 1840.481*** 1791.520*** 
Lag length 35 35 35    
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Table 4d: Empirical results for squared stock return index for China. 
Coefficients FIMACH FIGARCH (0,d,0) FIGARCH (1,d,1) GARCH (1,1) 

QML 
Estimates (s.e.) 

FGLS 
Estimates (s.e.) 

CLS 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

Constant (Mean) 0.283***   
(0.11) 

0.283*** 
(0.10) 

0.283***  
(0.10) 

0.220*** 
(0.02) 

0.077***   
(0.01) 

0.055***   
(0.01) 

Constant 
(Variance) 

    -0.021***   
(0.00) 

-0.000  
(0.00) 

d 0.312*** 
(0.11) 

0.312*** 
(0.11) 

0.312***  
(0.11) 

0.490*** 
(0.00) 

0.714***  
(0.00) 

 

α      1.078***  
(0.04) 

β     0.684 
(0.00) 

(0.916)   
(0.02) 

VAR 12.567*** 
(3.08) 

12.569 12.569 16.716 16.716 16.713 

LB (100) 437.879*** 437.879*** 437.879*** 8062.879*** 8062.879*** 8063.962*** 
LB (200) 638.522*** 638.522*** 638.522*** 9148.716*** 9148.716*** 9150.167*** 
LBSD (100) 437.879*** 437.879*** 437.879*** 4259.401*** 1871.683*** 820.221*** 
LBSD (200) 638.522*** 638.522*** 638.522*** 7478.183*** 3316.763*** 1354.586*** 
Lag length 42 42 42    
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Table 4e: Empirical results for squared stock return index for South Africa. 
 FIMACH FIGARCH (0,d,0) FIGARCH (1,d,1) GARCH (1,1) 

 QML 
Estimates (s.e.) 

FGLS 
Estimates (s.e.) 

CLS 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

QML 
Estimates (s.e.) 

Constant (Mean) 12.782***     
(1.37) 

20.314***    
(1.28) 

20.314***   
(1.27) 

4.181*** 
(0.298) 

3.274***    
(0.15) 

3.600***  
(0.28) 

Constant (Variance)     -22.094***    
(1.12) 

0.587 
(0.43) 

d 0.194***    
(0.02) 

-0.166***    
(0.02) 

-0.166***    
(0.02) 

0.533 
(0.00) 

0.689***    
(0.00) 

 

α      1.115***  
(0.05) 

β     0.572***    
(0.00) 

0.867***  
(0.03) 

VAR 7036.353***  
(996.96) 

7381.231 7381.231 9104.279 9104.279 9102.426 

LB (100) 772.396*** 2684.763*** 2684.764*** 11702.479*** 11702.479*** 11693.869*** 
LB (200) 1266.134*** 4513.014*** 4513.015*** 18138.175*** 18138.175*** 18126.195*** 
LBSD (100) 772.396*** 2684.763*** 2684.764*** 3285.210*** 1606.489 *** 1393.617*** 
LBSD (200) 1266.134*** 4513.014*** 4513.015*** 5571.753*** 2285.839*** 1831.270*** 
Lag length 70 70 70    
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Table 4f: Empirical results for squared stock return index for USA. 
 FIMACH FIGARCH (0,d,0)    FIGARCH (1,d,1) GARCH (1,1) 
 QML 

Estimates (s.e.) 
FGLS 

Estimates (s.e.) 
CLS 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
Constant (Mean) 70.071***     

(8.539) 
70.071***    
(8.412) 

70.071***   
(8.403) 

50.926*** 
(2.918) 

18.044***    
(1.616) 

13.701***  
(3.349) 

Constant (Variance)      -1106.968***    
(47.472) 

-0.662  
(2.993) 

d 0.187***    
(0.034) 

0.187***    
(0.035) 

0.187***    
(0.035) 

0.472 
(0.016) 

0.669***    
(0.004) 

 

α      1.045***  
(0.018) 

β     0.622***    
(0.005) 

0.915***  
(0.015) 

VAR 192930.645***  
(32020.920) 

192974.940 192974.940 223369.828 223369.828 223325.106 

LB (100) 697.590*** 697.590*** 697.590*** 7147.323*** 7147.323*** 7145.920*** 
LB (200) 868.459*** 868.459*** 868.459*** 8028.339*** 8028.339*** 8026.328*** 
LBSD (100) 693.986*** 697.590*** 693.986*** 4432.055*** 2445.256*** 1061.702*** 
LBSD (200) 864.174*** 868.459*** 864.174*** 6799.300*** 3694.440*** 1744.355*** 
Lag length 70 70 70     
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Table 4g: Empirical results for squared stock return index for UK. 
 FIMACH FIGARCH (0,d,0)    FIGARCH (1,d,1) GARCH (1,1) 
 QML 

Estimates (s.e.) 
FGLS 

Estimates (s.e.) 
CLS 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
QML 

Estimates (s.e.) 
Constant (Mean) 123.736***     

(7.816) 
78.056***   
(10.074) 

78.056***   
(10.176) 

62.144*** 
(4.688) 

36.174***    
(1.988) 

35.517***  
(0.360) 

Constant (Variance)      -655.158***    
(77.010) 

45.497***  
(0.004) 

d -0.162***    
(0.027) 

0.192***    
(0.035) 

0.192***    
(0.035) 

0.444 
(0.018) 

0.682***    
(0.007) 

 

α      1.039***  
(0.014) 

β     0.660***    
(0.007) 

0.918***  
(0.013) 

VAR 270893.898***  
(52010.797) 

258868.144 258868.144 301142.683 301142.683 301080.523 

LB (100) 2086.949*** 1012.821*** 1012.821*** 7671.396*** 7671.396*** 7670.816*** 
LB (200) 2984.945*** 1499.144*** 1499.144*** 10420.796*** 10420.796*** 10420.151*** 
LBSD (100) 2086.902*** 1012.821*** 1012.317*** 3809.926*** 2201.357*** 1600.740*** 
LBSD (200) 2980.607*** 1499.144*** 1498.329*** 6070.656*** 3661.447*** 2832.232*** 
Lag length 70 70 70    
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Probabilistic forecasting and simulation of electricity prices
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Abstract. In this paper we include dependency structures to electricity price forecasting
and prediction evaluation. We work with off-peak and peak time series from the German-
Austrian day-ahead price, hence we analyse a bivariate data. We first estimate the mean
of both time series, and then in a second step we estimate the residuals. The mean equa-
tion is estimated by OLS and elastic net and the residuals are estimated by maximum
likelihood. Our contribution is to include bivariate jump component on a mean reverting
jump diffusion model in the residuals. The evaluation of the models’ forecasts are made
using four different criteria, among them we include the Energy score in order to measure
whether the correlation structure between the time series is properly included or not. In
the results it is observed that the models with bivariate jumps provide better results with
the Energy score, which means that it is important to consider this structure to properly
forecast correlated time series.

Keywords: Probabilistic Forecasting; Electricity prices; Jump diffusion model; Multivari-
ate GARCH; Forecasting evaluation; Energy score

1 Introduction

In the last decades after the deregulation of the electricity markets it has become increasingly
important to capture the uncommon features of electricity prices, such as nonstorability which
makes electricity prices really volatile, see [1]. In this paper we use different time series models
to forecast electricity by simulation and then we evaluate those forecasts with various criteria
each one with their own properties. We believe that to forecast multivariate time series it is
crucial to take into account the dependency structures in order to properly forecast the time
series. The innovation in this paper is that we include dependency structures in some of the
multivariate forecasting models as well as in one of the forecast evaluation criterion to show
that the incorporation of the dependency structures substantially improve the electricity price
forecasts.

As mentioned above, electricity prices exhibit special characteristics which are usually clas-
sified in literature, see [1] and [2]. These properties are especially i) mean reverting behaviour,
ii) seasonal behaviour, iii) time depended volatility, iv) occurrence of price spikes and v) cross-
period effects (e.g. night hours influence day-time hours even though they are realised at the same
day). All the aspects are known in the literature. Still, there is no electricity price forecasting
model which incorporates all these aspects. For instance, [3] cover all effects but no interaction
effects, [4] consider all effects but price spike effects. We propose electricity price models which
incorporate all the mentioned effects into a probabilistic electricity price forecasting framework.

In order to forecast the prices a two step approach is followed. In the first step the conditional
mean model is estimated, the mean must be properly estimated so that the residuals have zero
mean. Therefore, in the mean equation all the seasonal properties must be included, in this
sense [5] and [6] propose mean equations with autoregressive, non-linear effects and seasonal
effects. Once properly estimated the conditional mean model we proceed with the estimation
of the residuals, the residuals must have zero mean so the models differ in the structures of
the standard deviation. We consider mean reverting jump diffusion models (MRJD) such as the
model included by [7] and applied to electricity prices. The MRJD model is a OrnsteinUhlenbeck
(OU) process proposed by [8]. Unlike [9] and [10] where they first estimate the jump component
and then they assume a OU process in the continuous part, we first estimate the mean model
and then we apply assume MRJD structure in the residuals. [1] offer a great review applying
MRJD models to the electricity price forecasting field. As mentioned above our interest is the
dependency structure among different time series and we include this dependency structure
assuming correlated jump occurrence processes, as far as we concern never assumed before. In
order to have a correlated jump we focus on the bivariate Bernoulli process, proposed by [11].

? corresponding author
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Once estimated the models electricity prices are simulated and forecasted, then these fore-
casts and its paths are evaluated using different criteria. In this article we use four different
criteria: Mean absolute error (MAE), mean square error (MSE), pinball score (PB, also known
as quantile loss) and energy score (ES). The first two evaluation criteria are the most used ones
in the literature of forecasting evaluation, for instance, [7] apply MSE to evaluate the electricity
price forecasts from a model including spikes and other kind of structures as ARIMA or GARCH.
Furthermore, [12] use the MSE and MAE criteria to evaluate the performance of different elec-
tricity price forecasts in the NORDPOOL market. In this paper we focus more on the PB and ES
as we are interested in the performance capturing the whole distribution and how the different
models capture dependency structures. The PB has been applied by [13], [14] and [15], all of
them participated in an electricity price forecasting competition and the PB was used to check
performance as the objective was to approximate the forecast distribution. The ES has not been
applied to electricity price forecasts so far. However, in the energy forecasting context is has
been applied a few times, e.g. in [16] for wind power forecasting. The ES is built following [17]
and then applied to our time series. We are going to pay more attention to this score because it
takes into account dependency structures. As we mention above our contribution is to include
correlation structures in the models as well as in the evaluation.

The remaining of the paper is organized as follows, in section 2 we explain the data, in section
3 we introduce the models, in section 4 we explain the estimation methods and how we generate
the forecasts, in section 5 we describe the evaluation criteria, in section 6 we discuss the results
and in section 7 we summarize our results and outline the most important facts.

2 Data description

As mentioned in the introduction we focus on off-peak and peak price series of the EPEX market,
these series are based on German-Austrian day-ahead (hourly) electricity price. The peak series
is calculated as the mean of the day-ahead price from 9th hour of the day to the 20th hour (12
hours in total), and consequently the off-peak price is the mean from 1st to 8th and from 21st

to 24th hours of the day. The data starts in the 1st of January 2014 and ends in the 31st of
December 2017. In order to calculate the higher moments and the dependencies, we follow the
next notation,

mi,j = E

[(
Yd,1 − µYd,1

σYd,1

)i(Yd,2 − µYd,2

σYd,2

)j]
,

where Yd,1 and Yd,2 refers to off-peak and peak time series with their means µYd,1
and µYd,2

and standard deviations σYd,1
and σYd,2

. Below the descriptive statistics of both time series are
shown,

mean sd median min max cor skew coskew kurtosis

off-peak 28.30 8.74 29.36 -56.38 73.66 0.80 -1.61 -0.59 13.12
peak 35.48 13.79 35.09 -45.27 130.18 0.80 0.48 0.01 9.37

Where the number of days is 1461, sd is standard deviation. For the higher moments and dependencies
cor makes reference to correlation, which is an estimator of m1,1 (same for both time series), skew to
skewness with our notation estimated value of m3,0 and m0,3 for off-peak and peak, respectively. Similarly,
coskew makes reference to the coskewness which are estimations of m2,1 and m1,2 and kurtosis refers to
the estimated value of m4,0 and m0,4.

Table 1. Descriptive statistics of off-peak and peak prices

As expected, Table 1 shows that the mean and the standard deviation are higher in the peak
time series. As the volatility is higher the range of peak is higher than the range of off-peak time
series. The correlation shows a quite high positive linear relation between both time series. The
skewness shows that the off-peak series is clearly asymmetric and that the peak series is slightly
asymmetric. The coskewness coefficients show how are the variance of one time series and the
mean of the other time series related, as it is observed in the Table 1 the relation between the
off-peak central variance and the peak central mean is stronger compared to the relation the
other way round, in the case of the m2,1 = −0, 59 means that the higher the value of the peak
series the lower the variance of the off-peak one. Regarding the kurtosis in both cases the tails
are heavier than the ones in the standard normal distribution which has kurstosis 3. After seen
these results we can conclude that none of the time series follows a normal distribution.
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Fig. 1. off-peak and peak time series

In Figure 1 the off-peak and peak time series are depicted. The first two years are used only
for estimation purpose and the last two years are first predicted and then used as observations
of the following rolling windows, how the rolling windows are developed is explained in section 4.
The Figure 1 is divided in two to underline this aspect. It is observed in the Figure 1 that at the
beginning of the year 2017 the volatility was higher and so it was at the end of the year. As it
can be observed in Table 1 and in the Figure 1 the volatility is higher, so is the mean comparing
to those of the off-peak. However, generally the trend of the graphs is quite similar as shown by
the correlation coefficient. In both cases there is evidence of volatility clustering and spikes.
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Fig. 2. Histograms and densities of off-peak and peak time series

The histograms and density functions of Figure 2 show the distribution of the two time
series. As observed in the Table 1 both series have heavy tails and in the case of the off-peak the
asymmetry is more pronounced. In the two cases there is evidence of spikes which are rare events
where the price is extremely low or high. Regarding the scatter plot, strong correlation between
both is checked which motivates us to include correlation structures in our models. Beside the
Scatter plot it is possible to observe the bivariate density, which shows how is distributed the
Scatter plot. In Figure 2d, the darker colors show higher quantiles of the distribution. The
bivariate distribution confirms the intuition of the scatter plot where darker areas are those
where more points are.

3 Models

The models we analyse in this paper are two step models. In the first step, we estimate the mean
equation and in the second step we study the residuals from the previous step.
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For simplification we define Yd = (Yd,1, Yd,2)′ as the bivariate vector of the off-peak and peak
prices, so that the index 1 corresponds to the off-peak price and 2 to the peak price.

3.1 ARX type models

In this subsection we introduce the conditional mean model we assume, the mean equation has
been based on the mean models that [5] and [6] propose. In order to calculate the mean equation
we assume autoregressive structure with exogenous variables (ARX) model for the peak and off-
peak series. The ARX model is been proved to perform really good forecasting electricity prices
in [5] and [6], we consider the both time series’ mean model as,

Yd,i =
8∑
k=1

(βi,k,1Yd−k,1 + βi,k,2Yd−k,2)

+
7∑
k=1

[
(βi,k,3 + βi,k,4Yd−1,1 + βi,k,5Yd−1,2) DoWk

d

]
+ εd,i (1)

where i = 1, 2 and DoWj
d as day of the week dummy of day j at day d such that e.g. DoW1

d

is equal to 1 if d falls on a Monday, DoW2
d = 2 if d is on Tuesday etc. The residuals are εd,1

and εd,2, and by construction the mean of both error terms must be 0. The model has in total
p = 2× 8 + 3× 7 = 37 parameters with corresponding parameter vector β. Obviously model (1)
is a linear model that can be written as

Yd,i = X ′d,iβi + εd,i (2)

where Xd,i and βi are p-dimensional.
The error terms are considered to be distributed as,

εd ∼ N2(0, Σ) (3)

where εd = (εd,1, εd,2)′, 0 = (0, 0)′ and Σ is the covariance matrix of εd.
Model (1) covers already the major characteristics of electricity prices, esp. mean reverting

properties, seasonal structure and cross-period effects. Just the volatility and price spikes are not
captures by the assumed structure. Hence, for all the remaining models we consider the same
mean equation, but modify the error model (3) to capture the missing effects.

3.2 ARX type models with independent jumps in the residuals

In this subsection we explain the model ARX-IJ, we consider mean MRJD in each of the residuals
independently. This the standard OU process applied in electricity price forecasting several times
as in [7] or widely discussed in [1]. Jump diffusion models are suitable to capture price spikes as
we observe them in the tails of Figures 2a and 2b.

The model after Euler discretization is written as follows,

εd =εd,cont +Bdεd,jump

εd,cont ∼N2(−Λµ, Σ)

εd,jump ∼N2(µ, Γ )

where µ =

(
µ1

µ2

)
,Σ =

(
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
,Λ =

(
λ1 0
0 λ2

)
Bd =

(
bd,1 0
0 bd,2

)
with bd,i ∼ Ber(λi) for i = 1, 2, and Γ =

(
γ21 0
0 γ22

)
,

where εd,cont is continuous part of the error term and εd,jump is the jump component. λi is the
probability of jumps, Ber is the Bernoulli distribution, µi is the mean size of the jump, γi is
the standard deviation of the jump and σi is the standard deviation of the continuous part all
of them defined for i = 1, 2. We need the terms −λ1µ1 and −λ2µ2 in the continuous term in
order to ensure that the mean of εd,1 and εd,2 and is equal to 0, as it must be by construction.
In this model we assume that the Bernoulli random variables bd,1 and bd,2 are independent. The
conditional error term εd|Bd = εd,cont +Bdεd,jump|Bd is distributed as follows,

εd|Bd ∼ N2(0, Σ +BdΓB
′
d). (4)
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For the unconditional distribution of εd we first notice that with Var[XY ] = E[X]2Var[Y ] +
Var[X]E[Y ]2 + Var[X]Var[Y ] it holds

Var[biεd,jump,i] = E[bi]
2Var[εd,jump,i] + Var[bi]E[εd,jump,i]

2 + Var[bi]Var[εd,jump,i]

= λ2i γ
2
i + λi(1− λi)µ2

i + λi(1− λi)γ2i = λi((1− λi)µ2
i + γ2i ). (5)

Thus by the independence of all occurring random variables it holds,

Var[εd] = Σ + Var[Bdεd,jump] = Σ +Λ((I −Λ)Diag(µ)2 + Diag(Γ )) (6)

as Cov[bd,1εd,jump,1, bd,2εd,jump,2] = 0. However, it is clear that εd does not follow a bivariate
normal distribution.

3.3 ARX type models with bivariate jumps in the residuals

The next model we introduce, the ARX-BiJ model, is somehow related to the previous one as
it is based on MRJD structure but in this case the jump component is assumed to be bivariate,
bivariate Bernoulli to be more precise. This dependency structure in the jump occurrence is one
of the contributions to the existing literature. Moreover, we assume additionally that the jump
sizes can be correlated as well. We write the model as,

εd =εd,cont +Bdεd,jump with εd,cont ∼ N2(−Λµ, Σ) and εd,jump ∼ N2(µ, Γ ),

where µ =

(
µ1

µ2

)
, Σ =

(
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
,Γ =

(
γ21 %γ1γ2

%γ1γ2 γ22

)
Bd =

(
bd,1 0
0 bd,2

)
with diag(Bd) ∼ Ber2(P )

with probabilities P =

(
p0,0 p1,0
p0,1 p1,1

)
,Λ =

(
λ1 0
0 λ2

)
=

(
p1,0 + p1,1
p0,1 + p1,1

)
As mentioned, now we assume that the jumps arrivals are bivariate Ber2(P ) distributed

with probabilities P . In this case, p0,0 is probability of no jump, p1,0 is the probability of jump
occurrence only in the off-peak component, p1,1 is the probability of having a jump in both
components at the same time and p0,1 is the probability of jump only in the peak component.
Therefore, λ2 = p0,1 + p1,1 is the total probability of jump in the peak component, similarly
λ1 = p1,0 + p1,1 is the probability of jump in off-peak component. The condition p1,0 + p1,1 +
p0,1 + p0,0 = 1 must be hold. Unlike the previous model in this case bd,1 and bd,2 are not
independent, they have to coincide in no jump with probability p0,0 and in jump with probability
p1,1. For the bivariate Bernoulli setting we follow [11]. Assuming bivariate jump process we
capture dependency structure in the continuous component as well as in the jump component.

3.4 ARX type models with bivariate jumps in the residuals with no constant
mean.

In this subsection the ARX-BiJ-µd model is presented, this model is very similar to the previous
one but in this case we assume that the mean of the jump depends on the previous observed
price. In order not to make to tedious to the reader we only note the things that change from
the previous model, that is,

µd = µ0 + µ1Yd−1 and εd = εd,cont +Bdεd,jump (7)

with εd,cont ∼ N2(−Λµd, Σ),diag(Bd) ∼ Ber2(P ) and εd,jump ∼ N2(µd, Γ ),

In this model we try to capture the effect of the previous price in the mean of the jump
component.

3.5 ARX type models with CCC-GARCH

In the next model (ARX-GARCH) we consider bivariate constant conditional correlation GARCH
(CCC-GARCH) structures, first introduced by [18]. We follow [19] in the implementation,

εd,i =σd,izd,i

σ2
d,i =α0,i + α1,iε

2
d−1,i + α2,iσ

2
d−1,i for i = 1, 2,

εd ∼N2(0, Σd) where Σd =

(
σ2
d,1 ρσd,1σd,2

ρσd,1σd,2 σ2
d,2

)
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where zd,1 and zd,2 are independent white noises with standard deviation of 1. The parameters
of the GARCH structure must fulfill α0,i, α1,i, α2,i > 0 and α1,i+α2,i < 1 conditions in order the
time series to be stationary. In this model we assume that the correlation is constant between the
two time series and no cross-dependencies between the volatility series. This type of structures
are often used in the literature to forecast multivariate time series, for instance in [20] and [21]
apply CCC-GARCH models in electricity markets.

3.6 ARX type models with bivariate jumps in the residuals with no constant
mean and CCC-GARCH

In the last model , the ARX-BiJ-µd-GARCH model, we include CCC-GARCH structures to the
continuous component of the model described in Equation (7). This is the most complex model
and it is the combination of the models ARX-BiJ-µd and ARX-GARCH,

µd = µ0 + µ1Yd−1 and εd = εd,cont +Bdεd,jump

with εd,cont ∼ N2(−Λµd, Σd),diag(Bd) ∼ Ber2(P ) and εd,jump ∼ N2(µd, Γ ),

σ2
d,i = α0,i + α1,iε

2
d−1,i + α2,iσ

2
d−1,i for i = 1, 2,

where Σd =

(
σ2
d,1 ρσd,1σd,2

ρσd,1σd,2 σ2
d,2

)
where all the components are assumed to be distributed as in the previous subsections. This
model as it is the most complex it has the highest amount of parameters to estimate. The model
is able to capture all the aspects mentioned above.

4 Estimation and Forecasting

For the estimation we assume that we have D observations available. We denote the resulting
price vectors and regression matrix are Yi = (Y1,i, , . . . , YD,i)

′ and Xi = (X ′1,i, , . . . ,X
′
D,i)

′ that
correspond to the regression equation (2).

For the estimation of the ARX model (Equation (2)) we apply two different estimation meth-
ods OLS3 and elastic net. As we get two different estimations and therefore two different forecasts
we note them as ARX-OLS and as ARX-enet, respectively.

Using the OLS estimator the estiamted values are,

β̂OLS
i = arg min

β∈Rp

[
‖Yi − X′iβ‖22

]
,

The second estimation method applied to estimate Equation (1) is the elastic net, introduced
by [22], which is very similar to OLS but it has quadratic and linear penalties. However, for
defining the elastic net estimator it is crucial to consider the corresponding scaled OLS problem.
Hence, we introduce Ỹi and X̃i as scaled response vector and scaled regression matrix. We require
them scaled in such a way that any column has a zero mean and standard deviation of 1.

Given the scaled OLS problem the scaled elastic net estimator is given by the optimization
problem, ̂̃

β
enet

i = arg min
β∈Rp

[
‖Ỹi − X̃′iβ||22 + λ

(
1− α

2
||β||22 + α||β||1

)]
,

λ and α are tuning parameters that characterize the penalty term λ
(
1−α
2 ||β||

2
2 + α||β||1

)
. We

receive the (unscaled) elastic net estimator β̂enet
i simply by rescaling of

̂̃
β
enet

i . If α = 1 the
estimation method is equal to the lasso penalty, developed by [23] and when α = 0 is equal to
the ridge penalty, first introduced by [24]. The lasso estimator exhibits the sparsity property
which means that for certain values of λ the resulting solution sets irrelevant parameters to
zero while keeping relevant parameters non-zero. The lasso estimation enjoys some popularity in
electricity price forecasting, see [4], [2], [25] and [26], among others.

The elastic net can be seen as an augmented data lasso shrinkage with some ridge elements.
Similarly to the lasso, the elastic net has automatic sparsity property for α ∈ (0, 1). Lasso method
does not perform good with highly correlated variables that is why we include the ridge penalty.
The elastic net is applied by [5] in the electricity price forecasting context. Their findings suggest

3 In order to avoid perfect collinearity in the OLS estimation we drop the interaction between Wednesday
and the previous observations for both time series.
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that α = 0.5 is a good choice for applications, that we will apply here as well. We choose λ by
10-fold cross validation.

We compare the results for both estimation techniques and as the elastic net provides better
forecasting results, for the estimation of the second step the residuals are calculated by elastic
net. In the second step residuals are estimated by maximum likelihood4 using Broyden-Fletcher-
Goldfarb-Shanno (BFGS) algorithm. This algorithm is a quasi-Newton method for non-linear
optimization. In order to apply maximum likelihood estimation we need a log-likelihood function
which changes depending on the structure of the residuals we assume. The log-likelihood function
is based on the assumed distribution for each one of the different models explained in section 3.

Once estimated all the parameters, off-peak and peak time series are simulated. In our case
we simulate H = 7 horizons and for each of the horizons M = 16000 paths are generated. All
the simulations (sometimes called ensemble) can be seen as multivariate probabilistic forecasts
as they approximate well the underlying distribution of the forecasts. All relevant properties can
be derived from these paths, it is possible to analyse the only marginal properties of each one
of the predicted horizons. The estimation and simulation process is repeated N = 731 times, as
mentioned in section 2 by a rolling window. The first estimation is made using the first two years
of the data, then the next H = 7 days are predicted with M paths in each one of the horizons.
Afterwards, the estimation sample is shifted one day forward and the process is repeated.

5 Evaluation criteria

In this section we introduce the evaluation criteria we use to evaluate probabilistic forecasting.
We use in total four different criteria: MAE, MSE, PB and ES. After explaining the scores we use,
we briefly introduce the Diebold-Mariano (DM) test which we use to test whether the difference,
taking the models in pairs, in the forecasting performance are significant or not. In order to
compute the DM test it is necessary to define a loss function this is the reason we introduce each
criteria with the corresponding loss function.

For the evaluation of the point forecasts we consider the popular measures MAE and MSE.
The MAE is a strictly proper forecasting criterion for the median and the MSE a strictly proper
evaluation criterion for the mean. Here, strictly proper means that only the perfect model mini-
mizes the corresponding criterion. Therefore we define Ŷ med

d,i as a median forecasts and Ŷd,i mean
for day d and volatility series i derived from the sample counterparts of the M simulated paths.
The MAE and MSE are defined using the absolute error (AE) and the squared error (SE). Thus,
with

AEd,i = |Yd,i − Ŷ med
d,i | (8)

SEd,i =
(
Yd,i − Ŷd,i

)2
(9)

we define

MAEi =
1

N

N∑
d=1

AEd,i (10)

MSEi =
1

N

N∑
d=1

SEd,i (11)

for i = 1, 2. Hence, we can evaluate the point forecasts for the off-peak and peak price separately.
The two criteria introduced above are the most used ones in the literature but we are more

interested in the marginal properties of the models and to that purpose we use the PB (PB).
The PB measures the distance on each one of the quantiles. Therefore, similarly as for the

median and mean forecasts, we define Ŷd,q,i as a forecasts for the q-quantile day d and time series
i. We get these quantile forecasts by taking the sample quantile of our M simulated paths. The
pinball loss function is computed as follows,

PBd,q,i =

{
(1− q)(Ŷd,q,i − Yd,i), if Ŷd,q,i ≥ Yd,i
q(Yd,i − Ŷd,q,i), if Ŷd,q,i < Yd,i

for i = 1, 2, (12)

where q ∈ Q is a quantile, in our case Q = {Qq}q∈{1,...,K} = {0.01, 0.02, . . . , 0.99} with K = 99.

Ŷd,q,i stands for the estimated price of quantile q in day d and time series i and Yd,i is the

4 In the ARX-IJ model ρ is estimated in a third stage as ρ = Cor(εd,1, εd,2)
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observed value at day d and time series i. If the objective is to calculate the PB of quantile q,
series i and N days it is computed as follows,

PBq,i =
1

N

N∑
d=1

PBd,q,i for i = 1, 2 and q ∈ Q,

Thus the PB for N days it is computed by averaging across the Q quantiles,

PBi =
1

K

K∑
q=1

PBQq,i for i = 1, 2 and q ∈ Q,

where K is the number of quantiles. Note that if the distance in the quantile grid Q converges to
0 then the PB converges to the probabilistic forecasting evaluation measure CRPS (continuous
ranked probability score) which is strictly proper with respect to the (marginal) distribution of
Yi. For further information on the PB score see [27].

When applying PB we can observe the whole marginal properties of the forecasts, as we
can observe the forecasting performance of the different models in each one of the quantiles.
Therefore, the first criterion introduced in this section is nothing but an special case of PB when
q = 0.5. With this score we are able to compare how the different models capture spikes, as we
can analyse the behaviour in the tails.

The last criterion we use is the ES which is a generalization of the CRPS. The ES is the only
score that takes into account the dependency structures, this score is applied to all the variables
at the same time in order to take into the correlation. In both cases for the modelling and the
evaluation we pay a lot attention to the dependency structure as this is main contribution of this
paper. The loss function of the is computed as follows,

ESd =EDd +
1

2
EId (13)

EDd =
1

M

M∑
m=1

∥∥∥Y [m]
d − Yd

∥∥∥
2

EId =
1

M

M∑
m=1

∥∥∥Y [m]
d − Y [m+1]

d

∥∥∥
2

where Y
[M+1]
d = Y

[1]
d

Y
[m]
d for m = 1, . . . ,M is the predicted mth path of the multivariate data for day d. Our estimator

for the ES is based on [17]. Equation (13) is the ES for day d, thus to compute the ES for N
days it is calculated as,

ES =
1

N

N∑
d=1

ESd.

The next step is to check whether the difference among the forecasting performances with
each criteria are significantly different from zero or not. For the significance test we use the DM
test which compares models in pairs. As mentioned above we need a loss function to apply the
DM test, loss functions as the ones written above. Let Ld denote the loss function of a certain
model; the loss differential between models A and B is defined as δd,A,B = Ld,A − Ld,B. The only
assumption we need is that the loss differential has to be covariance stationary. In order to apply
the DM test we compute,

δ̃A,B
σδ̃A,B

∼ N1(0, 1)

where δ̃A,B = 1
N

∑N
d=1 δd,A,B and σδ̃A,B is the standard error which we estimate by the correspond-

ing sample counterpart. Further information on the DM test in [28] and [29].

6 Results

In this section we evaluate the forecasting performance of each one of the models. For that
purpose the criteria introduced in section 5 are used. Afterwards, the DM test is applied in order
to check whether the differences among the models in pairs are significant or not5 for each one

5 DM test results for all criteria and all horizons are available upon request.
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of the criteria. The forecasting horizon (H) is 7 which means that for each one of the rolling
windows we get the predictions for the following 7 days. We denominate those horizon as H1,
. . . , H7 and the models are the ones explained in section 3. In order to make the tables more
visual we use different colors for the forecasting performance. The greener is the color the smaller
is the error in each one of the horizons and the closer the color is from red the poorer is the
performance. Models 1 to 7 are models ARX-OLS, ARX-enet, ARX-IJ, ARX-BiJ, ARX-BiJ-µd,
ARX-GARCH and ARX-BiJ-µd-GARCH, respectively.

off-peak H1 H2 H3 H4 H5 H6 H7

1 4.117
(0.192)

5.519
(0.257)

5.92
(0.262)

6.112
(0.271)

6.215
(0.274)

6.284
(0.273)

6.321
(0.271)

2 4.018
(0.193)

5.416
(0.253)

5.83
(0.26)

6.037
(0.267)

6.118
(0.27)

6.193
(0.27)

6.252
(0.269)

3 4.011
(0.193)

5.423
(0.254)

5.825
(0.262)

6.034
(0.268)

6.111
(0.271)

6.198
(0.271)

6.253
(0.269)

4 4.03
(0.196)

5.419
(0.256)

5.795
(0.264)

6.017
(0.271)

6.118
(0.276)

6.222
(0.275)

6.271
(0.274)

5 4.033
(0.196)

5.429
(0.255)

5.806
(0.263)

6.041
(0.271)

6.113
(0.275)

6.224
(0.274)

6.27
(0.273)

6 4.021
(0.195)

5.418
(0.253)

5.823
(0.26)

6.029
(0.267)

6.121
(0.271)

6.196
(0.27)

6.251
(0.269)

7 4.049
(0.195)

5.46
(0.256)

5.876
(0.264)

6.119
(0.271)

6.199
(0.275)

6.319
(0.273)

6.344
(0.274)

peak H1 H2 H3 H4 H5 H6 H7

1 6.713
(0.3)

7.966
(0.344)

8.259
(0.351)

8.395
(0.364)

8.447
(0.37)

8.494
(0.372)

8.543
(0.374)

2 6.542
(0.292)

7.825
(0.34)

8.136
(0.354)

8.272
(0.365)

8.344
(0.371)

8.398
(0.374)

8.49
(0.377)

3 6.522
(0.292)

7.843
(0.34)

8.128
(0.353)

8.268
(0.363)

8.34
(0.37)

8.408
(0.372)

8.501
(0.375)

4 6.537
(0.292)

7.842
(0.338)

8.157
(0.351)

8.296
(0.361)

8.405
(0.368)

8.478
(0.37)

8.599
(0.372)

5 6.531
(0.292)

7.848
(0.34)

8.123
(0.353)

8.258
(0.363)

8.325
(0.371)

8.395
(0.372)

8.486
(0.374)

6 6.515
(0.292)

7.817
(0.34)

8.12
(0.354)

8.272
(0.364)

8.344
(0.37)

8.416
(0.373)

8.495
(0.376)

7 6.581
(0.294)

7.873
(0.34)

8.231
(0.352)

8.384
(0.359)

8.506
(0.366)

8.595
(0.367)

8.694
(0.371)

The main number is the mean of the MAE over the 731 rolling windows for both time series. The number
in brackets shows the corresponding standard deviation.

Table 2. MAE

Table 2 shows the results for the MAE criterion for the two time series. As explained above
this is a special case of the PB and it compares the performance on the median. As it is observed
in the Table 2 the differences among the models are not too big, the only clear result is that
the performance of the ARX-OLS model is significantly poorer. Overall, we can say that results
for the ARX-GARCH and ARX-IJ are slightly better but as mentioned the forecasts are not
significantly better, the DM test confirms this fact. It is important to underline that when
comparing the OLS and elastic net estimation methods the forecasting results are significantly
better using the later one.

off-peak H1 H2 H3 H4 H5 H6 H7

1 65.32
(7.26)

115.07
(11.88)

128.61
(13.1)

137.97
(13.33)

142.41
(13.55)

144.02
(13.42)

144.28
(13.24)

2 65.66
(7.41)

111.75
(12.05)

124.43
(12.78)

132.63
(13.23)

135.88
(13.33)

137.52
(13.23)

138.4
(13.09)

3 65.55
(7.38)

110.53
(12.04)

123.18
(12.86)

130.73
(13.18)

133.92
(13.3)

135.59
(13.2)

136.44
(13.06)

4 69.55
(7.71)

115.73
(12.11)

130.15
(12.98)

139.57
(13.31)

144.55
(13.47)

147.27
(13.31)

149.04
(13.21)

5 69.42
(7.75)

115.58
(12.16)

129.69
(12.92)

139.07
(13.32)

143.7
(13.47)

146.78
(13.32)

149.27
(13.18)

6 66.34
(7.68)

111.84
(12.02)

125.11
(12.89)

132.88
(13.2)

136.93
(13.37)

138.82
(13.23)

139.74
(13.11)

7 68.37
(7.64)

115.84
(12.2)

131.71
(12.92)

142.74
(13.36)

149.05
(13.42)

154.46
(13.3)

159.47
(13.22)

peak H1 H2 H3 H4 H5 H6 H7

1 162.56
(14.32)

221.05
(17.02)

239.02
(17.72)

253.97
(18.75)

261.68
(19.18)

264.97
(19.15)

268.75
(19.26)

2 158.29
(13.23)

216.83
(16.66)

236.83
(17.82)

249.23
(18.72)

256.19
(18.9)

260.04
(19.24)

264.58
(19.33)

3 157.89
(13.18)

214.31
(16.66)

232.11
(17.8)

242.94
(18.52)

249.74
(18.87)

253.17
(19.04)

258.14
(19.09)

4 176.66
(13.39)

236.05
(16.77)

256.09
(17.91)

268.99
(18.69)

278.19
(19.2)

283.17
(19.23)

290
(19.28)

5 174.97
(13.45)

233.05
(16.86)

250.93
(18.01)

262.24
(18.79)

269.6
(19.37)

273.2
(19.28)

278.22
(19.23)

6 158.23
(13.31)

218.01
(16.7)

239.71
(17.9)

253.37
(18.68)

261.71
(19)

266.64
(19.09)

272.81
(19.27)

7 179.11
(13.81)

244.84
(17.2)

272.05
(18.44)

292.09
(19.25)

308.64
(19.9)

320.4
(20.47)

337.77
(21.53)

The main number is the mean of the MSE over the 731 rolling windows for both time series. The number
in brackets shows the corresponding standard deviation.

Table 3. MSE

In Table 3 we show the forecasting performance in the mean. After looking to the Table 3
and the DM test, it looks like bivariate jump structures are not effective to capture the mean
behaviour as the forecasting performance is poor according to the MSE criterion. At the same
time, this Table shows that the forecasts of the ARX-IJ are better than other models and the
DM test confirms that the differences are significant, with the exception of the H1 where the
difference among ARX-IJ and ARX-enet is not significant for both time series. This fact means
that for the mean forecast it is important to introduce jump structures but the dependency
structures are not that relevant. The superiority of the ARX-IJ forecasting performance is more
pronounced when the horizons are increased. According to this criterion the elastic net forecasts
are significantly better than the OLS forecasts when simple ARX model is simulated.

As showed in the previous section the PB takes into account the whole distribution of the
forecast paths quantile by quantile. As showed in Table 4 in the case of the peak time series
the ARX-BiJ-µd models forecasts outperforms the other models except from one case, as in H2
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off-peak H1 H2 H3 H4 H5 H6 H7

1 1.582
(0.01)

2.119
(0.013)

2.249
(0.013)

2.32
(0.013)

2.359
(0.014)

2.381
(0.013)

2.379
(0.013)

2 1.552
(0.01)

2.073
(0.013)

2.218
(0.013)

2.288
(0.013)

2.322
(0.013)

2.349
(0.013)

2.357
(0.013)

3 1.553
(0.01)

2.082
(0.013)

2.227
(0.013)

2.294
(0.014)

2.333
(0.014)

2.359
(0.014)

2.367
(0.014)

4 1.549
(0.01)

2.072
(0.013)

2.21
(0.013)

2.284
(0.014)

2.323
(0.014)

2.353
(0.014)

2.362
(0.014)

5 1.55
(0.01)

2.074
(0.013)

2.215
(0.013)

2.291
(0.014)

2.323
(0.014)

2.353
(0.014)

2.364
(0.014)

6 1.555
(0.01)

2.074
(0.013)

2.218
(0.013)

2.289
(0.013)

2.33
(0.014)

2.356
(0.014)

2.366
(0.014)

7 1.552
(0.01)

2.095
(0.013)

2.249
(0.013)

2.329
(0.014)

2.368
(0.014)

2.406
(0.014)

2.417
(0.014)

peak H1 H2 H3 H4 H5 H6 H7

1 2.565
(0.015)

3.046
(0.017)

3.153
(0.017)

3.22
(0.018)

3.26
(0.018)

3.278
(0.018)

3.298
(0.018)

2 2.504
(0.014)

2.991
(0.017)

3.124
(0.017)

3.188
(0.018)

3.234
(0.018)

3.257
(0.018)

3.294
(0.018)

3 2.513
(0.015)

3.01
(0.017)

3.13
(0.018)

3.189
(0.018)

3.234
(0.019)

3.26
(0.019)

3.298
(0.019)

4 2.494
(0.015)

2.985
(0.017)

3.118
(0.018)

3.177
(0.018)

3.23
(0.018)

3.259
(0.018)

3.303
(0.019)

5 2.492
(0.015)

2.988
(0.017)

3.108
(0.018)

3.169
(0.018)

3.208
(0.018)

3.239
(0.019)

3.273
(0.019)

6 2.498
(0.014)

2.987
(0.017)

3.119
(0.017)

3.184
(0.018)

3.229
(0.018)

3.256
(0.018)

3.292
(0.018)

7 2.532
(0.015)

3.053
(0.017)

3.195
(0.018)

3.269
(0.019)

3.328
(0.019)

3.361
(0.019)

3.397
(0.019)

The main number is the mean of the Pinball score within the 99 quantiles for each one of the 731 rolling
windows. The number in brackets shows the corresponding standard deviation.

Table 4. Pinball score

the PB score of the ARX-BiJ model is lower. On the other hand, in the case of the off-peak
we see that the for the first horizons the ARX-BiJ forecasts are the best ones but after the 6th

horizon the ARX-enet makes the best forecasting performance. This fact is curious because the
ARX-enet does not take into account heavy tails and it is expected that a models with jumps
would capture the tail behaviour more efficiently. We must underline though that the differences
among the models are not significant according to the DM test. The DM test only concludes
that for both time series the forecasting performance is significantly poorer for the ARX-OLS
and the ARX-BiJ-µd-GARCH models. As with the MAE and MSE criteria with the PB score
the elastic net estimation method provides better forecasts than the OLS.
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(a) off-peak quantile performance
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(b) peak quantile performance

Fig. 3. Performance on each quantile for first horizon

The Figure 3 shows PB(model)−PB(OLS) for the first predicted horizon quantile by quan-
tile, therefore all the models are compared to the ARX-OLS. If we focus on the model ARX-BiJ-
µd-GARCH, which is the most complex one, we observe that in the first and the last quantiles
it is the best model. However, in the middle quantiles it has the worst forecasting results, it
is even more pronounced for the peak time series. The behaviour of the forecasts with models
ARX-BiJ-µd and ARX-BiJ is similar in both cases. Regarding the ARX-enet in the off-peak
time series it is observed that the in the middle quantiles the forecasting performance is the best
together with the ARX-GARCH.

So far we have distinguished between the two time series because dependencies are not taken
into account in the criteria mentioned above. It is observed for the three previous criteria that
the off-peak time series has a lower error term which means that forecasts are more accurate
according to the three criteria. The next score takes into account dependency structures which
are the key feature of this paper.

Table 5 shows the ES for our seven models and our seven horizons. It is observed that
the best forecasts are made by the ARX-BiJ-µd which is sensible taking into account in this
forecasting model takes into account dependency structure. We would expect that the ARX-BiJ-
µd-GARCH capturing all features of the time series better but it may the case that as there
are to many parameters to estimate with our starting values we have hit a local maximum6.

6 Other starting values could be used but it would increase a lot the computational time and, as 731
estimations are made in total, increasing the number of starting values would have made estimation
infeasible.
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Values H1 H2 H3 H4 H5 H6 H7

1 731.46
(24.12)

932.9
(29.28)

1000.6
(30.09)

1036.75
(31.26)

1056.79
(31.56)

1069.21
(31.46)

1078.45
(31.29)

2 731.44
(23.85)

922.89
(29.43)

988.47
(30.41)

1020.57
(31.61)

1038.11
(31.9)

1050.09
(31.93)

1062.48
(31.98)

3 638.33
(23.72)

806.99
(29.32)

864.44
(30.4)

891.4
(31.4)

907.72
(31.72)

919.05
(31.72)

928.85
(31.71)

4 588.11
(23.84)

747.49
(29.04)

807.22
(30)

839.12
(30.9)

860.91
(31.26)

875.71
(31.2)

887.44
(31.13)

5 583.19
(23.92)

735.43
(29.14)

789.13
(30.2)

816.7
(31.15)

833.62
(31.59)

845.63
(31.47)

855.38
(31.3)

6 729.66
(24.05)

917.93
(29.31)

983.39
(30.39)

1013.91
(31.28)

1033.36
(31.64)

1046.18
(31.61)

1058.63
(31.56)

7 614.33
(24.03)

786.33
(29.34)

855.12
(30.07)

895.34
(30.85)

924.59
(31.14)

948.82
(31.06)

968.25
(31.17)

DM-test 1 2 3 4 5 6 7

1 0
(0.502)

25.02
(>0.999)

32.58
(>0.999)

34.83
(>0.999)

0.47
(0.68)

24.39
(>0.999)

2 0
(0.498)

54.72
(>0.999)

61.92
(>0.999)

66.52
(>0.999)

1.71
(0.956)

36.46
(>0.999)

3 −25.02
(<0.001)

−54.72
(<0.001)

30.9
(>0.999)

34.53
(>0.999)

−50.4
(<0.001)

8.48
(>0.999)

4 −32.58
(<0.001)

−61.92
(<0.001)

−30.9
(<0.001)

5.46
(>0.999)

−65.69
(<0.001)

−9.89
(<0.001)

5 −34.83
(<0.001)

−66.52
(<0.001)

−34.53
(<0.001)

−5.46
(<0.001)

−69.43
(<0.001)

−11.85
(<0.001)

6 −0.47
(0.32)

−1.71
(0.044)

50.4
(>0.999)

65.69
(>0.999)

69.43
(>0.999)

35.82
(>0.999)

7 −24.39
(<0.001)

−36.46
(<0.001)

−8.48
(<0.001)

9.89
(>0.999)

11.85
(>0.999)

−35.82
(<0.001)

The main number is the mean of the ES among the 731 rolling window for each model and each horizon.
The number in brackets shows the corresponding standard deviation.
The Diebold Mariano test for the Energy score and the first horizon. The main number is the t-statistic
value and in brackets the corresponding p-value.

Table 5. Energy score values and DM-test

Nonetheless, another reason could be the structural breaks in the data set lead to the poor
forecasting performance. In the Table 5 it is observed that the models with bivariate jumps
provide generally better forecasts with this score which means that the dependency structures
are properly included by considering bivariate jump. This is a interesting results as our objective
including bivariate jump is too improve the usual OrnsteinUhlenbeck process.

As it can be observed in Table 5 with ES it is not possible to distinguish between the OLS
and enet estimation techniques forecasts while with the other scores the elastic net method is
significantly better. We observe that the ARX-BiJ-µd model provides significantly better forecasts
than the other models followed by ARX-BiJ. As already noted, according to the ES criterion the
models with bivariate jump offer significantly better results which means that our adjustment on
the jump diffusion models helps to capture the dependencies efficiently. It is clear that according
to this score the assumption of no constant mean of the jump helps in the forecasting accuracy.
This improvement was not that clear with the other scores. The forecasting performance of the
ARX-GARCH model is weaker than expected, the reason could be that CCC-GARCH structures
are more focused on symmetric effects.

7 Conclusion

The proper modelling and forecasting in electricity markets is crucial for all the participants. In
this paper we focus on the off-peak and peak time series. These time series are the ones traded
in the future markets, hence it is really important to have accurate forecasts in order to avoid
losses.

Our motivation in this paper is to include dependency structure to the bivariate analysis. We
believe that it is extremely relevant that the forecasts preserve the correlation structure from the
original time series. In the literature, so far, only have been applied MRJD to independent time
series. Our approach is to include bivariate jump occurrences to the MRJD model. Afterwards,
we need to evaluate whether these correlation structures have been properly included or not, in
order to do so we need a criterion which takes into account the dependencies. In our case we use
the ES to that purpose but it is not the only criterion we apply, we use the MAE, MSE and the
PB, as well. Additionally, we apply the DM test to compare the models in pairs for each one of
the horizons.

Regarding the results we observe that the models with bivariate jump are not forecasting
better according to the MAE and MSE criteria. However, with the PB score criterion where the
distribution of the forecasts is evaluated the performance is slightly better when bivariate jump
structure is considered in the model. When we focus on the ES score we observe the the models
with correlated jumps perform significantly better than the remaining models. Nonetheless, the
most complex model which deals with bivariate jumps, no constant jump size and CCC-GARCH
structure does not outperform the forecasts of the same model but without considering the CCC-
GARCH. We assume this happens because there are too many parameters to estimate in the
second step and the optimal value is a local maximum or the presence of structural breaks in
the data set which lead to the poor performance.

For further research it might interesting to develop dependency structure models consider-
ing hourly data and make a multivariate analysis with 24 variables. The problem with this 24
variables is that the number of parameters to estimate increases too much.
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Abstract. The paper proposes the computing environment which al-
lows building forecasts based on System Dynamics models. The envi-
ronment is equipped with GUI for building dynamic models according
to the Forrester’s methodology. The unique feature of the application is
that the created models can be calibrated with the help of optimiza-
tion procedures tailored for solving nonlinear least squares problems
with differential–algebraic equations. Furthermore, the application en-
ables verification of decision rules inherited in System Dynamics models
by solving associated with the models dynamic optimization problems—
then the model with optimal decision rules can be simulated to build
forecasts of interests. To illustrate the functionalities of the environment
the example of the model of drug prevalence is discussed in some detail.

Keywords: System Dynamics, trajectories forecasting, decision rules,
optimal control

1 Introduction

System Dynamics offers an approach to forecasting that is essentially different
from the one based on econometric models, as it allows for including decision
rules (which are dynamical in nature) within the model. Building predictions
boils down to running new simulations of model equations with appropriately
changed parameters describing the decision rules. Also, nonlinear functions are
a common thing in multiequation System Dynamics models while multiequation
nonlinear econometric models are a rarity due to extreme difficulties in their
building.

The quality of quantitative predictions drawn form System Dynamics models
– in the form of generated trajectories of selected variables – depends heavily on
the specification of values of the model’s parameters. If our predictions are to
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possess any merit we must be certain that the simulated trajectories of interest
are close to these which have been observed. This can be achieved in the process
of model calibration, provided that the structure of model’s equations are not
far from the actual dynamics of the real process. Model calibration can refer to
statistical methods to measure quality of parameters estimation, but the final
model and its use in predicting future values of model’s variables is deterministic.
The model calibration is based on optimization tools, however there are other
applications of optimization within the process of building dynamical models,
such as finding adequate structures of model’s decision rules or choosing proper
(parameters’) values for these decision rules.

The paper describes a newly implemented computing environment that brings
together System Dynamics (SD) graphical modeling methodology, simulation of
the model’s behavior, defining optimal control problems (by supplementing the
SD model with objective function) and advanced numerical algorithms for solv-
ing various classes of dynamic optimization problems. It was designed to make
it possible to define and solve a number of related problems defined around the
same model. This way one can start with specifying a dedicated problem of
calibrating the model’s parameters (solved by selecting parameters’ values for
which the distance between empirical and generated trajectories is minimized).
Once the model is calibrated, it can then be used to build another optimiza-
tion problem dealing with choosing control strategies that would optimize (some
measures of) certain aspects of the system’s behavior.

The proposed software package can be compared to a number of existing
solutions, such as Vensim ([16] or any of similar SD simulation applications),
OpenModelica [15] or JModelica.org [14]. However, we believe that our solution
is unique as it exceeds the capabilities of these competitors. In comparison with
Vensim – it not only offers simulation (and does that with a significantly wider
selection of numerical integration engines) but also provides support for dynamic
optimization, which is completely lacking in the Vensim-class of System Dynam-
ics simulation packages. In that respect it is much closer in kind to the Modelica-
related applications with built-in Optimica language support, i.e. OpenModelica
or JModelica.org (Optimica is a close relative to Modelica with slight syntax ex-
tensions for defining optimal control problems; it was initially proposed in [1]).
What sets us apart from the two, is the designed-in support for a wide range
of various optimization solvers (as described e.g. in [9]) – while both implemen-
tations, of OpenModelica and JModelca.org, are based solely on the collocation
algorithm – which makes them less appropriate for certain classes of problems.

In our environment the models can either be built by means of System Dy-
namics standard graphical notation or through text files written in a dedicated
language – DOML. The Dynamic Optimization Modeling Language (DOML)
was initially proposed in [9] as a Modelica-based programming-language-
independent communication format while developing Interactive Dynamic Opti-
mization Server (IDOS, described therein). The DOML format provides a mean
for defining dynamic systems (i.e. described by systems of Ordinary Differential
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Equations or Differential-Algebraic Equations) together with user controls and
objective functions that together compose optimal control problems.

The paper is organized as follows. The following section 2 provides a general
description of the graphical and computational environment. Section 3 proceeds
towards formulating an exemplary dynamical model that illustrates its capaci-
ties and can be used for forecasting the behavior of a system of interest. The
example model deals with forecasting drug use, at a national level, under differ-
ent strategies undertaken by law enforcement authorities to combat drugs. Next,
in section 4, the numerical algorithms implemented within the environment and
used in this particular case are briefly described, together with discussion of the
related aspects of calibrating the model and specifying decision rules. Finally,
section 5 provides a discussion of simulation and optimization results yielding
trajectories showing the foreseen behavior of the system’s variables.

2 System Description

The system that has been developed to solve optimization problems consists of
three main components:

– modeling application
– DOML compiler
– simulation and optimization libraries.

and their inter-relationship is schematically shown on Figure 1.

Figure 1: Composing elements of the computing environment

The modeling component called JOptisim allows users to create graphical
models according to System Dynamics methodology which introduces three fun-
damental elements of SD models, namely stocks, flows and auxiliary variables (or
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parameters) – in that respect it is comparable to similar graphical tools such as
Vensim, Stella, etc as all model’s elements can be graphically placed, removed,
renamed or copied at any time and then saved to and restored from exter-
nal file. JOptsim also runs preliminary simulations to check correctness of the
model. The implemented simulation procedure is based on advanced RADAU5
numerical code which enable to track trajectories with steep changes, especially
observed in so called stiff equations.

Besides creating a standard System Dynamics models, application allows to
define optimization problem by filling additional values in a dedicated window.
The window supports a definition of: horizon used in optimization problem; ob-
jective function; constraints of optimization problem. Such created model can be
saved in an external file for further editing or exported to the DOML language
file either as ordinary differential or differential-algebraic equations. The result-
ing DOML files are sent to Modelica-based simulation and optimization engine
composed of DOML compiler (as the first stage) and a number of dedicated
numerical libraries.

The compiler was fitted with a number of additional features needed to imple-
ment the postulated extensions to the standard Modelica language. The exten-
sions and their implementations were discussed in detail in a number of articles
(see e.g. [8], [9]) but in short they boil down to:

– providing a mechanism for choosing among a number of different solver pack-
ages applicable to (different classes of) dynamic optimization problems;

– allowing for solver chaining – i.e. using a sequence of solvers on the same
problem, where the solution from one (usually more robust but less accurate)
can be used in the next (that e.g. provides higher accuracy but requires a
relatively good starting point);

– introducing labeling of equations (and constraints) together with a way for
defining so called adjoint variables, which are necessary when using certain
class of optimization algorithms.

To our mind, these elements make the language significantly better fit for han-
dling the vast variety of optimal control problems out there.

The compiler transcribes the DOML definition of a problem into a regular
programming language (in most cases being C++, but in some cases it is C,
Fortran of R). The generated code includes appropriately woven calls to exter-
nal numerical libraries needed to solve a particular problem. The environment
set-up is prepared to handle various cases as it is equipped with several sophisti-
cated solvers for dynamic optimization problems: based on apriori discretization
of differential equations; solvers using adjoint equations; based on shooting pro-
cedures. Secondly, the environment includes state-of-the-art numerical libraries
dealing e.g. with numerical integration or automatic differentiation.

3 Problem Formulation

The exemplary problem we consider is determination of the optimal time dis-
tribution of police forces intended for fighting against drugs. The calculations
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are based on the drug prevalence model built with the help of System Dynamics
methodology. The model is based on the drug prevalence model presented in [4]
and additional contribution related to drug market in Poland depicted in [5].

The casual loop diagram of the appropriate model is presented in Fig. 2 and
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Figure 2: Casual loop diagram of System Dynamics model of drug prevalence

we will now briefly describe the structure of the model. The core of the model
is the flow of people between two groups of people: people who have used drugs
during the previous year (PastYearUsers); people who have not used drugs dur-
ing the previous year (NotPastYearUsers). The flow of people between these two
groups consists of two subflows: flow of people who have started using drugs
during the previous year (peopleStartUsingDrugs); flow of people who have ab-
stained from drug using during the previous year (peopleAbstainFromDrugUse).
The sizes of these flows depend on the sizes of populations and the positive atti-
tude to drug use among the society, which is modeled by one aggregated variable
attitudeToDrugUse. In our model the attitude to drug use depends on the follow-
ing factors: exposure to drugs through social contacts (exposure); perception of
health consequences of drug use (safety); perception of consequences of breaking
the drug law(legality); affordability of drugs (affordability).

The exposure to drugs through the social contacts depends on the prevalence
of drugs in population and it increases the positive attitude to drug use. In our
model we assume that the perception of health consequences of drug use depends
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on the number of medical interventions associated with using drugs (ERMen-
tions). With the increasing number of medical interventions the positive attitude
to drug use decreases. The number of medical interventions depends directly on
the prevalence of drugs in population. The perception of law consequences of drug
possession and distribution depends on the number of arrests (Arrests). With
the increasing number of arrests the positive attitude to drug use decreases. The
number of arrests depends on the prevalence of drugs in population as well as on
the efficiency of police (policeEfficiency). The police efficiency models a general
ability of police to fight against drugs and it is assumed to be the only control
variable in our exemplary problem.

Drugs affordability depends on the drug unit price (Price). With the increas-
ing price the positive attitude to drug use decreases. To describe the dependence
of drug unit price on the drug prevalence a simple economic modeled is used. It
is assumed that the changes of drug unit price depend on the actual price and
the difference between drug demand and supply. Drug demand depends on the
drug prevalence and drug supply is modeled as an external function of time. It
is possible to utilize more complicated economic models, but for our needs the
proposed model gives satisfactory results.

Our goal is to determine the optimal distribution of police forces over the
assumed time interval to achieve the best results in fighting against drugs. In
our model the optimized control variable is policeEfficiency, which represents the
efficiency of the police in arresting people breaking the drug law. policeEfficiency
variable has been introduced to our model arbitrary and does not possess a
simple and direct interpretation. Nevertheless it is possible to associate it with
other measurable quantities such as a number of police patrols per week or the
drug fight budget per year. In any case the methodology remains the same.

To test the computational environment we solved the exemplary optimal con-
trol problem. The parameters of the drug prevalence model have been adjusted
according to data regarding the cocaine prevalence in Poland provided by Euro-
pean Monitoring Centre for Drugs and Drug Addictions. In the considered op-
timal control problem we assume that at each time moment the policeEfficiency
stays within interval [0, 2]. This constraint models e.g. the limited number of po-
licemen available at each moment. What is more we assume that the following

inequality holds
∫ 20

0
policeEfficiency(t)dt ≤ 20. The considered time interval is

[0, 20] years. The above inequality represents the budget constraints as the po-
liceEfficiency cannot always assume the maximum value, for which the integral
would be 40. It is therefore required to distribute the police forces somehow over
the whole time interval. The proposed cost function, which is supposed to be
minimized, is the number of drug users at the final time PastYearUsers(20 ).

The model and the optimization tasks have been implemented as a DOML
script [9]. The header of the DOML script defines the cost function and the time
interval.

optimization drugs_opt ( objective = PastYearUsers(finalTime),

startTime = 0, finalTime = 20.0 )

Next all the variables in the model are declared.
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parameter Real InitialPrice= 45; ...

Real affordability; ...

input Real policeEfficiency(initialGuess = 1, min = 0, max = 2);

...

There are four type of variables: constant parameters, casual variables, input
variables, and state variables, which correspond to stock variables in System
Dynamics convention [13]. Besides the declaration, for input variables the initial
guess and bounds are defined and for state variables the initial value is defined.

In the equation section of DOML script system equations are defined. Differ-
ential equations defines derivatives of state variables, whereas algebraic equations
defines the remaining variables.

equation

der(Price) = (changeInPrice) - 0; ...

0 = - changeInPrice + (demand-supply)/supDemDiffForUnitRelChange

* Price;

In the constraint section the remaining constraints can be defined. The inte-
gral inequality is defined by introducing the additional variable CostOfPoliceEf-
fciency which integrates policeEfficiency over time. Then, the constraint section
contains

constraint

CostOfPoliceEffciency(finalTime) <= 20;

4 Numerical procedures for optimal control problems

There are three types of optimization problems linked with the methodology
our computing environment realizes. The first two are associated with models
calibration. We assume that the calibration of a System Dynamics model should
be performed in two stages. In the first one one look for functions which describe
the relationship in a given node of a CLD diagram. This calibration reduces in
fact to solving a standard nonlinear (in general) least squares problem and can
be accomplished by a variant of the Gauss–Newton method. In that case we use
data which represent variables linked to a particular node.

The model calibration in the second stage is needed to construct an adequate
model for forecasting with respect to a particular variable which is a solution
to DAEs representing System Dynamics model. In that case the calibration
procedure is much more elaborate since it takes into account the entire model
dynamics and so it requires a tailored dynamic optimization procedure based on
a least squares objective function.

Then, we apply optimal control to verify (construct) decision rules which
are inherently present in a System Dynamics model. In that case we solve a
standard optimal control problem having in mind that a procedure for solving
that problem must satisfy the following conditions: 1) it should tackle control
problems described by large–scale differential–algebraic equations; 2) it must
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have an initialization procedure for algebraic variables which is called at initial
time and at times at which controls exhibit jumps.

The first requirement is a direct consequence of the System Dynamics method-
ology. The dynamic model is the form of diifferential–algebraic equations of the
special form. Alebraic variables are functions of other algebraic variables and dif-
ferential variables (those variables which are solutions to differential equations).
In the literature on differential–algebraic equations of this form are called semi–
explicit index one differential–algebraic equations ([2]).

The solver we use to solve optimal control problems with System Dynamics
models is described in detail in [7]. The solver has the following features:

(a) it is based on an implicit Runge–Kutta procedure with variable stepsizes–it
implies that it can tackle stiff differential–algebraic equations;

(b) the Runge–Kutta integrator requires the description of system equations
jacobians as sparse matrices thus it is suitable for integrating large–scale
differential–algebraic equations;

(c) the solver is based on a continuous time model of system equations which
means that it is appropriate to problems with state constraints which can
exhibit both touch points and active arcs at solutions—parameters of these
active sections of state constraints can only be precisely determined if the
continuous time model is applied;

(d) it is an SQP type algorithm which assures fast convergence but at the same
time does not refer to Lagrange multiplires associated with constraints–the
Lagrange multiplires corresponding to state constraints may be difficult to
evaluate.

4.1 Nonlinear least squares calibration of dynamical systems

In order to explain our approach to the calibration of dynamical models consider
first the static nonlinear least squares problem:

min
p∈Rnp

[
f(x) =

1

2
‖g(p)‖2 =

1

2

m∑
i=1

((gi(p))
2

]
(1)

where g(p) = [g1(p), g2(p), . . . , gm(p)]
T

.
Important feature of the Gauss–Newton method for the nonlinear least squares

problem is that the Hessian matrix of the objective function (1) can be effec-
tively approximated by the matrix based on the Jacobian matrix related to the
transformation g—see [6] for details:

∇2f(p) ≈ J(p)TJ(p). (2)

Here, J(p) is the Jacobian matrix of the transformation g.
Let us adopt the Gauss–Newton procedure for the one suitable for calibrating

dynamical systems with continuous time dynamics described by DAEs.
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Suppose that a system is represented by the equations

F (ẋ(t), x(t), u(t), p) = 0, t ∈ [0, tf ], (3)

where vector p represents system parameters. The solution to system (3) is
dependent on p and thus we denote it by xp.

We approximate the parameters p by solving the nonlinear least squares
problem

min
p

MSEl(p) =
1

N

N∑
j=1

(
xpl (tj)− x̂l(tj)

)2
=

1

N

N∑
j=1

MSEj
l (p)

 (4)

subject to the constraints (3). Here, we recall, that x̂l is the empirical (measured)
trajectory.

That problem can be solved by nonlinear programming techniques provided
that we can evaluate gradients of MSEl(p).

On the other hand the gradient of the functional MAEl(p) may be evaluated
with the help of adjoint equations if we observe that MSEl(p) is composed of
N functions MSEj

l (p).

The gradient of MSEj
l (p) can be calculated by using the adjoint equations

for the system (3) and the function MSEj
l (p)—it means that these adjoint equa-

tions will be integrated from time tj (see, for example, [7] on the use of adjoint
equations in dynamic optimization and [8] on their application to this particu-

lar function). Then, ∇MSEl(p) =
∑N

j=1∇MSEj
l (p). Having objective function

values and its gradients we can build an optimization procedure for model cali-
bration. A general scheme for such a procedure may look like stated below.

General Calibration Procedure (GCP)

1. Set initial values of parameters: p1 and set k = 1.

2. For parameters pk calculate system trajectories xpk by numerically inte-
grating system equations. On that basis determine objective function value
MSEl(pk) through values MSEj

l (pk), j = 1, . . . , N .

3. Having trajectories xpk and values MSEj
l (pk), j = 1, . . . , N solve adjoint

equations, and determine ∇MSEj
l (pk), j = 1, . . . , N , ∇MSEl(pk).

4. Determine the direction of descent pk using some optimization procedure.

5. Perform directional minimization with the help of the optimization proce-
dure to evaluate the step size αk. Substitute pk + αkdk for pk+1. increase k
by one and go to Step 2).

That general calibration scheme covers also a Gauss–Newton approach to a
model calibration. However, in this case we need specyfing how the direction of
descent dk is determined on the basis of vectors ∇MSEj

l (pk), j = 1, . . . , N and
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∇MSEl(pk). In this case we use the relations:

Jl(pk) =


∇MSE1

l (pk)T

∇MSE2
l (pk)T

...
∇MSEN

l (pk)T

 , Hl(pk) = Jl(pk)TJl(pk)

pk+1 = pk − αk [Hl(pk)]
−1∇MSEl(pk). (5)

4.2 Algorithm for optimal control problems with SD models

In general System Dynamics models are described by differential–algebraic equa-
tions (DAEs). Therefore, we should consider the following optimal control prob-
lem PDAE:

min
u
φ(x(tf )),

subject to the constraints:

F (ẋ(t), x(t), y(t), u(t), t) = 0 a.e. on T, x(0) = x0 (6)

q(t, x(t)) ≤ 0 ∀t ∈ T (7)

h1i (x(tf )) = 0 ∀i ∈ E (8)

h2j (x(tf )) ≤ 0 ∀j ∈ I (9)

u ∈ U = {u : u(t) ∈ Ω a.e. on T}. (10)

Here, x(t) ∈ Rnd , y(t) ∈ Rna , u(t) ∈ Rm, n = nd + na and Ω is a convex
compact set. We assume that for any x0, u ∈ U there exists a unique solution to
(6): (xu, yu). We call x a differential state, and y an algebraic state.

The problem we have to consider has both terminal constraints (8)–(9)
(equality and inequality), state constraints (7) (constraints which must be sat-
isfied at every point of time horizon) and hard constraints on controls (10). The
system dynamics equations (6) contains controls u which are introduced to Sys-
tem Dynamics to verify optimality of decision rules used in the System Dynamics
model. Once the problem PDAE is solved we build once again (possibly new,
but almost surely with new parameters) decision rules and new forecasts on the
basis of these rules.

Essentially the above optimal control problem can be numerically tackled in
the very similar way as the problem described by ODEs, in particular, due to the
uniqueness assumption stated above, it can be stated in reduced space (see [7]
for details). In fact our computing environment applies a numerical procedures
stated in [7]. It is the procedure which uses a RADAU IIA procedure (it is an
implicit Runge–Kutta method) for the integration of the system equations (6)—
the justification for the choice is given in [7] (Chapter 6). Having trajections of
system equations obtained by numerical integration gradients of all functionals
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defining the problem PDAE are evaluated in the reduced space with the help of
adjoint equations associated with system equations (Chapter 6 of [7]).

Since our system equations are in the form of DAEs we need a procedure
for their initialization—usually we have initial values of differential states x but
algebraic variables y have to be found so algebraic equations are satisfied at
initial time. Due to the way System Dynamics equations are constructed (with
the help of the GUI) the functions yi(t) = init(xu(t), u(t), i), i = 1, . . . , na can
be built—these functions are created while processing model equations by the
DOML compiler.

5 Discussion of Results

Several optimal control problems based on System Dynamics have been defined
and solved. In [10] an optimal control problem related to sanitary teams activ-
ities during an epidemics of a foodborne disease is discussed. In the problem
decision variables (controls) are linked with the number of sanitary teams which
try to contain the epidemics by isolating infected people and by eliminating con-
taminated food. The optimal control problem is further discussed in [12] where
decision rules are derived for sanitary teams activities on the basis of the optimal
solution to the problem.

The optimization results presented in the section are related to the System
Dynamics model of drug prevalence stated in Section 3. They should be treated
as preliminary results since additional experiments with the optimization model
(and its variants) are needed to propose new decision rules for the distribution
of police forces which fight against drugs use. On the basis of these decision
rules we could then forecast the spread of drugs use as described by the model
variable PastYearUsers.

The numerical procedure presented in Section 4 has found the optimal solu-
tion shown in Fig. 3a. The analysis of the obtained solution suggests the following
strategy for the use of police forces: try to apply police forces at its maximum
efficiency in the beginning (for a few years); then stick to the slightly decreasing
average efficiency until resources are exhausted as expressed by the constraint
on the final value of CostOfPoliceEffciency —parameters of this strategy could
be obtained by solving another optimization problem in which its parameters
are decision variables. If that strategy is used then the number of dugs users will
be minimized at the end of considered horizon.
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Abstract— In a world in which the most effective way to 

deliver services is often discussed and many times it is the 

customer who ends up defining the delivery model of the 

companies, it becomes important to analyze and compare 

the tendency and financial sustainability among the 

companies that deliver management services in a different 

format, whether that is through consulting or outsourcing 

services. This study was conducted by analyzing financial 

indicators such as EBITDA Margin between 2014 and 2017 

and by analyzing the forecast between 2018 until 2023 from 

the top three consulting and outsourcing companies. The 

findings suggested that most organizations from 

Management Consulting Services show better results when 

we are referring to “EBITDA”. Nevertheless, there are 

aspects that require additional analysis.   

Keywords — Management consulting, Outsourcing, 

Performance measurement, profitability, decision 

1 Introduction 

 
In an era in which the speed of adaptation and even 

anticipation of the market cause bankruptcy of companies 
whenever they cannot meet their real needs, the lines of 
management are undergoing mandatory changes. Through the 
analysis of the gains of many outsourcing firms, there are many 
non-core activities undertaken by these companies that promise 
to their customers reducing costs and focus on their business 
activities that create direct value [1]. Much research has been 
done on how companies choose which activities to do internally 
or externally. There is a lot of repetition of simple cost/benefit 
arguments that are difficult to measure. What is the long-term 
cost of letting the company managers learn about how to make 
a strategic plan rather than hiring a specialized, referenced 
consulting firm on the subject? What is the benefit of using 
Outsourcing in 80% of our non-core activities? Do we need a 
company to help us think or to execute tasks? Or even both? 
Issues are not impossible, but they are difficult to justify in a 
standardized and scientific way for many organizations. On the 
contrary, for service providers the big question remains on 
knowing the best model to follow because if a certain model is 
so good, can it be improved to bring best turnovers? It is also 
true that there are some outsourcing companies that often only 
provide body shopping services and their business model is  

 

easily replicated and they have almost no competitive advantage 
[2]. This article has a main objective to carry out a financial 
performance analysis between management consulting services, 
management outsourcing and mixed model firms that until now 
have been somehow neglected by the academic world. For this, 
it was necessary to start with a study on the definition of the 
concept of management consulting and outsourcing, concepts 
that are constantly changing and have never been fully defined 
[3]. At the management consulting level, the concept of the 
market itself is not always defined in the same way and there is 
no specific skill totally defined, and even ironized by [3], who 
refers to it as "The method can be, and is, applied not only by 
full-time consultants, but also by many other technically 
competent persons whose main occupation may be teaching, 
training, research, systems development, project development 
and evaluation, technical assistance to developing countries, 
and so on". According to a report released in 2010 [4] by the 
European Federation of Management Consulting Associations 
(FEACO), which represents 23 national associations across 
Europe including UK's Management Consultancies Association 
has been proposed in 2005 a new definition of the scope of 
services offered by management consulting firms in Europe and 
a new way of segmenting these services as following: (1) 
Business Consulting and (1b) IT Consulting, (2) Development 
and Systems Integration (excluding software development), (3) 
Outsourcing of value added services and (4) other services. 
According to Fig. 1 Business Consulting is the most robust 
service line with 50% of Management Consulting. The 
Outsourcing market represents 12%. 

 

 
Fig. 1 -  Breakdown of turnover by service line (Source: FEACO, 2010) 
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After defining and reviewing the services of companies in a 
scientific way and because it was not possible to separate them, 
a survey was carried out by a group of experts to guarantee 
greater definitions of this services. After the typification, it was 
carried out the financial analysis based on the country, CAE and 
name. The findings revealed, according to the data provided, 
that consulting firms have a better performance when compared 
with companies with mixed services or unique outsourcing 
services. 

1.2 Academic Perspective 

Management Consulting 

 
The Management Consulting concept is still relatively young, 
with just over 100 years old. The issues of counseling and 
problem solving have been known since the end of the industrial 
era [3] and subjects such as lack of experience in organizing 
processes, people or demands of mass-produced goods have led 
some experts like Frederick Winslow Taylor and Charles 
Babbage to develop new methods for work organization, which 
resulted in significant improvements [5]. Arthur D. Little, was 
a professor that created in 1886 the first recognized 
management consulting firm even though he concentrated only 
on more technical terms. Later, around 1900, Arthur Young, 
William Deloitte and George Touche, advanced with more 
themes of management and auditing. Around 1914, Booz Allen 
Hamilton formed the first management consulting firm to serve 
the industry as well as government clients while James O. 
McKinsey and Andrew Kearney founded McKinsey & 
Company in 1926 and became the first Management Consulting 
firm with the most modern strategy. Robert David [6] suggests 
that the growth that was experienced during the 1930s and 
1980s was induced by four external forces, being them the 
increasing number and complexity of firms, the ideology of 
corporate conversion to non-corporate sectors, the 
organizational efforts of the second World War and finally the 
increasing impact of business education and business press. 

The evolution of management consulting is a process that 
occurred in three specific periods, because of the changes in the 
environment where organizations operate, as well as due to the 
changes in management and the evolution of the organizations 
themselves, and as a way of accompanying the trends. 
Nonetheless, there are divergent opinions regarding the specific 
periods when those phases took place. According to some 
authors [7-8-9-10-11-12,13], the professional development of 
management consulting firms can be fragmented in scientific 
management, which appeared in the turn of the twentieth 
century and was centered on the efficiency of the company, also 
known as “shop-floor efficiency”. It was followed by 
organization and strategy with companies providing advice on 
organizational issues, exemplified by Arthur D. Little, Booz 
Allen & Hamilton and McKinsey. It finally shifted to 
communication and information technology (since 1990), 
exemplified by the largest accounting and IT firms from the 
1970s onwards [13]. 

According to the FEACO [4], the Management Consulting 
market is divided into four segments as shown in the figure 2 
bellow.  

 
Fig. 2. Service lines (Source: self-constructed table based on FEACO 2010 

REPORT) 

 
The increase of globalization promoted the boom in consulting, 
favoring a growth in the number of management consulting 
firms, and bringing a methodical approach to the study of 
strategy and management. It is important to mention that 
consultancy expanded due to the economic development and 
industrial era, which first began in the United States of America, 
got into Europe and finally got as well into the rest of the world. 
In the 90’s there was another expansion of Management 
Consulting, firstly due to Central Europe opening its borders, 
and secondly, to the explosive growth of the World Wide Web. 
This industry suffered stagnation between 2001 and 2003 
caused by the high-tech/e-business bubble crash that popped 
with severe consequences to clients and their consultants. The 
credit crunch (2009-2011) was considered another setback to 
consulting firms. Nowadays the consulting sector is a multi-
billion-euro industry, which employs millions of people 
worldwide. As represented in Figure 3 and 4, during the period 
of 2013–2016 the European Management Consulting market 
experienced stable growth, as well as employment. 

 
Fig. 3 - Turnover and GDP (Source: FEACO [14]) 

Service Line Sub Service Description 

1.Consulting 

1a. Business 

Consulting (BC) 

• Strategy Consulting (SC), which targets the improvement of the long-term, strategic 

health of a company: strategic planning development; mergers & acquisitions; sales; 

marketing; corporate communication; financial advisory; HR strategy; 

• Organisation/Operation Management (OM) aims at the integration of business solutions 

through Business Process Re-engineering (BPR); customer/supplier relations management 

(CRM); turnaround/cost reduction and purchasing & supply management as well as advise 
on outsourcing; 

• Project Management (PM), the application of knowledge, skills, tools and techniques to 

a broad range of activities in order to meet the requirements of a particular project; 

• Change Management (CM), this consists of services which, on top of any other type of 

consulting service, help an organisation deal with the effects that change has on the human 
element of the organisation; 

• Human Resources Consulting (HR), consulting services which target the improvement 

of the ‘people’ element of an organisation through performance measurement and 

management, reorganisation of benefits, compensations and retirement schemes, HR 

strategy and marketing, the development of talent strategies and executive coaching. 

1b. Information 

Technology 

Consulting (ITC) 

Helps organisations to evaluate their IT strategies with the objective of aligning technology 

with the business process. These services include strategic planning and conceptions, 
operations and implementations. 

2. Development 

and Integration 
 

• Development of applications (excluding software); 

• Creation of new functionalities through, often tailored, process developments. 

Usually these developments integrate or unite internal or external business processes and can 
involve a conversion of applications so that they can be used for different platforms or 

conceptions, the development of applications (excluding software). 

3.Outsourcing  

• IT management services; among these are services for the operation of infrastructures 

(operation of systems, administration and security, follow up of cost-effectiveness, 
configuration management, management of technology, etc.) applications management, 

and help desk management; 

• Applied Management Services (AMS); this concerns the outsourcing of the development 

and implementation of support services for hardware, applications, CRM and 

infrastructures (tools for the development of applications and middleware, as well as 

software for information management, storage or systems and networks); 

• Business Process Outsourcing (BPO); this service supposes the externalisation of a 

complete business process. 

4.Other Services 

Consulting, 

Development 

and Integration, and 
Outsourcing 

• Training; 

• Engineering Consulting; 

• Outplacement, Executive Selection and Recruitment; 

• Audit and Accounting. 
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Fig. 4 - MC employment (Source: FEACO [14]) 

According to Fincham, Clark., Handley and Sturdy [9],[15], 
some companies started to believe that consultancy costs were 
too high when compared to the value generated, which means 
that the management consulting firms needed to evaluate and 
develop the value chain and be able to provide to customers 
methods, tools and above all tangible benefits of what they 
would earn, and explain that the value of things is measured not 
by cost but by perceived benefit [16]. 

 

Outsourcing – Complement or Integration  

 
It has been mentioned and it is visible in Error! Reference 
source not found. that for FEACO outsourcing is an integral 
part of the management consulting component. However, there 
are other associations like FEACO and exclusively related to 
outsourcing such as the International Association of 
Outsourcing Professionals (https://www.iaop.org) and the 
Outsourcing Institute (http://outsourcing.com/). In fact, there 
are thousands of articles with the word outsourcing written in 
the title and without containing the word consulting (to date 
78200 listed in Google Scholar). Probably this is also because 
the Management Consulting concept already mentioned above, 
also presents different concepts and it was possible to find in 
literature several generalist information’s. Outsourcing and IT 
outsourcing, generally speaking, reflects "the use of external 
agents to perform one or more organizational activities" [17]. 
The author Monica Belcourt [18] states that Outsourcing 
happens when a company contracts another company to provide 
services or products of a noteworthy capacity or movement. 
That kind of work is customarily done inside and is moved to 
an outer supplier. Outsourcing contrasts from alliances or 
partnerships, here are profit sharing. Outsourcing is defined [19] 
as the act of obtaining semi-finished products, finished products 
or services from an outside company if these activities were 
traditionally performed internally. In the previous sentence, the 
word 'product' may be replaced by 'service'. The company that 
outsources is called 'buyer', whereas the company that provides 
the service is known as the 'vendor'. Some authors also show 
[20] differences between 'outsourcing', 'offshore outsourcing', 
'off-shoring' and 'subcontracting'. In order to "complicate" it, 
other authors [21] also associate the term "Body shopping" with 
the concept of outsourcing, i.e. staffing and professional 
services, usually by placing workers onsite at the client’s base. 
The term staffing, which is also known as 'body shopping', 
means a contracted employee who works on the client’s site or 
under the client's management. 

The most recent decade has seen an incredible increase in 
outsourcing of services and has changed the way business is 
done. Costs of human resources, product services and "benefits 
perceptions" have been the primary drivers for the development 
in this segment. Discovering its balance first in programming it 
has spread to other operational ranges like IT-empowered 
administrations with a noteworthy part in helping 
administrations. This further provided a catalyst for business to 
process outsourcing (BPO) as a suitable suggestion in non-IT 
territories-e.g., routine and non-center operations in 
bookkeeping and money management, HR organizations, and 
so on. Organizations are directed to core business and they 
release themselves from secondary areas of business, and 
because of that dependence on external/outside providers will 
increase [1]. Dolgui and Proth [2] stated some facts about this 
concept. Since the seventies, outsourcing activities have been 
concerned about low value added products such as textiles, 
consumer electronics and assembly of cars. Later more 
outsourcing activities have been concerned about products with 
high added value such as software and medical equipment. 
Outsourcing benefits are well documented and supported by 
many scholars. The literature is replete with researches 
revealing that many organizations make this strategic decision 
for many reasons such as cost savings, competitive advantage, 
and even the opportunity to explore and take advantage of 
available resources. According to some authors [17], [1] the 
consulting sector is a trigger for the management outsourcing. 
However, cost effectiveness is only one of many factors that 
lead to the prevalence of outsourcing as an HR strategy [22]. 
Kang et al. [23] confirmed that many firms expressed 
dissatisfaction with outsourcing outcomes. In a case study of 
five multi-national corporations consisting of senior executives 
“including CEOs, purchasing managers, production managers, 
and outsourcing specialists” the authors concluded that in order 
to achieve the desired KPI’s for outsourcing, different 
outsourcing strategies are necessary to allow different process 
controls [24] and that is not easy. 

 

2 Methodology 

The current section describes the approaches followed to 

answer the central question of the work:  

 

H1: Will consulting firms be more profitable than outsourcing 

companies in a near future?  

 

To validate this hypothesis, it has been extracted statistical 

information from the European database Amadeus (A database 

of comparable financial information for public and private 

companies across Europe) database [25] which contains 

comprehensive data on around 21 million companies across 

Europe. The data were collected in June 2017 for the years 

between 2014 and 2017, since it’s the only period from which 

we can guarantee the existence of statistical information 

relevant to our analysis. The information filtered for Consulting 

companies has been: 1- NACE Rev. 2 (Primary codes only): 

7022 - Business and other management consultancy activities; 

2 - Ultimate Owners: Global; Def. of the UO: min. path of 

50.01%, known or unknown shareholder; 3 - Company name: 
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names matching 'consulting' including branches and previous, 

trademarks and also known as names and exclusion of 

companies with no recent financial data.  

Regarding Outsourcing the information filtered has been 1- 

NACE Rev. 2 (Primary codes only): 7830 – Other human 

resources provision; 2 - Ultimate Owners: Global; Def. of the 

UO: min. path of 50.01%, known or unknown shareholder; 3 - 

Company name: names matching 'outsourc' including branches 

and previous, trademarks and also known as names and 

exclusion of companies with no recent financial data. After 

applying the filters, all the companies were joined into two files, 

outsourcing and consulting companies. From this information, 

it has been selected the companies with EBITDA margin 

information (%) between 2014 and 2017. Since most of the 

selected companies didn t́ have statistical information for all 

years with was only selected the companies with all the 

available information and with the highest rate of EBITDA 

margin between the three years. In the case of Consulting the 

selected ones were: Bure Equity AB; Ashmore Group PLC and 

Liberty Global PLC. From the available Outsourcing it has 

selected Benefit Work Szolgáltató És Tanácsadó Korlátolt 

Felelősségű Társaság, G4S Government and Outsourcing 

Services (UK) Limited and London Wall Outsourcing 

Investments Limited. From the information available, it has 

been chosen the highest three Outsourcing and Consulting 

companies with EBIDTA margin information between 2014 

and 2017. The EBITDA analysis is important since it provides 

a snapshot of short-term operational efficiency and it’s a good 

comparison mean to companies with different capital 

investment.  

 

3 Data Analysis  

 
The data extracted from the Amadeus has been filtered, 

previously, in order to match the needs for data analysis. To 

allow a comparison analysis between the outsourcing and 

consulting companies it has been analyzed the EBITDA margin 

as mentioned before. The time series evolution based on 

forecasting models has been used to compare both strategic 

companies in a near future. The forecast algorithms are used 

when its needed to estimate the middle range of possible values 

that random variables could take with relatively high probability 

[26]. The forecast contains embed prediction intervals for future 

values with 95% of probability.  

From the bunch of forecasting algorithms, the Exponential 

Smoothing or ETS has been used since the idea behind this 

algorithm is to assign exponentially declining weight to 

observation as they go back in age, which means, recent 

observations have a larger weight than the old ones [27]. This 

algorithm, based on Holt-Winters Method [28], calculates or 

predicts a future value based on existing (historical) values by 

using the AAA (additive models of residuals, trend, and 

seasonality) version of the Exponential Smoothing (ETS) 

algorithm. 

  

Following the initial analysis, this study analyzes each one of 

the Consulting or Outsourcing companies it will be more 

profitable in a near future, namely until 2023 based on forecast 

predictions. 

 

From the outsourcing companies the forecasting values are 

presented on table 1, 2 and 3. From the analyzed data the three 

companies present an overall and growing EBITDA margin 

until 2023. Regarding the lower and upper confidence bound 

with a margin of 95% of confidence, based on optimistic and 

pessimist scenarios, the variation its smooth which gives us a 

relative confidence. The forecasting values are dependent on the 

previous results. The highest forecasting results from the three 

companies is G4S Government with the 160% of EBITDA 

margin in 2023. The lower and upper confidence bound for this 

company on this year has a variation of 29,80%. The remaining 

companies have also reached a positive increment. More 

moderate on Benefit Work (table1) and more representative, 

with higher variation, the company London Wall (table 3).  

 

Table 1 – Benefit Work 

Date 
Time 

EBITDA 
Margin 

(%) 

EBITDA 
Margin 
Forecast 

(%) 

Lower 
Confidence 
Bound (%) 

Upper 
Confidence 
Bound (%) 

2014 32,90 - - - 

2015 57,44 - - - 

2016 58,27 - - - 

2017 52,30 - - - 

2018 - 59,33 52,87 65,78 

2019 - 59,96 53,50 66,41 

2020 - 60,59 54,13 67,04 

2021 - 61,21 54,76 67,67 

2022 - 61,84 55,39 68,30 

2023 - 62,47 56,02 68,93 

 

Table 2 – G4S Government 

Date 
Time 

EBITDA 
Margin 

(%) 

EBITDA 
Margin 
Forecast 

(%) 

Lower 
Confidence 
Bound (%) 

Upper 
Confidence 
Bound (%) 

2014 15,3 - - - 

2015 7,34 - - - 

2016 53,8 - - - 

2017 61 - - - 

2018 - 79,62 61 61 

2019 - 95,75 52,82 106,42 

2020 - 111,87 68,42 123,07 
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2021 - 128,00 83,40 140,34 

2022 - 144,12 97,61 158,39 

2023 - 160,25 110,95 177,29 

 

Table 3 – London Wall 

Date 
Time 

EBITDA 
Margin 

(%) 

EBITDA 
Margin 
Forecast 

(%) 

Lower 
Confidence 
Bound (%) 

Upper 
Confidence 
Bound (%) 

2014 25,8 - - - 

2015 31,67 - - - 

2016 49,45 - - - 

2017 54,2 - - - 

2018 - 66,54 60,82 72,26 

2019 - 76,73 71,00 82,45 

2020 - 86,91 81,19 92,64 

2021 - 97,10 91,37 102,82 

2022 - 107,28 101,56 113,01 

2023 - 117,47 111,75 123,19 

 

For consulting companies the forecasting values presented on 
table 4, 5 and 6 have showed high ratios of growing on Bure 
Equity (table 4) and Ashmore (table 5). Although these two 
companies have a gross margin the Liberty Global (Table 6) 
have showed the opposite with a reduced margin each year until 
a 22,63 EBITDA margin with a lower confidence bound of 0,18 
and an upper confidence bound of 48,53%. Despite the positive 
contend from the other two key players these values are the 
opposite, which is related with the negative variation of the 
previous years.  

Table 4 – Bure Equity 

Date 
Time 

EBITDA 
Margin 

(%) 

EBITDA 
Margin 
Forecast 

(%) 

Lower 
Confidence 
Bound (%) 

Upper 
Confidence 
Bound (%) 

2014 20,5 - - - 

2015 19,25 - - - 

2016 16,25 - - - 

2017 72,46 - - - 

2018 - 77,64 38,16 117,12 

2019 - 94,13 53,43 134,84 

2020 - 110,63 68,73 152,53 

2021 - 127,13 84,05 170,20 

2022 - 143,62 99,39 187,85 

2023 - 160,12 114,76 205,48 

 

Table 5 – Ashmore Group 

Date 
Time 

EBITDA 
Margin 

(%) 

EBITDA 
Margin 
Forecast 

(%) 

Lower 
Confidence 
Bound (%) 

Upper 
Confidence 
Bound (%) 

2014 12 - - - 

2015 14,62 - - - 

2016 21,12 - - - 

2017 60,54 - - - 

2018 - 69,83 45,11 94,55 

2019 - 85,78 60,30 111,27 

2020 - 101,73 75,49 127,97 

2021 - 117,68 90,71 144,65 

2022 - 133,63 105,94 161,32 

2023 - 149,58 121,18 177,98 

 

Table 6 – Liberty Global 

Date 
Time 

EBITDA 
Margin 

(%) 

EBITDA 
Margin 
Forecast 

(%) 

Lower 
Confidence 
Bound (%) 

Upper 
Confidence 
Bound (%) 

2014 53,2 - - - 

2015 64,91 - - - 

2016 60,31 - - - 

2017 42,99 - - - 

2018 - 42,66 23,12 62,20 

2019 - 38,66 18,51 58,80 

2020 - 34,65 13,91 55,39 

2021 - 30,64 9,32 51,96 

2022 - 26,64 4,75 48,53 

2023 - 22,63 0,18 45,08 
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4 Discussion  

 
In the analysis of the results all the available indicators were 
considered by the database used and a conclusion was made 
based on the most used indicators in FEACO reports [4]. 
According to tables 1,2 and 3 for the outsourcing companies the 
EBITDA margin are increasing every year with an annual 
variation average of 0.03% for Benefit Work, 0.17% for G4S 
and 0.13% for London Wall respectively. By the opposite, the 
annual average variation from consulting companies between 
2017 and 2023 was 0.14% for Bure, 0.16% for Ashmore and a 
negative variation of -0,1 for Liberty since the previous 
observed values have being decreasing along the years where 
data was available. From these analysis, there are no such 
difference between the outsourcing and consulting companies, 
specially with the data used which can´t gives us an overview 
one of the most well-known indicators used in the valuation of 
companies, the EBITDA, which gives the possibility of not only 
analyzing the final result of the organization, but also the 
process as a whole is able to measure the productivity and 
efficiency of the company. The final forecast result for the last 
year, 2023, indicated a higher % of EBITDA margin for 
Consulting companies excepted the Liberty (Table 6). From the 
Outsourcing companies the margin of forecast have been 
increasing slightly (table 1) and higher on table 2 and 3 but 
without the average obtained by the consulting companies.  

 

5 Conclusions and directions for future studies  

This article aimed to compare financial data between service 
companies of Management Consulting and Management 
Outsourcing. The distinction between the two is not clear in the 
literature nor in the tools used which shows yet the weakness of 
studying this subject deeply [18]. The lack of several completed 
indicators for a different time series, such as monthly data was 
an obstacle to obtain better forecasting results or even validate 
it through mean square error or root mean square error. The 
work begins at European level and several countries have 
attempted that via "official statistics" from central statistical 
bureaus or via associations. Then FEACO [8] has undertaken 
the task of collating the national data and even analyzing the 
trends across nations with a visible degree of success over the 
times. In our study and after typing in a set of companies with 
financial data in Europe several conclusions can be drawn for 
the 2 types of companies studied: consulting and outsourcing.  
The indicators used by FEACO [14] and by some authors [29] 
clearly stand out the consulting companies as having more 
attractive financial ratios. The "EBITDA" allows us to draw the 
conclusion that projects are not sold for hours but rather for 
value [3], which makes the value chain of this type of company 
more profitable. We also evaluated companies that provide both 
services and in the indicators mentioned above also these 
companies present better financial ratios than outsourcing firms. 
We can also associate worse financial performances of 
outsourcing companies by the prices practiced. This point is 
referred by Hutzschenreuter, Lewin, and Ressler [30] as well as 
other researchers who have surveyed insourcing and 
outsourcing phenomenon’s [31-32, 33]. They often concluded 

that the cost savings or cost reductions are one of the major 
reasons for outsourcing or offshoring products and services. 
Only based on financial information, we can conclude that the 
work model of outsourcing firms should be reviewed or look at 
a mixed model under penalty of not being as profitable as it 
could, but we cannot consider it incorrect since it presents 
positive results. 
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Josep L. Rosselló ?, M. L. Alomar, Erik S. Skibinsky-Gitlin, Christiam F.
Frasser, Vincent Canals, Eugeni Isern, Fabio Galán-Prado, Alejandro Morán,

and Miquel Roca

Physics Department, Universitat de les Illes Balears
Cra. Valldeomssa km. 7.5, Palma de Mallorca, Balears, Spain

j.rossello@uib.es

Abstract. The hardware implementation of Echo State Networks (ESN)
can be applied to situations where a quick response is needed in rela-
tion to how a certain signal will evolve. This is due to the possibility of
connecting the ESN’s neurons in parallel, which accelerates the calcula-
tion process considerably. In this article, we present a proposal for the
compact implementation of ESN in Field Programmable Gate Arrays
(FPGAs). To maximize the number of neurons, the synapses are imple-
mented using adders and multiplexers instead of multipliers. The hard-
ware implementation has been tested for the prediction of the Santa Fe
time series dataset. The proposed approach allows for significant savings
in terms of energy, hardware resources and computing time compared to
other recently published solutions.

Keywords: Echo State Networks, FPGA, Time series forecasting

1 Introduction

Numerous applications require the use of specific hardware to implement machine-
learning applications. Those systems take advantage of the inherent parallelism
in the neural processing, that may be beneficial in terms of speed, power, re-
liability and cost [1, 2]. As an example, hardware neural networks (HNNs) are
necessary for high-volume processing and real-time applications, such as image
search and data mining [3, 4].

A great research effort has been made to develop efficient HNN implemen-
tations [5–8]. However, the synapses’ implementation constrains the viability of
implementing massive networks in a single chip. For these reasons, the use of

? This work has been partially supported by the Spanish Ministry of Economy and
Competitiveness (MINECO), the Regional European Development Funds (FEDER),
and the Comunitat Autnoma de les Illes Balears under grant contracts TEC2014-
56244-R, TEC2017-84877-R and a fellowship (FPI/1513/2012) financed by the Euro-
pean Social Fund (ESF) and the Govern de les Illes Balears (Conselleria d’Educació,
Cultura i Universitats)
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approximate multipliers [9, 10] has been proposed to reduce hardware at the cost
of accuracy loss.

Echo State Networks (ESN) is suited to time-series prediction and classifi-
cation tasks [11] and has been successfully applied in numerous domains, such
as robot control [12], image/video processing [13], or financial forecasting [14].
Therefore, fast hardware designs implementing ESN systems [15, 16] is of interest
for these applications, which require real-time intensive data processing [17].

In this article, we present a proposal for ESN hardware implementation using
few hardware resources. The proposed design presents low power characteristics.
As a demonstration of the validity of the approach, we implement a large reser-
voir network within an FPGA and evaluate its performance for a traditional
benchmark on time-series processing (Santa-Fe prediction task). The results are
compared with some previously-published works.

2 Methodology

2.1 Echo State Networks

ESN differs from Recurrent Neural Networks in that the synaptic weights be-
tween neurons are kept fixed and only the connections from the network to a
measurement output layer are modified by learning. This reduces the training to
a classical linear regression problem. The architecture of a reservoir computing
system consists of a total of N internal processing nodes (the neurons) each one
providing a given value xk,i, where i ∈ {1, 2, .., N} is the neuron index, k rep-
resents the evolution during time (k ∈ {1, 2, ..., L}) and L is the total number
of samples taken from the reservoir. Therefore, the time evolution of internal
nodes of the reservoir is described by a matrix with L rows and N columns X
(the design matrix). The state of the network at a given time k is defined by
the kth row of the design matrix x(k) and the time evolution of a given node is
stored in the ith column xi. The output response of the reservoir is computed
in two phases. First, the current reservoir state [x(k)] is updated according to a
nonlinear function of the weighted sum of the neuron inputs [M external time-
dependent inputs u(k) = (u1(k), u2(k), ..., uM (k))], and N internal ones coming
from the reservoir’s neurons evaluated in the previous time step, x(k − 1) fol-
lowing the expression:

x(k) = f [Winu(k) + Wx(k − 1)] (1)

where f is the activation function f : RN → RN , Win and W are two N×M and
N ×N weight matrices respectively. The network is used to evaluate a total of
Q outputs [ŷ(k) = (ŷ1(k), ŷ2(k), ..., ŷQ(k))] that are obtained preforming linear
combinations of the reservoir states:

ŷ(k) = xT (k)Wout (2)

where Wout is a N × Q weight matrix obtained using a linear regression with
respect the expected outputs [y(k) = (y1(k), y2(k), ..., yQ(k))].

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 884



FPGA-based accelerator design for Echo-State networks 3

2.2 Training method

Assuming we can take a total of L measurements for x(k) and y(k), we define
Y as the feature matrix of L × Q that will be approximated by the network
(composed of L row vectors of Q elements y(k)). Then we have that Wout is
estimated using the Moore-Penrose pseudo-inverse:

Wout =
(
XTX

)−1

XTY (3)

In the reservoir computing scheme, matrices Win and W are taken fixed
while Wout is conveniently trained using expression 3 or other similar linear
fitting.

2.3 Low cost hardware implementation Echo State Networks

The number of neurons employed in ESNs is usually high (typically between 50
and 1000, although some applications require much larger networks to achieve
the desired accuracy [13]), which makes particularly challenging the hardware
implementation of these systems. Given the large number of products to be
implemented due to the high number of synapses, multipliers expend a significant
portion of the integrated circuit resources. We limit the possible weights to
integer powers of two and sums of powers of two so that shift registers can
be employed instead of multipliers.

For an standard ANN implementation that use back-propagation as learn-
ing algorithm, the constraint on the weights is not desirable since it leads to
lower network performance [18]. Nonetheless, we show that for ESN with fixed
connections, the proposed approach only implies a minor accuracy loss. For the
estimation of the output [ŷ(k)] from expression (2) we use the dedicated embed-
ded multipliers integrated in the FPGA device (DSP blocks). The overall area
impact of this computation inside the FPGA is relatively low since the logical
elements needed to implement the neural network are not used and the num-
ber of multipliers at the output layer is significantly lower than the synapses’
multipliers (that would limit the maximum neural fan-in). Regarding the net-
work topology, a simple cyclic architecture presents a similar performance to
the classical random one while it minimizes the number of connections [19] and
optimize the packing efficiency. In Fig.1 we show the case of a simple cyclic reser-
voir (SCR) with one input (u(t)) and one output (Q = 1). For simplicity, the
connections between internal units have the same weight r whereas the inputs
are connected to the reservoir with a weight that is positive v =| v | or negative
v = − | v | with the same probability and same absolute value. To improve the
experimental results, parameters r and v are firstly adjusted numerically to find
the optimum weight configuration.

Fig.2a illustrates a general circuit design for a two-input sigmoid neuron
necessary to build the cyclic reservoir when only one input signal is processed.
The fixed-point two’s complement notation is assumed for all signals so that
both positive and negative values can be represented. The first neuron’s input
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x1

u(t) ŷ(t)

x2

x2

xN

Fig. 1. The cyclic Echo State Network scheme is composed of three blocks: Input layer,
cyclic neural network and the output.

[u(t)] refers to the external input signal (to be processed by the network) and
the second one [xi−1(t − 1)] to the state of a neighboring neuron evaluated at
the previous time step. A resolution of n bits is considered for the input and of
m bits for the weights (v and r). The multiplier’s output is truncated to n bits
taking the most significant of the result, but a higher or lower resolution could
be employed depending on the desired accuracy.

A simple piece-wise linear approximation with three segments [5] is used for
the implementation of the activation function, due to its simple implementation.
More accurate designs (e.g., [6, 7]) could be employed to improve the network’s
performance at the cost of higher hardware requirements. The scheme of Fig.2a
can be simplified to that of Fig.2b when the weight resolution is limited to
a few bits, more specifically m = 4. In this case, the full multipliers can be
substituted by shift-and-add blocks. Such ”multiplier-less” approach enable great
hardware saving at the cost of constraining the possible values of the connection
weights. The shift-and-add block is depicted in Fig.2c. Basically, it performs a
multiplication of the input signal [u(t)] by the corresponding weight (v) with
a pair of shift registers and an adder. Some additional circuitry is included to
perform the negation of the shifted values in case it is necessary. A multiplexer
is employed to provide either the number that directly results from the shift
register or its corresponding negative value depending on a selection signal. A
decoder configures the shift registers (with the number of required shifts, sh1 and
sh2) and controls the activation of the negations (neg1 and neg2) as a function
of the weight value (v). By way of example, a single right shift of the input
(sh1 = 1) performs a multiplication by 0.5 while two shifts (sh2 = 2) are equal
to a factor of 0.25. The direct addition (with neg1 = neg2 = 0, indicating that
no negation of the shifted values is necessary) of these two shifted magnitudes
results in a weight v = 0.75. The weight value v = 0.875 can be implemented by
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Fig. 2. (a-c) Neuron design: (a) general circuit design of the neuron; (b) reduced im-
plementation scheme when the weight resolution is limited to few bits (m = 4) and
the multipliers are replaced by simple shift-and-add blocks; (c) description of the shift-
and-add block
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selecting no shifts and no negation for the first shift register (sh1 = 0, neg1 = 0)
and three shifts with a negated output for the second one (sh2 = 3, neg2 = 1)
so that the input signal u(t) is weighted by the factor v = 1− 0.125 = 0.875. A
negative factor, for instance v = −0.5, may be obtained through the negation
of both shifted magnitudes (neg1 = neg2 = 1), where each one is obtained with
two displacements (sh1 = sh2 = 2) so that v = −0.25 + (−0.25) = −0.5. In the
case it is desired a generic design, the circuit of Fig.2c can be used. For FPGA
implementations in which the training of r and v are done off-line, an ad-hoc
design implying the implementation of the exact shifts for each neuron input can
be used, further simplifying the hardware and increasing the processing speed.
The transfer function f in eq. (1) determines the behavior of the analog (discrete-
time) neuron. For the special case of this work, in which the training is performed
at the output layer and not implementing a back-propagation algorithm, a piece-
wise linear function is able to provide very good fitting results along with a
compact hardware implementation. In Fig.3 we show the non-linear function
used for each internal neuron of the reservoir. The function is easily reproduced
in hardware using a few gates and a multiplexer.

Fig. 3. Piece-wise function used as non-linear activation function
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2.4 Benchmark prediction Task

In time-series prediction or forecasting the objective is to predict future values
based on previously observed ones. Thus, the input sequences are mapped onto
a real-valued output sequence that represents one-step or several-step ahead
predictions of the desired variable. That is, the value of the series at the current
time is introduced each time step as input to the system and the time-series value
corresponding to the next (or several) time step must be predicted. In this work
we test the proposed ESN hardware with respect to a widely used benchmark
that is the Santa Fe [20] time series prediction task. The time series processing
is divided in two steps:

– Part of the time-series is used for off-line training using an R script. The
optimum v and r values are selected along with the output weights (Wout).
Then, the network is automatically generated using a hardware description
language code (VHDL).

– The rest of the time-series is digitized to 16bits two’s complement that is
transferred to the on-chip RAM memory of the FPGA for its processing.

The typical processing task is to predict the next sample of the time series
before it has been injected into the reservoir computer (one-step ahead pre-
diction). The performance of this task is evaluated using the normalized mean
square error (NMSE):

NMSE =

∑L
i=1

(
yi − ŷi

)2∑L
i=1

(
yi − ȳ

)2 (4)

where y =
(
y(1), y(2), .., y(L)

)
is the time series to be predicted (target), ŷ =(

ŷ(1), ŷ(2), .., ŷ(L)
)

is the predicted value provided by the output layer of the
reservoir following equation (2), and ȳ is the mean value of y. Parameter L is
the number of samples.

The VHDL code is automatically generated from an R script and is composed
of three parts: RAM memory (containing the input to be processed), the cyclic
reservoir (constructed using the programmable logic elements of the FPGA),
and the output layer (using the dedicated multipliers of the FPGA). The code
is used to configure an ALTERA Cyclone IV (EP4CE22F17C6N) FPGA chip.

The Santa Fe prediction task A representative example is the Santa Fe
laser time-series prediction task, a widely used benchmark [19]. The task consists
in forecasting an experimental recording of the output power of a far-infrared
laser operating in the chaotic regime. It is usually evaluated for one-step ahead
predictions. Data is available at [20]. In this work, we employ 4000 samples of
the original laser dataset, the first 75% for training and the remaining 25% for
testing.

The goal for the Santa-Fe task is to predict the next sample in the chaotic
time trace before it has been injected into the reservoir computer (one-step ahead
prediction).
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3 Results

We compare the performance of the proposed model with respect to different
widely used benchmark tasks and comparing with some previously published
works. Regarding the area impact of the proposed methodology, it represents an
86% of area reduction if compared with the standard digital realization when two
inputs for each neuron are used and therefore the number of synapses’ multipliers
are reduced to the minimum in the conventional digital approach.

Fig. 4. Fragment of the Santa Fe time-series test set: original values and one-step
ahead predictions performed by the proposed reservoir implementation with N = 48
and N = 200 neurons. As can be appreciated, the network is able to adapt to the
abrupt changes of the input

The proposed methodology is used to synthesize echo state networks with
cyclic topology (SCR) (Fig.1), encoded using VHDL on an ALTERA Cyclone
IV FPGA. The performance of the system is tested for the Santa Fe time-series
prediction task [20]. Networks with different sizes with up to 200 neurons are im-
plemented and analyzed using the proposed “multiplier-less” approach (Fig.2b)
with a precision of 16 bits (n = 16). The training is performed following the
methodology mentioned in section 2.1. A convenient numerical model of the
hardware reservoir is employed for the learning phase. Finally, once the predic-
tion error has been scanned for all the possible network configurations (values
of r and v), the hardware realization is set up with the optimum weights and
evaluated using the test set. The parameters providing better fitting (r = 0.875
and v = 1) are obtained and the FPGA is configured with those values. The test
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set is then stored into the internal RAM memory, thus providing a new input
value to the reservoir every time step (each N clock cycles). The resulting out-
puts (individual neuron states) are processed by the FPGA providing the output
ŷ each N clock cycles. This computation is performed following equation (2) in
a total of N clock cycles so that the processing speed of the proposed design
is f/N , where f is the clock frequency that for all the experiments performed
in this work is fixed to 50MHz. This output is extracted from the FPGA with
a logic analyzer and used to calculate the system’s performance as the error
between the estimated and targeted values. For this task we employ a total of
4000 samples of the original laser dataset, the first 3000 for training and the
remaining 1000 for testing.

Fig.4 illustrates the experimental predictions obtained through the proposed
design when using 48 and 200 neurons. As can be observed, the fitting of the
measurements taken in the FPGA is improved when increassing N .

Table 1. Performance results of the Santa Fe experiments for the proposed design and
some previously published models

Processing Ref. N NMSE NMSE speed Power PDP
(Hard.) (Soft.) (pps) (W) (µJ)

Optoelectronic [21] 200 - 0.02 - - -
Optoelectronic [22, 23] 388 0.106 - 1.3 · 107 150 11.5
Optoelectronic [23] 400 - 0.022 - - -
Software [19] 200 - 0.009 - - -
Software [19] 50 - 0.0196 - - -
Software This work 200 - 0.0766 - -
FPGA This work 200 0.079 - 2.5 · 105 < 1.5 6

In Table 1 we show the performance of the proposed model measured in
terms of the NMSE, speed (in points predicted per second) and power dissipa-
tion for the processing of the Santa-Fe time series prediction task. Comparison
with previously published models is also included in the table. We distinguish
between theoretical values of NMSE obtained from high-precision numerical cal-
culations (Soft.) and NMSE values obtained from experimental settings (Hard.).
These two values can differ significantly due to the intrinsic complexity of exper-
imental settings that may present both system and quantization noise. This is
evidenced in references [22, 23], where the expected NMSE provided by software
is considerably lower than the measured one. We also show the results of differ-
ent studies that are purely numerical as the work in [19] showing the expected
performance of Simple Cycle Reservoir designs or the paper in [21] where a semi-
conductor ring laser with optical feedback (SRL) is numerically simulated. We
also provide in the table the power-delay product (PDP) achieved by the experi-
mental settings (a classical figure of merit of the overall hardware performance).
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As can be appreciated the proposed design is able to provide a factor of two of
lower PDP when compared with [22, 23].

4 Conclusions

In this work, we have presented a digital implementation of ESN. It is shown that
the connection weights can be limited to a few discrete values without compro-
mising the system’s performance. The validity of the resulting implementation
has been demonstrated for the Santa Fe time-series prediction task. Performance
comparisons with previous works are shown showing that the proposed model
present competitive results. Those comparisons show that the proposed model
represent a considerable improvement in terms of speed and power dissipation
while is able to provide a similar accuracy than previous models. The proposed
solution allows the parallel computation of all the recurrent network with a pro-
cessing speed of the order of MHz and therefore it is suited to supporting real-
time signal processing applications. On the other hand, the proposed approach
can be useful to perform specialized systems implementing computational intel-
ligence techniques that requires low power consumption. Potential applications
include speech recognition [24], robotics [12], wireless sensor networks [25], pre-
dictive controllers [26] and the classification of medical signals [27] among others.
To summarize, it has been shown that the use of low-resolution weights to im-
plement the internal synapses of the neurons has little effect on the system’s
performance while it allows a considerable reduction of the hardware since the
use of binary multipliers are avoided. This observation makes possible a very
compact implementation of massive reservoir networks with parallel processing
capabilities.
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Abstract. Ensembles of machine learning models have proven to im-
prove the performance of prediction tasks in various domains. The addi-
tional computational costs for the performance increase are usually high
since multiple models must be trained. Recently, snapshot ensembles [13]
gained attention as they provide a comparably cheap way of ensemble
learning for artificial neural networks (ANNs). We extend snapshot en-
sembles to the application of time series forecasting, which comprises
two essential steps. First, we show that determining reasonable selec-
tions for sequence lengths can be used to efficiently escape local minima.
Additionally, combining the forecasts of snapshot LSTMs with a stacking
approach greatly boosts the performance compared to the mean of the
forecasts as used in the original snapshot ensemble approach. We demon-
strate the effectiveness of the algorithm on five real-world datasets and
show that the forecasting performance of our approach is superior to
conservative ensemble architectures as well as a single, highly optimized
LSTM.

Keywords: Time Series, LSTM, ARIMA, Ensembles, Stacking, Meta-
Learning

1 Introduction

Estimating the future development of continuous data generated by one or more
signals has been an ongoing research field of interest for various applications. For
example, automated financial forecasting is vital in today’s markets. Further,
sensor generated data driven by the Internet of Things requires robust methods
for reliable forecasts of temporal data. Long Short-Term Memory (LSTM) [10]
has proven to be an effective method for a variety of sequence learning tasks
such as time series forecasting. Relying on a single LSTM, however, is prone
to instability due to the dynamic behavior of time series data. Additionally, the
optimization of LSTM parameters is a hard problem that requires time intensive
fine tuning.

Another difficulty when dealing with time series problems lies in the slicing of
the data, i.e., how many past values should be considered for training the model
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and generating forecasts. It is common practice to determine the top periodicity
using a fast fourier transformation and power spectra, and train one or more
models based on that periodicity. This approach is prone to incompleteness be-
cause information may be encoded across patterns of varying periodicity in the
series. It is also a time consuming task as identifying the optimal sequence length
is usually part of a manual preprocessing step. For these reasons, it is a chal-
lenge to create machine learning frameworks that are able to produce automated
forecasts for a given series. Even a greatly tuned model fails to find important
relationships in time series data if the selected time lags can not represent these
patterns. Therefore, a framework that can incorporate multiple sequence lengths
is desirable.

We introduce a meta learning approach based on snapshot ensembles that
provides superior and robust forecast estimates across different datasets. In con-
trast to the original idea of snapshot ensembles, we do not adapt the parameters
of the LSTM but leave them unchanged. Instead, we use different slices of the
training data in order to escape local minima and to detect time-dependent pat-
terns. Our proposed approach enables the automated generation of time series
forecasts for a given series y1, ..., yn, including preprocessing steps like data stan-
dardization, periodicity detection, data slicing and splitting. Hence, the amount
of required manual work is greatly reduced by the proposed framework.

By sequentially training LSTMs with periodicities of decreasing strength,
our algorithm is able to learn the different patterns of the respective seasonali-
ties. This allows for higher generalization of the final model, thereby providing
estimates that are robust with respect to the underlying data generation process.

The rest of this paper is structured as follows. Section 2 provides an overview
of existing approaches to time series forecasting and their application within en-
semble frameworks. In Section 3, we introduce the concept of snapshot ensembles
and explain our approach for their extension to the task of time series forecast-
ing. We show that our method outperforms previous approaches on five datasets
in Section 4. Eventually, we conclude and give an outlook on future research
directions in Section 5.

2 Related Work

Time series forecasting is a highly common data modeling problem since tempo-
ral data is generated in many different contexts. Classical forecasting approaches
are based on autoregressive models such as ARIMA, ARIMAX, and Vector Au-
toregression (VAR) [7] [20]. Here, a forecast estimate is dependent on a linear
combination of the past values and errors. Autoregressive models work well if
the assumption of stationarity is true and the series is generated by a linear
process [1]. On the other hand, these hard assumptions limit the effectiveness of
autoregressive models if one deals with non linear series, as it is the case with
the majority of practical time series problems.

LSTM, a particular variant of artificial recurrent neural networks (RNN),
overcomes these shortcomings as it makes no assumptions about the prior dis-
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tribution of the data. One can think of RNNs as regular feed-forward networks
with loops in them. This enables RNNs to model data with interdependencies
such as autoregression. It has been shown that artificial neural networks with
one hidden layer can, in theory, approximate a continuous function arbitrarily
well [11]. As the RNN gets deeper, vanishing or exploding gradients often lead to
poor model performance [4] [18]. LSTMs solve this problem with a gating mech-
anism that controls the information flow in the neurons. LSTMs show superior
performance in a variety of sequence learning tasks such as machine translation
[8] [21].

Since autoregressive models perform well for linear series and neural networks
for non linear data, there exist a number of hybrid approaches that make use of
these characteristics. In those cases, the data is first split into a linear and a non
linear component and each one is modeled independently. The individual results
are then combined additively to determine the final estimate [2] [3] [22] [24].

The sequential nature of LSTMs has led to them being studied in the context
of time series forecasting intensively. [6] [15] [17] describe applications of LSTMs
for forecasting tasks. [1] [14] propose frameworks of LSTM ensembles with in-
dependently trained models. Finally, snapshot ensembles constitute a way to
construct an ensemble of dependent ANNs at comparably low computational
costs. A more detailed description is given in Sec. 3.1. We extend this method
to recurrent neural networks and sequential problems.

Finding periodicities in time series data is a key part in the preprocessing of
time series data and proposes a major challenge for the automation of machine
generated forecasts. [5] propose a variation of the approximate string matching
problem for automated periodicity detection. [26] develop strategies on diversity
generation and build ensembles of the resulting models. In [27], a number of het-
erogeneous models are arbitrated by a meta learner. An approach that exploits
fourier transformations is given in [19]. We will use a similar methodology in the
course of this paper.

3 Time Series Forecasting and Snapshot Ensembles

Time series data is subject to a number of properties due to interdependencies
across observations:

1. Autoregression. In contrast to a machine learning setup where observations
are independent from one another, sequence learning tasks are characterized
by dependencies between observations. This has effects on data sampling and
model evaluation as drawing completely random subsamples is not possible.
Hence, a suitable sample strategy is indispensable when modeling temporal
data.

2. Structural patterns and changes. Due to trend and seasonality effects, the
behavior of a time series is subject to repetition and change at the same time.
While similar patters may repeat over time, the frequency and intensity of
those are usually not constant. This is one reason why ensemble methods
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are a powerful tool for time series data as each of the snapshot models
incorporates information of different behavior.

3.1 Introduction to Snapshot Ensembles

Snapshot Ensembles propose a novel technique to obtain an ensemble of ANNs
at the same computational costs as fully training a single ANN. The central
idea is that instead of training a number of independent ANNs, only one ANN
must be optimized. In the process of optimization, the ANN converges to a
number of different local minima. Every time the ANN reaches a local minimum,
the model snapshot is stored along with its architecture and weights. The final
weights of a snapshot serve as the weight initialization of the succeeding snapshot
LSTM. Finally, each snapshot provides a prediction estimate and the ensemble
predictor is calculated as the mean of the snapshot estimates. It was shown that
this combination yields advantageous performance compared to the single best
estimate [13].

3.2 Extending Snapshot Ensembles to Sequence Problems

Time series forecasting can be interpreted as a sequence learning problem. Given
an input sequence of scalars, the objective is to estimate the succeeding values
of the sequence. An important task is to determine how many past values should
be considered as the features under consideration, i.e., which slice dimension of
the series allows for good model generalization. By nature, time series data is
dynamic and subject to change over time, so an initial decision is not necessarily
a sustainable solution. Designing ensembles of LSTM networks allows us to in-
corporate multiple sequence lengths into our prediction model. In the following,
we explain how.

LSTMs with varying sequence lengths By architecture, LSTMs are only ca-
pable to process sequences of equal lengths per epoch, due to the required matrix
operations in the optimization process. In many applications, however, varying
sequence lengths are inevitable. One example is machine translation where the
length of an input sentence can be arbitrarily long [21]. Padding is usually used
to overcome that problem [12]. This implicitly means that, although two models
trained with even slightly different sequence lengths have a large intersection
of training data, they learn different yet related patterns. This constitutes a
promising setting for ensemble learning.

Locating candidate sequence lengths In order to train a number of snapshot
LSTMs with different sequence lengths, the first step is to identify the right
choices of these. A naive approach is to select sequence lengths from a random
distribution. To get sequence lengths that can catch effects of seasonality, we
apply a fast fourier transformation (FFT) to the training data and estimate the
power spectra [23]. The motivation behind this is that the FFT is an efficient
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method to extract the right periodicities from a given time series. This allows the
snapshots to encode different patterns, seasonalities, and other time-dependent
effects in the series.

Generating a snapshot ensemble of LSTMs with varying sequences
[13] conduct a variant of simulated annealing in order to adapt the learning rate
and escape from local minima. In this case, a snapshot is a further optimization
of its predecessor using the identical training data, which leads to a relatively
low level of diversity across the snapshots. We propose another strategy in order
to increase diversity: Instead of adapting the model parameters, we feed the
LSTM with different slices of the data. This is possible because the dimensions
of the training data must be identical within a single epoch but not for two
separate epochs. Given a set S = {s1, s2, ..., sn} of different sequence lengths we
store in total n snapshots of the LSTM. After each snapshot based on si, the
training process is continued with a different data slice through time according
to si+1. The final holdout estimates of the individual snapshots are commonly
combined by taking the mean of the base forecasts. This assumes that each
snapshot is equally important with respect to the combination of forecasts. In
order to allow for more flexibility, we extend the mean function by a meta learner.
Ridge Regression has proven to be an effective choice here [25]. The process of
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Snapshot 2
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…
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Fig. 1. LSTM Snapshot Training Framework

the ensemble construction at training time is depicted in Fig. 1 for the example
case S = {14, 21, 28} and a forecasting horizon of 10. First, the training data
y1, ..., yn (75% of the total data) is split according to the most potent sequence
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lengths provided by the FFT (in decreasing order of FFT significance). In our
experiments, we use the top 20 sequence lengths. Next, the first snapshot is
trained with the respective data slices based on the first sequence length. We
train each snapshot for five epochs and standardize the data by its z-transform
prior to training. The base LSTM learners’ architecture is set up of two LSTM
layers with 64 and 128 neurons as well as 20% dropout. Adam is used as the
optimizer with a learning rate of 0.001. The weight matrix of the first snapshot is
then updated based on the data slices for the second sequence length, and so on.
In total, training is done for 5 · 20 = 100 epochs. After all snapshots are trained,
a ridge regression meta model learns how to combine the individual forecasts
of the 20 snapshots. Analogously, at test time, all 20 base models provide their
forecasts to the meta learner, which then combines them to the final estimate
for the 10 step ahead forecasts.

4 Experiments

We test the proposed methodology on five data sets of different kind. We train a
snapshot ensemble for each data set where we start with the strongest periodicity
according to the FFT. Subsequently, each LSTM snapshot is based on the next
strongest periodicity. In total, 20 snapshots are trained. An overview of the
datasets is given in Table 1 and Fig. 2. Furthermore, Fig. 3 displays the power
spectrum for the sunspots series. This example shows that there exist a number
of unequally well suited periodicities. Each of these contains different patters
which we aim to extract using snapshot ensembles. To show the effectiveness as
well as the efficiency of our approach, the performance of the snapshot ensemble
is measured against the following three baselines:

1. Independent LSTM ensemble. Instead of continuing the training process by
escaping from a local minimum, the LSTM is reinitialized randomly and
fed with the new data slices. Instead of n snapshots, we end up with n
LSTMs whose training process was completely independent of one another.
In contrast to this, a snapshot inherits its initial weights from its preceding
snapshot.

2. Single optimized LSTM. The best sequence length according to the FFT is
used for the optimization of a single LSTM over all epochs.

3. ARIMA with model selection based on the AIC.

Notably, the total number of epochs is identical for all the neural net approaches.
Due to different slices of the training data, the total runtime of the latter ap-
proach can slightly differ from the ensemble methods in either direction.

4.1 Model Evaluation

We validate the performance of our approach on five different data sets listed in
Table 1. Fig. 2 illustrates the series on their original scale. Evidently, each of the
datasets has its very own characteristics and dynamics. While the daily birth
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Fig. 2. Graphical Data Overview

Fig. 3. Power Spectrum of the Sunspots Data Set
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rates data set shows signs of weak stationarity, the sensor-generated household
power dataset depicts more chaotic behavior with random noises. The latter is
sampled by the minute. River flow, a monthly sampled time series, is clearly non
stationary as well. The series of daily maximum temperatures repeats similar
patterns over time as does the births data and shows clear signs of weak station-
arity. Somewhere in between those cases fits the monthly sunspots data which
shows seasonalities of varying strength and amplitude. Fig. 4 shows the root

Table 1. Datasets of the Experimental Analysis

Data Number of Observations

Births in Quebec [9] 5,113
Household Power Consumption [16] 50,000

Maximum Temperature in Melbourne1 3,650
Number of Sunspots1 2,820

Riverflow1 23,741

mean square error (RMSE) on the holdout set of each dataset and method. Be-
sides the performance of the stacked ensembles (’Snap Stack’: stacked snapshot
ensemble, ’ClassEns Stack’: stacked ensemble of independently trained LSTMs),
metrics for mean ensemble forecasts (’Snap Mean’, ’ClassEns Mean’) and single
model forecasts (’Single opt.’) are shown. The key outcomes of the analysis are:

– Snapshot ensembles with Ridge Regression as a meta learner outperform
conservative ensembles as well as the single, optimized model in all cases.The
traditional ARIMA models show inferior forecasting accuracy.

– On average, the stacked snapshot ensemble performs 4.2 % better than the
next best baseline.

– The greatest performance gain obtained by the stacked ensemble is realized
for the sunspots data. Here, the stacked snapshot ensembles outperform the
next best method by 13.8%, while the performance win for the other four
datasets is in a significantly lower range between 1.0% and 3.4%. Looking at
the illustrated data in Fig. 2, this is an indication that our approach is par-
ticularly suitable for time series with seasonalities of varying intensity. Peaks
of different amplitudes are handled well by the stacked snapshot ensemble,
which a single model fails to do with a high degree of precision.

– Extending snapshot ensembles by the introduction of a meta learner leads
to a great boost in performance compared to the simple mean combiner.

– The ensemble forecasts are significantly different from the estimates of the
remaining models, based on the paired t-test for significance.

– The single optimized LSTM only shows comparative performance if the
structure of the dataset is approximately stationary over time, as in the
case of the maximum temperatures series. This supports our hypothesis that

1 https://datamarket.com/data/list/?q=, accessed June 1, 2018
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Fig. 4. Model Performance
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Fig. 5. Exemplary Forecast

snapshot ensembles are particularly suitable for cases where patterns are
spread across multiple sequence lengths.

– Reslicing the input data according to the FFT after each snapshot leads to
base learners with high diversity. This enables the meta learner to exploit
different knowledge that is encoded across the snapshots. As an example,
the ordered FFT sequence lengths for the birth rates dataset are as follows:
365, 183, 73, 61, 37, 91, 41, 30, 10, 52, 11, 26, 852, 28, 14, 568, 341, 16, 20,
465. This clearly shows how FFT extracts potent periodicities from the time
series as the yearly and monthly seasonalities are immediately detected.

An exemplary 10 step ahead forecast is shown in Fig. 5. Here, the first holdout
sequence of the birth rates series along with its model estimates is illustrated.
One can see the significant improvements that are attributed to the meta learner,
leading to the reduction in forecasting error.

The code for the experiments is available on GitHub2 .

5 Future Work and Conclusion

Snapshot ensembles based on FFT sequence lengths are an efficient method to
extract diverse patterns from data. We have shown that they yield superior
forecasting performance in comparison to the standard optimization of a single

2 https://github.com/saschakrs/TS-SnapshotEnsemble, accessed June 1, 2018
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LSTM and an ensemble of fully independently trained LSTMs, without the need
for additional computational costs. It turned out that these results are stable
across different data sets, although the relative performance boost differs de-
pending on the underlying data structure. Our approach enables the automated
generation of robust time series forecasts without the assumption of a specified
data distribution. This makes the framework a valuable application for systems
that require the future estimation of one or more key performance indicators
that develop over time.

There is further potential regarding the design of the ensemble architecture:
Besides the configuration of the individual base learners, different combiner func-
tions might improve the overall performance for certain problems. In addition to
this, we found that five epochs per snapshot lead to good overall performance of
the ensemble, however, this parameter could be higher for very complex learning
tasks.

It is also possible to extend the ensemble by different model types. Integrat-
ing autoregressive models or state-space representations could increase model
diversity and thereby lead to a greater performance win by the combiner func-
tion.

Finally, LSTM snapshot ensembles are currently limited to univariate time
series. Evaluating their applicability to the multivariate case is another challenge
worth investigating. It would also be interesting to evaluate the applicability of
stacked snapshot ensembles to different sequence learning tasks such as machine
translation.
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Abstract In order for the forecast and policy analyses concerning the business 

cycle fluctuations of the economy to be precise, the sector specific characters 

together with the steady state of the economy have to be estimated correctly. This 

steady state, i.e. the potential output of the economy, is determined by the pref-

erence parameters of the agents. Following the theoretical identification scheme 

for a two-sector DSGE macro model presented in Woodford [10] and further 

modified in a study by Koskinen and Vilmunen [5] the focus of this study is to 

estimate and identify the possibly divergent sector specific parameters which are 

of interest. A problem is, that the estimation procedure of these parameters is 

conditional for at yet unknown steady state. Therefore we propose and utilize a 

two-step estimation procedure for the parameters of interest. In this modelling 

approach we analyse and compare two different sectors of the Finnish economy, 

manufacturing industry and building industry, each in turn to the rest of the econ-

omy during 2000:Q1- 2015Q2. As the relevant parameters within a sector reflect 

the divergent preferences of the economic agents to the goods produced at differ-

ent sectors, the relative price movements and adjustment asymmetries stemming 

from these kind of divergences has a central role in allocational efficiency and 

welfare of the economy. As a result we find out the importance of the relative 

price movements together with group specific preference parameters for the ad-

justment of the economy after hit by a shock. 

Keywords: A Two Sector DSGE model, Bayes-estimation, Sector Specific Pa-

rameters. 

1 Introduction 

From the stabilization policy point of view, it is almost a necessity to understand the 

different characters of the particular sectors within the economy. These characters could 

be understood to express the nature of the preferences of the representative agent in the 

economy. As the preferences to the goods produced as well as market mechanism in 

general could diverge between the sectors, there is potential for sectoral adjustment 

                                                           
1 Koskinen gratefully acknowledges financial support from the Finish Cultural Foundation and 

  wish to thank Kari Heimonen and Maritta Paloviita for insightful comments.  
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asymmetries in an economy after hit by a shock. This is due to a fact that the adjustment 

to any shock that hits the economy reflect, in turn, the structural factors of that econ-

omy. In addition, as such, the economy could been characterised to be compounded of 

separate sectors, each of which having its own structural features. In an economy with 

nominal price stickiness where the frequency of individual price changes as well as 

price elasticities (and then the mark-ups) are sector specific, inflation distorts relative 

prices. This cause’s economic inefficiency in terms of a loss of consumer welfare as 

output fluctuates around its natural level. Then, as most of the economists believe, the 

policy makers should respond to these deviations by actively dampening them. How-

ever, the response of the economy (output/inflation) to e.g. monetary policy shock re-

flect to some extent the structural factors that characterize the economy. These struc-

tural features could diverge between particular sectors in that economy, and hence the 

response is sector specific.  

      This study, then, estimates those sector specific parameters that are crucial for in-

flation dynamics in the economy studied. This, in turn, enables us to analyse the aggre-

gate as well as sector specific dynamics of the economy as it is hit by various structural 

shocks. Although we are dealing with a model for the business cycle fluctuations, esti-

mation of the long-term trend (i.e. the steady state / potential output) has a crucial role 

here. This is due to a fact that this trend determines the phase of the business cycle and, 

moreover, the estimation of the parameters of interest is conditional to the steady state 

which, in turn, is determined by these parameters. Therefore we proceed in a two-step 

manner in our Bayesian estimation procedure; the first estimation round, with calibrated 

parameter values as starting point, serves as a starting point for a second round. The 

main interest is on the elasticity of substitution (which relates to the magnitude of a 

relative cost-push shock) and autoregressive coefficient (which determines the duration 

of a shock) parameters. Shocks that are for our interest are a general cost-push and an 

interest rate shocks. These shocks are seen to be stemming from the preferences of the 

representative household (agent) as the price setting behaviour of the agent determines 

the magnitude of these shocks, and moreover, the price setting is subject to the elasticity 

of substitution parameter. 

     Although the idea of a multi- or two sector model for aggregate macro modelling is 

a familiar one from several earlier macroeconomic studies, see e.g. Woodford [10] and 

Tille [8] for examples of the approach, here the modelling framework is an extended 

version of a dynamic stochastic general equilibrium (DSGE) model. In this framework, 

we allow for the underlying preference parameters to diverge between the sectors stud-

ied. Earlier studies of the inflation persistence and dynamics have concentrated to study 

the role of the price rigidity, allowing it to differ across the sectors studied, see e.g. 

Bouakez, Cardia and Ruge-Murcia [2]. Hence, this study will offer a further and deeper 

understanding of how the disclosed micro-level heterogeneity should affect macro-

level analysis. 

     This paper is a shortened version of the study by Koskinen and Vilmunen [6] where 

the full derivations of the model are represented. Model estimations indicate that we 

can distinguish those sector specific parameters and output trend levels (steady states) 

that are crucial for policy analyse.   
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2. A Two Sector Model 
 

As in the previous study of Koskinen and Vilmunen [5], the economy is composed of 

two sectors within which the goods are imperfectly substitutable. Hence, there is im-

perfect competition in the relevant markets. A representative household in this economy 

derives utility from a consumption bundle that is a CES aggregate of the sector specific 

consumption indices. These sector specific consumption indices are CES aggregates 

over a continuum of individual goods. Our representative household also works, thus 

generating disutility in the usual manner. The (flow) budget constraint determines the 

feasible choices for our representative household: on top of allocating income on con-

sumption, the household can invest in one period bonds, which generates interest in-

come. By working, the household earn wage income. We thus assume that the repre-

sentative household seeks to maximise the following intertemporal utility 
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σ is the inverse of the inter-temporal elasticity of substitution in consumption and ψ the 

inverse of the Frisch elasticity. Ct is now an index of the household’s consumption of 

the goods that are supplied, while Lt  is the labor supply. Eq (2) contains also a general 

preference shocks φt
B. The external habit formation is captured by the term h.   

      Households maximise their objective function (1) subject to the (flow) budget con-

straint, where total nominal income consists of two components: labour income 

(PtWtLt) and the gross return on the bonds (Rt
bBt). Then Pt is the price level and Bt 

denotes bonds.   

 As the capital stock is assumed to be fixed in the considerations we do not include 

it here. This is because we will focus on the dynamic effects of cost push and interest 

rate shocks at the business cycle frequency. The underlying assumption here is that 

variations in the capital stock are not the main driver for business cycles.  

   

Consumption behavior 

The Euler condition for the optimal intertemporal allocation of consumption is derived 

from the maximization problem of the objective function (2) subject to budget con-

straint with respect to consumption and (nominal) return on bonds Rt
b. This yields to 

the usual consumption Euler equation describing the marginal utility of consumption. 

Then we end up with the optimal consumption dynamics of the log-linear form: 
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The hatted variables represent log deviations from the steady state. 

 

2.1 Deriving a model for sectoral asymmetries 

 

The aggregate consumption index Ct  is of the CES-form and consists of two sub-in-

dexes for the commodity groups n1 and n2 as described earlier in Koskinen and 

Vilmunen [5]; 

              

1

2

1

2

21

1

1

1

11

)()(

















 



 







 t

n

ttt

n

ttt CnCnC

                                 (4)       

where φj,t is a shock to the relative weight of the commodity group in a consumption 

basket and η is the elasticity of substitution between the groups and the sectoral con-

sumption index aggregates a continuum of sector-specific goods  
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Here θj is the elasticity of substitution between sector j goods defining the own price 

elasticity of the demand for these goods. We allow the two θ:s to differ. Sectoral price 

indices, which defines the minimum cost of buying a unit of the sector j good, satisfy 
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whereas the aggregate price index corresponding to the aggregator in (6) is given by 
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Optimal allocation for different goods in sector j = 1, 2 can be derived from the 

minimization problem 

                   diicip tjtj )()(min ,,    s.t.   

jt

N

tjj Cdiicn

j

j

j

j

j

j 












 




11
1

)(,











         

and its first order conditions. Demand for different brands c(i) within a group j is then  
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The sectoral market demand functions in equilibrium are then 
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As in the previous study the aggregators have been normalized so that under the 

common individual price in both sectors,  
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Disutility of labour is given by, v(h(i); ξjt) where ξ is a vector of parameters of inter-

est, so that sector-specific shocks to preferences regarding labour supply is allowed for, 

but not good-specific. Production of the good i is obtained via the production function 
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which thus implies that sector-specific shocks are allowed for. We assume wage-taking 

firms and that the (nominal) profits of firm i in sector j can be written as in the previous 

study together with the real total cost and real marginal cost, st
j, of supplying any good 

i in sector j can be represented as earlier. 

Note that we have used the assumption that the households are on their labour supply 

schedule so that the real wage equals the marginal rate of substitution between labour 

and consumption. The desired mark-up in sector j is now 
1
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sector specific. The natural level of output in sector j , 
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level of sector j output under flexible prices2. It satisfies  
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with the intended interpretation that the utmost right hand side indicates the relative 

price Pj,t / Pt  required to induce the relative demand 
, /n n

j t tY Y . The natural rate of 

aggregate output n

tY aggregates sectoral natural outputs according to the CES-

aggregator. If 0     and φ =1 for all t and for both sectors, the flex price equilibrium 

involves a common output Y for all goods (satisfying the above equilibrium pricing 

equation) 
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Log-linearizing around this equilibrium gives us the optimality conditions for the 

real marginal cost as in our previous study.  

     Assume Calvo-type (Calvo [1]) price staggering in each of the two sectors with αj 

the fraction of goods prices that remain constant in any given period in sector j. A firm 

i in that sector that is lucky to get the change to optimize its price in period t chooses 

its new price pt (i) to maximize the expected present value of its profits  
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The F.O.C for this programme is, after log-linearizing, given by                             

                                                           
2 For derivation, see e.g. Walsh [9] Ch. 8.2. 
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where  
*

,

,

*

,
ˆ ln j t

j t

p

j t P
p   denotes the relative price (relative to others in sector j) of the 

firms that get to optimize their price at date t and  ,

,
ˆ ln j t

t

P

j t P
p   is the real price of 

sector j at date t (i.e. the relative date t price of sector j relative to “cpi” or overall price 

level). On the other hand, ,
ˆ j

t Ts  is the real marginal cost of the firms in sector j that last 

change their prices at date t. Noticing the decomposition of this real marginal cost to-

gether with the expression for the sectoral price indexes in eq. (6) a log-linear approxi-

mation (around the steady state) allows us to derive the following relationship 
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 Now, insert everything into the optimal pricing eq. (11) to give us  
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where ω denotes the elasticity of the real marginal cost function with respect to
jtŷ (and

n

jtŷ ). We are almost there, as we still need to express the sector specific real marginal 

cost in terms of the relevant average sectoral output measure. From the expression for 

the demand for the sectoral composite good we obtain  
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t

n

t   are log deviations from the steady 

state. Substituting this into the average real marginal cost of sector j gives us 
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Inserting this into (15), we obtain 
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is obtained from the aggregate price index, note that we can represent the sectoral in-

flation differential in terms of the lagged relative price 
1,

ˆ
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Aggregate inflation rate 
ttt nn 2211

ˆˆˆ    has a similar representation 
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where we can use equation (19) for the period t relative price to ascertain that aggregate 

inflation in general depends on the lagged relative price and not only on aggregate var-

iables. Note also that identical sectoral price adjustment frequency – α1 = α2 – is not 

anymore sufficient to eliminate the dependence of aggregate inflation on the sectoral 

relative price. On the other hand, if both the frequency of price adjustment and price 

elasticity of demand are equal across sectors, then we have 02211   nn so 

that aggregate inflation is independent of the sectoral relative price.  

       From now on we assume, that output is given by a linear production function and 

it consist of goods to be consumed so that Y= C because in the setting below it does not 

make a difference to distinguish production to consumption and investment goods, we 

further assume that capital is firm specific and fixed at the business cycle fluctuations 

at least, see Woodford (2005). Hence  

                                                        
ttt LAC  , 

where we assume, that technical progress and productivity are catch by  
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for j = 1, 2. Here the productivity shocks 
tja ,

ˆ  and the shocks to the relative weights of 

the sectors nj

t̂ causes fluctuations around the steady state. We notice, that (the inverse 

of) the inter-temporal elasticity of substitution in consumption together with (the in-

verse of) the Frisch elasticity of labour supply and the sector specific mark-up factors 

μj:s plays a crucial role in determining the level of the potential output. For derivation 

of these equations, see Koskinen and Vilmunen [6].  

 

3. Data and estimation  

 

Here we briefly introduce the estimation methodology used together with its theory and 

DSGE model solution strategy when implementing the estimation. Then we introduce 

the data used together with priors of the parameters for the estimation procedure. 

 

3.1Bayesian estimation 

 

The linearized system of solved DSGE model described above is estimated by Bayesian 

method. As this estimation methodology is a primary tool nowadays in macroeconom-

ics, we introduce only briefly the necessary steps involved in our estimation procedure. 

Estimation in this case is based on the likelihood generated by the DSGE system of 

equations of observed variables. The primary goal of this study is to emphasize the 

possibility of the underlying model to estimate and distinguish the sector specific pa-

rameters. These parameters of interest will characterize the potential differences of the 
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sector compared to rest of the economy. Here we do not emphasize the shock and var-

iance decomposition behaviour of the variables, these would be an important topic in 

the future research of this model of course. Therefore, in this study, the shocks (and 

measurement errors as we didn’t add the full set of shocks) are added to avoid stochastic 

singularity. 

Priors and the observed data are used to form a density function of the parameters of 

the model and the likelihood function which describes the density of the observed data. 

The priors are a priori beliefs of the weights of the parameters on the likelihood func-

tion. Priors and likelihood function are combined together by Bayes rule to form the 

posterior density function. This posterior density function which describes all the pos-

terior moments of interest, is estimated and formed with the help of Kalman filter and 

Metropolis-Hastings sampling-like method. To initialize the Metropolis-Hastings algo-

rithm to obtain the posterior distribution of our parameters we utilize a Monte-Carlo 

based optimization routine posterior mode as a starting point.   

     Finally, after deriving the posterior distribution of our particular model, we may 

have several (with the same data set) estimated competing models.  The Bayes Factor 

provides a particularly natural method of compare and test these models against each 

other given the same data set (one model does not have to be nested within the other). 

As in our case, where we estimated some slightly different specifications of our model, 

we simply compare the ratio of posterior odds.  

   

3.2. Data and priors 

 

The empirical estimation of the parameters of interest is done using Finnish macroeco-

nomic seasonally adjusted quarterly data over the period 2000:1 to 2015:2. The data are 

drawn from the Statistics Finland data base on (aggregate) gross domestic production, 

producer price index and the total number of employees.  For the data on building in-

dustry and manufacturing industry we have the same sectoral variables. The data for 

interest rate is 3 month money market interest rate (Euribor). All the variables in the 

analysis and listed below are constructed from these as follows: observation data series 

for the output gap 
t

obs

t cc ~  are demeaned log first differences of real per capita out-

put series 

        ccccccc n

tt

n

ttt

obs

t  )(ˆˆ~
,     

and the observation data series for inflation 
t

obs

t  ~  and 
tj

obs

tj ,,
~   are de-

meaned log first  differences of respective price level indexes etc. 

      In order to get the parameters defining the natural level of output, we estimated the 

full set of the model in two steps. First we took a prior for the output gap measure and 

estimated the parameters conditional to that prior value. Then, after deriving the full set 

of the parameters which could be identified within this model specification, we counted 

the new output gap measure and then, in the second step, estimated the parameters con-

ditional to that new value. 

Demeaning of all the other variables data gives us the observation time series used, 

for details see e.g. Pfeifer [7].    
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    What is the role for demeaning? When estimating the model, in order to avoid a 

situation that the shocks are forced to account for a positive mean in the observed series 

these series have to be demeaned. In other words, we match an observed variable 

(which have mean 0) to a model variable which also has mean 0 (because it is a devia-

tion from steady state).   

     The focus of this paper is on aggregate and sectoral inflation adjustment block of 

the economy π , πj  where we have aggregate and sectoral output c , cj and the market 

rate of interest as other variables. Then we have the following linearized system of 

equations for the inflation adjustment:   
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. The demeaned 

market rate of interest evolves as  .~~
1

r

t
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t
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t rr  
 

    There we have four kinds of exogenous shocks: φ,pj a general cost push shock, φ,nj 

a shock to relative weights, φr an interest rate shock to bond rate and φ,dj a demand 

shock. These shock variables are assumed to follow an independent first-order auto-

regressive stochastic process, e.g. 
pj

t

pj

t

pj

t u 1 ,   

and the standard errors of the shocks are derived from the demeaned data series. Here 

we do not made any assumptions about the covariance of the shocks. 

     Regarding the choice of calibrated parameters (and the prior distributions, not shown 

here) we made the following choices which ably in every sectoral comparison (i.e. we 

compare manufacturing industry to the rest of the economy and building industry to the 

rest of the economy each in turn). The model specification is the same in every case. 

The calibrated values are for variables: β-discount factor (0.99),  ρ – autoregressive 

coefficient for exogenous shocks (0.85), ni – the relative steady-state share of manu-

facturing industry (0.2246), nb – the relative steady-state share of building (0.068), 

Calvo parameter α = 0.75, intertemporal elasticity of substitution σ = 1.2, ω = 1, θ = 6 

for within category a goods (the sector we compare to the rest of the economy), θ = 15 

for within category b goods (the rest of the economy) and ψ = 2 the inverse of the 

Frisch-elasticity. Those values and the priors (for details, see Koskinen and Vilmunen 

[6]) are derived from earlier studies of Koskinen [4] and Kilponen and Ripatti [3]. 

More over the priors for the weighting values of parameters kappa (κ) and gamma 

(γ) in inflation adjustment equation have been set according to these parameter values. 

 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 916



11 

4. Empirical results 
 

As mentioned, we derived parameters for the output gap measure at the first step of 

estimation procedure and then evaluated this gap in the case of manufacturing industry 

to be 054,1n

Indc , this is the ratio of the natural level of output to the realised output 

level. Then we estimated the model parameters conditional to the output gap defined 

by this level of natural output. 

 

Table 1. Estimated parameters for Industry  

parameter posterior distribution: 

    mode    std. dev      mean     10%         90%     

            (Hessian) 

 

habit (ha)  

habit (hb)   

weight (κa) 

weight (κb) 

weight (γa) 

weight (γb) 

Inter temp. 

elast. subst. (σ) 

el. of subst. be-

tween groups  (η) 

 

auregr. coeff.  

(μa) 

auregr. coeff.  

(μb)   

 

 

0.7645  0.1240     0.7407      0.5366      0.9388                           

0.8233  0.0918     0.8117      0.6658      0.9573 

0.0179    0.0089     0.0224    0.0091      0.0368                       

0.0062    0.0047     0.0081    0.0015      0.0143             

                                                     

0.0916  0.0795     0.1414    0.0141    0.2580                                  

0.0558  0.0198     0.0625    0.0309    0.0960              

 

1.2415  0.3209     1.3212     0.7858     1.8410                

 

5.7032  0.5612     5.7510    4.8205     6.6279        

 

 

0.8409  0.0988     0.7896     0.6309     0.9611  

 

0.6402  0.1135     0.6239     0.4344     0.8193  

  

                                    

                                                  

 

 

 

 

In case of building industry the natural level of output is 1,029n

buildc  so it is ap-

proximately 3% higher than the existing level of output. 

 

Table 2. Estimated parameters for Building 

parameter posterior distribution: 

mode    std. dev      mean     10%         90%     

            (Hessian) 
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habit (ha)  

habit (hb)  

weight (κa) 

weight (κb) 

weight (γa) 

weight (γb) 

Inter temp. elast. 

subst. (σ) 

 

el. of subst. be-

tween group     (η) 

 

auregr. coeff.  

(μa) 

     auregr. coeff.  

(μb)   

 

 

0.8554  0.0740     0.8406    0.7336      0.9611     

0.7677  0.1230     0.7301    0.5408      0.9469   

0.0185  0.0091     0.0219    0.0075      0.0348   

0.0082  0.0028     0.0090    0.0042      0.0131 

 

0.0871  0.07         0.1328    0.0157      0.2468 

0.0525  0.0206     0.0602    0.0281      0.0914 

 

1.2681  0.3175    1.3094     0.7774      1.8398   

 

 

6.4756  0.7287    6.6932     5.4510      7.8638     

 

 

0.5343  0.1019    0.5354     0.3802      0.6941 

 

0.8460  0.1046    0.7916     0.6280      0.9460  

 

 

 

We also slightly modified these models by incorporating different options for the 

Calvo parameters and we proceed as follows.      

      As mentioned earlier a natural way to evaluate the (prediction) performance of these 

models over each other is by Bayes Factor. In our case this factor is in every case ap-

proximately 1 (1 +- 0,0001) as the likelihood and the log data densities are nearly the 

same in every model variation. Then we can’t distinguish which of the specifications 

with different Calvo parameter is better in the sense of (backward looking) weighting 

parameters kappa (κ) and gamma (γ). This may be a consequence of the forward look-

ing nature of our inflation adjustment model specification, which put more weight on 

the expected inflation. Hence we do not report the outcomes with these different pa-

rameter values as they seems to give no additional information about the ‘true’ model. 

However, our inflation adjustment model seems to perform well as the one-step ahead 

linear Kalman filter forecast figures shows. 

      The diagnostic figures (in case of Indusry) for convergence of the parameters, good-

ness of fit (smoothed and historical values of the variables) by one-step ahead linear 

Kalman filter forecast evaluated at the posterior mode together with smoothed one-step 

ahead forecast of shock variables are presented upon request and in Koskinen and 

Vilmunen [6]. 

 

 

5. Conclusions 
As relative price movements has a crucial role in resource allocation and market mech-

anism in general, the performance of stabilization policy is not invariant on the under-

lying parameters that determine the structure of this mechanism. As the parameters and 

hence the structure could diverse between the sectors of the economy there is potential 
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for adjustment asymmetries after hit by a shock as well. Therefore, this study has esti-

mated some of these sector specific parameters, which determine the magnitude, and 

duration of the sectoral response to a shock. The estimates of the underlying parameters 

clearly indicate that these parameters diverge between the sectors studied and relative 

price movements have an important role in existing inflation dynamics. Moreover, 

those sectors each have a specific relation to the rest of the economy in other respects 

also as the magnitude and duration of the shocks do diverge between the sectors studied. 

Because the identified parameters rise from the preferences of the agents, the shocks 

studied could be seen as structural ones as they are related to behaviour of the agents 

as well. These shocks are hence interpretable and consistent with microeconomic evi-

dence as the previous study of Koskinen and Vilmunen [5] demonstrates. This, in turn, 

enables us to utilise this DSGE model for a policy analysis that recognize the sector 

specific features.   

    Then, concerning the policy implications of this model, we find out that the natural / 

potential level of output and hence output gaps varies between the sectors studied. As 

any stabilization as well as structural policy is conditional to the output gap, this fact 

should be taken into account when practising those policies. These divergences arise 

from the different preference parameters of the agents. The same applies when damp-

ening the business cycle fluctuations as the magnitude and persistence of adjustment 

process after hit by a shock do differ between the sectors reflecting the divergence of 

the underlying parameters.  
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Abstract. This paper examines the prospects of the Russian economy in a me-

dium term. The export-oriented model, driven by high oil prices, providing the 

growth for the Russian economy before the global crisis, has exhausted itself. 

We empirically show that postponement of pension reform and underestimation 

of the human capital impact on economic growth would lead to a weak econom-

ic growth with the average pace no more than 1.8 percent per annum.  

We estimate that the target share of investment in GDP can be achieved by a 

gradual reduction in the real interest rate, increase in industrial production 

growth rate and technological innovation expenditures. 

We show that in medium term main drivers of sustainable economic growth 

with the pace from 3 to 5 percent per annum are human capital, quality of polit-

ical institutions, industrial modernization and a significant increase in R&D sec-

tor. 

 JEL: C53, E17, F43 

Keywords: Russia, economic policy, scenarios, total factor productivity, hu-

man capital, drivers of growth, macroeconometric forecasting 

 

1 Introduction 

Russia has seen an economic recession during the last five years while the majority 

of the countries has recovered from the global financial crisis. The export-oriented 

model, driven by high oil prices, providing the growth for the Russian economy be-

fore the global crisis, has exhausted itself. The growth deceleration of the Russian 
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economy has occurred long before the decline in oil prices and the imposition of sanc-

tions in 2014, which is fully understood by the Russian government and academics.  

Following the global financial and economic crisis of 2008 - 2009, Russia experi-

enced a period of post-crisis economic recovery, which ended by late 2011. The eco-

nomic development of Russia in 2011 - 2016 was generally characterized by a gradual 

weakening in the dynamics of development with an average annual growth rate of 1.2 

% against 4.8 % for the period from 2001 to 2010 (see Table 1).  

Until 2014, the GDP dynamics was supported by both domestic and external de-

mand. Since 2014 there has been a sharp decline in the fixed assets investment, a 

decrease in real income, a decline in exports and other negative trends (see Table 1). 

External factors such as a decrease in energy prices in the world market, the geopolit-

ical tension, and economic sanctions against Russia have led to increased uncertainty 

and a rapid deterioration in business confidence, negatively affected investment de-

mand and consumer sentiment, caused capital outflow and inflation increase. 

 

Table 1. Key indicators of Russia's socio-economic development in 2011-2017 

Indicator 2011 2012 2013 2014 2015 2016 2017 

GDP, % 104.3 103.5 101.3 100.7 96.3 99.8 101.4 

Consumer price index,% 

by December 
106.1 106.6 106.5 111.4 112.9 105.4 102.5 

Industrial production 

index, % 
105.0 103.4 100.4 101.7 96.6 101.3 101.0 

Agricultural production 

index,% 
123.0 95.2 105.8 103.5 102.6 104.8 102.4 

Investments in fixed 

assets,% 
110.8 106.8 100.8 98.5 89.9 99.8 104.4 

Real disposable in-

come,% 
100.5 104.6 104.0 99.3 96.8 94.2 98.3 

Export of goods, bln. 

USD 
515.4 527.4 523.3 497.8 340.3 281.8 353.0 

Import of goods, bln. 

USD 
318.6 335.8 341.3 308.0 194.1 191.6 238.0 

Source: Federal State Statistics Service of RF  

 

In 2017 we can see “green shoots” of economic recovery from the last crisis. Ef-

forts on developing infrastructure, the focus on building a digital economy, an in-

crease in industrial and agricultural production, an increase in non-oil export give a 

base for economic growth expectations. There are several strategies for economic 

development, in particular, the strategy by the Ministry for Economic Development, 

the Center for Strategic Research, the Stolypin Club, the RAS Institute for National 

Economic Forecasts, etc. (see review in [1]). The forecasts are based on different 

approaches, theoretical models and explicit or implicit assumptions that often remain 

undisclosed.  

In May 2018 newly elected President Putin put forward very ambitious tasks in 

the socio-economic development of Russia. The Russian government designed a pro-
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gram to achieve these goals. The aim of our quantitative analysis is to estimate the 

expected economic growth under various assumptions. In the target scenario, we rely 

upon the government objectives regarding main economic drivers. 

The contribution of technological progress and human capital accumulation to 

the economic growth is a classic of economic growth models formulated by Solow 

and Swan  [2, 3]. We rely upon this model and design a set of equations to examine 

the main building blocks of economic growth in a medium term. 

We propose a forecast for the Russian economy, assuming the reasonable time 

paths of the main drivers. Three scenario forecasts are calculated: basic, assuming the 

retention of the current model of economic development with moderately favorable 

external conditions and overcoming the investment decline; second scenario, assum-

ing the retention of the negative demographic trends and the lack of human capital 

growth; and the target one, under which it is possible to achieve the necessary indica-

tors and to subsequently reach a stable self-sustaining growth path. Econometric tools 

are used to predict growth drivers. 

The main finding of the analysis is that for Russia to sustain a sufficient real GDP 

growth, it is essential to focus on reforms that drive TFP growth. Modernization of 

industry, focus on innovations, and the R&D sector enhance are among essential 

measures.   The demographic situation is one of the challenges for future develop-

ment. It is shown that decline in effective labor led to a decline in expected growth. 

Acceleration in total factor productivity growth and labor productivity in particular 

can overcome this risk. 

2 Methodological thoughts 

2.1 Theoretical model 

The neoclassical Cobb-Douglas production function determines the output de-

pending on the capital, effective labor and total factor productivity: 

 )(1
tttttt LAVHHCKAY   (1) 

where tY  is the output, tA  is the total factor productivity, tK  is the accumu-

lated physical capital, tHC is the human capital per worker, tAVH is the average 

annual hours worked by persons engaged. tL  is the total number of workers, present-

ed in the economy. β stands for the labor share of income. Here, the effective labor is 

the product of human capital per worker tHC  and the total number of hours worked 

in a certain year tt LAVH  . Human capital is estimated by the HC index drawn from 

the PW9.0 database. The assessment methodology is based on the Lee-Barro [4] ap-

proach.  

The accumulation of physical capital is realized via investment tI , the previous-

ly accumulated capital is depreciated with the depreciation rate δ 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 923



11)1(   ttt IKK   (2) 

Equation (1) with help of equation (2) can be rewritten in terms of various 

growth rates as follows: 



















  

t

t

t

t

tHCtAVHtLtAtY

Y

K

Y

I

ggggg )1()( 1,1,1,1,1,  (3) 

Here 1, tXg  is the growth rate of factor X from t to t + 1. 

Equation (3) shows what drives the economic growth in this model. Output 

growth can be achieved through accumulation of capital resources, accumulation of 

labor resources and productivity growth. Before constructing the growth scenarios, it 

is necessary to design an empirical model to analyze the dynamics of the main growth 

drivers. 

2.2 Empirical model 

Assuming that the relationship (3) is held in long-term and the parameters labor 

share of income β and depreciation rate δ are constants we examine an empirical 

model 

ttttHCtAVHtLtAtY xKxIggggg    11,,,,, /)(  (4) 

with two restrictions  -1     ,1  . Here YIxI / , YKxK / , t is an error 

term, )1/('   . 

The total factor productivity (TFP) has the largest direct effect on economic 

growth. Thus, our primary focus is to design an empirical model to forecast the TFP 

dynamics. On one side, the TFP  is the result of the new knowledge and technologies 

production, on another side, it depends on the quality of political and economic insti-

tutions [5]. TFP also reflects the fluctuations in the market conditions for the goods 

and services that are produced by the economy. So, assume that there is a “long-run” 

equilibrium relationship between TFP and considered variables: 

ttttt ε+ C*Export+ C*Insitutes + C*RD = CA 15 )14()13()12()11(   (5) 

 where A  is the total factor productivity index, RD  is the expenditures on R&D, 

Export  stands for the volume of Russian export (the variables are expressed in con-

stant 2010US$ and in logs).  Insitutes  is a synthetic variable reflecting the quality of 

public institutions. 

R&D expenditures are considered as a proxy of new knowledge and technolo-

gies production. We could partly agree with the authors [6], pointing out that the im-

pact of the R&D expenditures should affect the total factor productivity with a lag of 
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10-15 years. However, due to the short time series for the empirical evaluation of the 

TFP and considering that modern technologies are being updated much more quickly, 

we used the lag of five years in equation (4). 

To characterize the quality of public institutions, we calculate the arithmetic 

mean of six indicators of political risks measured by The PRS Group  (for more de-

tails on variables and the methodology, see the International Country Risk Guide [7]).  

There are hundreds of studies that explain the role of export in explaining 

growth of GDP. Export has a profound impact on economic growth in export-oriented 

economies [8]. The Russian economy is on the way from the export-oriented com-

modity economy toward the endogenous sustainable growth model [9]. The share of 

export in GDP has declined from 44% in 2000 to 26% in 2017. The share of raw ma-

terials export, mainly hydrocarbons in total exports is still rather high (around 50% in 

2017), but has a tendency to decline since 2011, not only because of the decline in oil 

prices. Hence, the share of non-raw goods and services in total export has an upward 

trend. Thus, we assume that raw materials export (denote as oilExport _ ) is expected 

to follow the time path of oil prices (denote as Oil ), but partly corrected in the next 

period  

ttoilExporttOiltoilExport εCg + C*g= Cg 21,_,,_ )23(*)22()21(   (6) 

We assume that export of non-raw goods and service will increase along with 

industrial production increase plus 1% expected increase in world demand.  

Thus to forecast the TFP dynamics we need to estimate parameters of equations 

(4-5) and make reasonable assumptions regarding exogenous variables.  

The amount of investment in fixed assets and the share of investment in the GDP 

are endogenous variables of the model. 

The growth rate of investment depends on the one hand, on the demand from in-

dustry and on the other hand, on the investment climate and the availability of credit 

resources. Under Western sanctions, foreign money markets are closed to domestic 

companies and the availability of credit resources in the domestic market plays a ma-

jor role. It worth to note, that investment in fixed assets is positively and significantly 

correlated with firms’ expenditure on technological innovations. We consider the 

share of these expenditures in GDP as one of the major indicators of modernization 

and innovative development.  

Thus, we assume that the growth rate of investment can be expressed as follows: 

tttHTECHEXPtPROMI,t εCRIR + Cg+ C*g= Cg 3,,
)34()33()32()31(   (7) 

Here PROM  is index of production of total industry, HTECHEXP  is expenditure on 

technological innovations,  RIR  is the lending interest rate adjusted for inflation as 

measured by the GDP deflator.  

In equations (5-7) )(ijC  are the model parameters, itε stand for random compo-

nents. 

Thus, our growth model consists of equations (4)-(7). Various econometric tech-

niques have been used to estimate the required parameters. 
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3 Quantitative analysis 

3.1 Estimation results  

To estimate the parameters of the equation (4) we use data from the Penn World 

Tables 9.0. The period for which data is available is 1993-2014. We use the OLS 

estimator to assess the parameters. The Wald test is used to test the restrictions, the 

results show that the restrictions are valid. 

 The point estimation of the effective labor contribution to the output (β = 0.77) 

obtained in the study is higher than the estimates provided by the Penn World Table 

(0.72 for the period up to 2008, then a decrease to 0.66 by 2014). It worth notice that 

PWT9.0 reports share of labor compensation in GDP at current national prices. 

The estimation of the capital depreciation factor (δ = 0.05) appeared to be higher 

than in the above source. On the other hand, by the FSSS data, between 2000 and 

2016, investments in machinery, equipment and vehicles accounted for 30 to 40% of 

all investments, and these assets have a depreciation factor of more than 12%. 

ADF unit root test shows that time series in equation (5) are I(1), so we use  

Engle-Granger cointegration test to check  series are cointegrated.  Since we can re-

ject the null of a unit root in the OSL residuals from (5) (null of no-cointegration) 

then we cannot reject that the examined variables cointegrate. The estimates from 

OLS in the static equation (equation 5), although consistent, can be substantially bi-

ased in small samples, partly due to serial correlation in the residuals. So we use Fully 

Modified Least Squares to assess parameters C(11)-C(14) of equation (5). The meth-

od modifies least squares to account for serial correlation effects and for the 

endogeneity in the repressors that results from the existence of a cointegrating rela-

tionship [10]).  We obtain those estimates of the equation (5) parameters
1

: 

C(11)=0.16[0.04], which means that a 1%  increase in R&D expenditures leads to  

0.16% increase in TFP index in 5 years controlling other variables; C(12)=0.44[0.14], 

a rise in quality of institutions index by 0.1 would rise TFP index by 4.4%; 

C(13)=0.39[0.06], a  rise in real national export by 1% would rise TFP index by 0.4%. 

To estimate unknown parameters in equation (6) we use OLS with Newey-West 

standard errors to deal with autocorrelation. The estimated values can be interpreted 

in terms of the partial adjustment model. C(21)=0.4[0.05] and C(22)=0.5[0.17] show 

that short-run  elasticity of commodity export on oil price is 0.4, however long-run 

price elasticity is 0.8.  

OLS estimator with Newey-West standard errors is used to assess the unknown 

parameters of equation (7).  The results are as follows: C(31)=0.9[0.3], 

C(32)=0.2[0.04], C(33)=-0.6[0.2]. Thus, a 1 percentage point increase in industrial 

production index leads to a 0.9  increase in growth rate of investment;  a 1 percentage 

point increase in technological innovation expenditures leads to a 0.2  increase in 

growth rate of investment; a 1 percentage point increase in real interest rate leads to a 

0.6  decrease  in growth rate of investment controlling other variables. 

                                                           
1  hereinafter standard errors  in square brackets 
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Data used to estimate equations (5)-(7) are retrieved from The World Bank data-

base, The Russian Federal State Statistics Service, The Central Bank of Russia, The 

International Country Risk database. 

Obtained results are used to calculate three growth scenarios in order to quantify 

the growth impact of effective labor, improvements in investment and the TFP 

growth.  It is necessary to propose reasonable time paths regarding the main exoge-

nous variables of the growth model. 

3.2 Forecasting prerequisites  

Analyzing the data on the behavior of exogenous variables of the model over 

the last 5 years, based on analysts' forecasts regarding the oil price, taking into ac-

count the monetary policy of the Central Bank of the Russian Federation, and the 

Government's focus on modernization and economic growth, we determined the fol-

lowing guidelines for the behavior of the factors under consideration (see Table 2). 

 

Table 2.    Reasonable Time Path of  Exogenes Variables 

Exogenous variable Baseline Effective labor 

reduction 
Target 

The TFP determinants 

Real oil price, 2010 $US 

per barrel 

60 in average 56 in  average As in baseline 

Institute index 0.45  the last 5-

year average 

As in baseline Reach 0.51 

(2010-2014 av-

erage) by 2024 

R&D expenditure, % of  

GDP 

1.1= the last 5-

year average  

As in baseline Reach 1.5 by 

2024 

Investment determinants    

Real interest rate, % Reduce by 0.5pp 

each year  

As in baseline Reduce to 2 by 

2019 

Technological expendi-

ture, % of GDP 

1= the last 5-year 

average 

As in baseline Reach 1.8 by 

2024 

The industrial produc-

tion growth rate 

2% per annum  As in baseline 5% per annum  

Effective labor determinants 

Human capital growth 

rate 

0.4% per annum 0 Same as baseline 

Average annual hours 

worked by persons en-

gaged 

Increase to 1985 

hours (2014 lev-

el) by 2024 

Remain at cur-

rent level 

Same as baseline 

Number of persons en-

gaged (in millions) 

Remain at the 

current level due 

to unemployment 

reduction and 

Decrease to 71.3 

by 2024 

Increase to 73.3 

by 2024 due to 

the pension re-

form and migra-
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migration tion  

Population (in millions) Increase  to 148 

by 2024 

Decrease to 145 

by 2024  

Increase to 150 

by 2024 

 

The constructed scenarios are as follows: 

 Baseline scenario: a slight increase in all basic indicators in accordance with the 

prevailing dynamics of recent years and results obtained from equations (5-7); 

 Effective labor reduction: reduction in working age population according to with 

FSSS projection, zero growth rate of human capital due to decrease of return on 

education [11]; 

 Target scenario: a significant increase in investment due to the growth of industrial 

production and lower real interest rates; an increase in TFP due to improvement in 

quality of institutions, a gradual increase in R&D expenditure share in GDP and an 

increase in non-mineral export of ; an increase in effective labor due to the pension 

reform and a significant increase in public expenditures on human capital.  

3.3 Scenario calculations main findings 

In all the scenarios, investments in fixed assets have increased as to the previous 

period, beginning from 2019, yet, at different rates (see Fig. 1). The growth of in-

vestments can be achieved by improving the investment climate, expanding the pub-

lic-private partnerships, reducing the cost of credit resources. However, the growth of 

investment per se does not guarantee the GDP growth. The need for a more effective 

use of investments, in particular, through the application of project finance, is essen-

tial [12]. 
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Fig. 1. Dynamics of investments in fixed assets, % as to the previous year (left axis); invest-

ment share of GDP (Target and baseline scenarios, right axis). Source: authors’ calculation. 

The proposed assumptions and estimates allow us to obtain forecast values for 

the GDP and economic growth in the medium term. Econometric models estimated on 

relatively short time series do not allow to make long-term forecasts. Furthermore, the 

impending technological revolution is likely to drastically change the conditions for 

the economic systems functioning [13]. 

The results of scenario calculations and evaluation of key macroeconomic indi-

cators according to scenarios are presented in Fig. 2 and Table 3. 

 

Fig. 2. GDP per Capita (in constant 2010 US$, right axis) and real GDP growth rates (%, left 

axis) by scenario options. Source: WDI, authors’ calculation 

The baseline scenario estimates are close to those by the World Bank [14] and 

the IMF [15].  This scenario is based, on the one hand, on preserving the current 

trends in the economy. On the other hand, it requires the growth of industrial produc-

tion, the growth of non-primary exports, the growth of human capital, and the preser-

vation of the number of people employed in the national economy. We called the 

scenario baseline not because it does not require any effort to be implemented. Signs 

of Dutch disease are still inherent in the Russian economy [16], and it does not allow 

us to count on high rates of economic growth even under moderately favorable exter-

nal conditions.  
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Table 3. Scenario-based estimates of the key macro-economic indicators 

Indicator 2018-2020 2021-2022 2023-2024 

Real GDP growth, % 

    Effective labor reduction 1.4 1.7 1.8 

    Baseline  2.2 2.2 2.5 

    Target 3.6 3.7 5.3 

Gross capital formation, % of GDP 

    Effective labor reduction 21 21 21 

    Baseline  22 21 21 

    Target 24 26 27 

GDP per capita, thousand 2010 US dollars  

   Effective labor reduction 11.700 12.200 12.700 

    Baseline  11.800 12.500 13.100 

    Target 12.200 13.300 14.500 

 

The second scenario shows relative importance of labor recourses in economic 

growth. Ageing of the population, low returns from the level of education among 

young people, low mobility of the labor force in modern Russia can lead to a reduc-

tion in the quantity and quality of the workforce. Despite the growth in investment, 

the same as in the baseline scenario (see Fig. 1), lower economic growth rates are 

expected (see Fig. 2) and a noticeable lag in GDP per capita from the baseline scenar-

io towards the end of the forecast period (see Fig. 2 and Table 3). 

The target scenario can be achieved due to the combination of various growth 

drivers. The TFP growth (up to 4% per annum) can be accomplished due to the higher 

R&D expenditures growth as against the GDP growth, as well as due to the growth in 

non-resource exports while maintaining a moderately favorable environment of the 

world raw materials market. In boosting the TFP growth the role of public institutions 

is essential. The projection of  growth of institutions quality index is based on the 

guess in improving the quality of public service delivery, an efficiency of same by 

dismantles bureaucratic obstacles to business and creates an environment-friendly to 

investment and business, improving the legislation towards an increase in the rule of 

law index, and a greater level of business confidence. The contribution of public insti-

tutions in an increase of R&D sector is vital too. As it was shown [17], direct and 

indirect public expenditures on R&D stimulate business to enlarge R&D expendi-

tures. Also, the target scenario implies a meaningful increase in investments due to 

the gradual reduction of the real interest rate, a considerable increase in demand from 

industry, the investment climate changes. As a result, the share of investments in 

fixed assets in the GDP is expected to increase up to 27% by 2024. The target scenar-

io realization is crucial to achieving a per capita GDP growth rate of more than 3% a 

year, which is necessary to solve the problem of the population's welfare gradual im-

provement. 
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4 Conclusion 

The aim of this study is to analyze the factors affecting the economic growth in 

Russia. As the basic model, the Solow-Swan model is adopted, which assumes that 

output growth is provided in three ways: capital accumulation, effective labor and 

productivity growth. 

To simulate the dynamics of total factor productivity and capital accumulation, a 

system of econometric equations is proposed.  It includes traditional growth drivers, 

and specific factors we believe to be the drivers of the expected growth, such as the 

quality of political and economic institutions and R & D expenses. 

Our findings suggest that human capital along with the creation of conditions for 

keeping the number of employed in the economy can provide a meaningful contribu-

tion to economic growth. The postponement of pension reform, neglecting human 

capital investment, low mobility of labor force in Russia and aging of the population 

would lead to a weak economic growth. 

We detected that there is a need for a significant increase in the total factor produc-

tivity (up to 4% per annum) on a new technological basis, due to a greater efficiency 

of R&D expenditures and the effectiveness of the national innovation system,  in-

creasing investment in innovative high-tech production, diversifying exports, better 

functioning of political and economic institutions.  This will significantly increase the 

economic health and, on the basis thereof, - the incomes of those employed in the 

economy, and later - in the social and budgetary spheres. This, in turn, will stimulate 

consumer demand, the growth of which will facilitate warming up the economy and, 

with good managerial and project solutions available, achieving the required rates of 

economic growth. 
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Determining the Cointegration Rank Using  a Residual-based 
Procedure. 

By Antonio Aznar. University of Zaragoza  

Abstract 

In this paper, we derive a new test of cointegration based on a 
residual based approach. In each step we determine either the 
cointegration rank or the set of common trends to be used in the 
following step. We derive the probabilities of choosing the 
correct rank and of overidentifying and underidentifying that 
rank. We present results from a simulation experiment to asses 
the performance of the test with finite samples. Then, we apply 
the test to quarterly  data of four variables of the Danish 
economy. 

JEL Classification: C32 

Keywords: Cointegration rank, sequential approach, Augmented 
Dickey-Fuller test, simulation experiment, empirical application. 

1. Introduction 

In this paper, we propose a procedure to test the cointegration 
rank of a multivariate dynamic system. In their seminal paper, 
Engel and Granger (1987) used the Dickey-Fuller test to 
determine the existence of cointegration. But they restrict their 
approach to only one cointegration relation and since then there 
has been only a few attempts to extend that procedure to a 
more general setting with n variables and r cointegration 
relations. For an example see the GBH test in Gomez-Biscarri and 
Hualde (2015).   
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The most well-known procedure for the general setting has been 
that proposed by Johansen (1988, 1991 and 1995) based on 
maximum-likelihood inference on vector autoregressive error 
correction (CVAR) models. The Johansen’s test is a sequential 
procedure such that in each step of the process it considers a 
null of less cointegration against an alternative of more 
cointegration. A  likelihood ratio statistic is calculated using the 
characteristic roots of a given matrix defined in terms of the 
second moments of the variables of the so-called Reduced Rank 
Regression. The difference between two consecutive likelihood 
ratio statistics is that when defining the second one the largest 
root used in the previous one is excluded. 

The cointegration test we propose in this paper is also a 
sequential procedure. But it is a residual based test such that in 
the different steps of the process we calculate the values taken 
by the Augmented Dickey-Fuller (ADF) statistic for a given set of 
regressions and the decision is based on the maximum of these 
values. In each step, we also consider a null hypothesis of less 
cointegration against an alternative hypothesis of more 
cointegration. However, there are two differences with respect 
the Johansen’s approach. In our approach, the null hypothesis is 
composed while the alternative is simple. In the Johansen’s 
approach, the null hypothesis is simple and the alternative is 
composed. Secondly, there is a difference in the location of the 
null hypothesis; in the Johansen’s approach, the null hypothesis 
of a zero cointegration appears in the first step of the process; in 
our approach, the null hypothesis of a cero cointegration rank 
corresponds to the last step. It is worth remarking that, in each 
step of the process, we determine either the cointegration rank-
if the null hypothesis is rejected- or the set of common trends to 
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be used in the following step-if the null hypothesis is not 
rejected. 

 The paper is organized as follows. In Section 2 we present The 
model and some preliminary results. Section 3 is dedicated to 
describe the new test. The simulation results are presented in 
Section 4. In section 5 we present the results of an empirical 
application and the paper ends in Section 6 with the main 
conclusions. 

2. Model and some Preliminary Results 

We consider an n-dimensional I(1) system ty that can be written 
as 

                                  t ty uδ∆ = +                           (1) 

Where δ is an n-dimensional vector of constants representing 

the mean of the stationary process; tu  is a linear zero-mean n-
dimensional vector I(0) process that can be written as 

                                   ( )t tu L ε= Ψ                          (2) 

Where ( ) 2

1 2 ...nL I L LΨ = +Ψ +Ψ + . tε is i.i.d. with 

           ( )'0, ,t t tE E positive definiteε ε ε= = Ω Ω  

We assume that ( )LΨ  satisfies two conditions 

i. { }jΨ  is one-summable 

ii. ( )1 0Ψ ≠  

As it can be seen in Hayashi (2000), the first condition makes tu

being a stationary and ergodic process.  
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The long-run covariance of the I(0) system is  

                                      ( ) ( )1 1 'ψ ΩΨ                                (3) 

In levels, ty    can be written as 

                       0 1 2 .....t ty y t u u uδ= + + + +             (4) 

Then, consider the following result associated with the 
Beveridge-Nelson decomposition     

                       
( ) ( ) ( ) ( )

( ) ( )1 2

0

1 1 ,

, ....j

j j j j

j

L L L

L L

α

α α α
∞

+ +
=

Ψ = Ψ + −

= = − Ψ +Ψ +∑
                      

Using this result we can write (2) as 

           ( ) ( )11 ,t t t t t tu Lε η η η α ε−= Ψ + − ≡          (5) 

Where ( )Lη   is a well-defined covariance-stationary process. 
Substituting (5) into (4) we obtain the multivariate version of the 
Beveridge-Nelson decomposition 

        ( )( ) ( )1 0 01 ....t t ty t yδ ε ε η η= +Ψ + + + + −     (6) 

We assume that there exists a p r×  matrix, β , such that 

                      ( )' 1 0 ' 0andβ β δΨ = ≠  

β is the matrix of cointegration vectors and r is the cointegration 
rank. 

The corresponding CVAR model is 

           ( )
1

0 1 1

1

'
p

t t i t i t

i

y t y yµ α ρ β ε
−

− −
=

∆ = + + + Γ ∆ +∑    (7) 
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Where 1ρ is a vector of r constants. 

For a particular order of the n variables, let 1,2,..k̂ lτ −  the value of 
the Augmented Dickey-Fuller(ADF) statistic calculated with the 

residuals of the regression of kty on 1 2, ,... ,t t lty y y t with k>l and 
1l n≤ − . Note that when l=1 the number of regressions is equal 

to the 
2

n 
 
 

 non-redundant pairs of variables while if l>1 the 

number of regressions will be n-l. Let 1,2,..k̂ lτ ∗
−  be defined as 

                               1,2,.. 1,2,..
ˆ ˆmaxk l k l

k
τ τ∗

− −=                  (8) 

Note that,  if one of these regressions is a cointegrating 
regression, then the corresponding ADF statistic satisfies 

                        ( )1,2,..
ˆlim Pr 1k l

T

Kτ −
→∞

< − =              

     For any arbitrarily large positive K. On the other hand, if one 
of these regressions is not a cointegration relation then there 
exists a real number, ( )1lv α+ , for which the corresponding ADF 
statistic satisfies 

                        ( )( )1,2,.. 1
ˆlim Pr k l l

T

vτ α α− +
→∞

< =  

As a consequence of these results we can conclude saying that if, 
for a given l, there are n-l regressions that are cointegrated, then 

                            ( )1,2...
ˆlim Pr 1k l

T

Kτ ∗
−

→∞
< − =                     (9) 

If, for any given l, there exists, at least, one regression that is not 
a cointegration relation, then  
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                          ( )( )1,2... 1
ˆlim Pr k l l

T

vτ α α∗
− +

→∞
< =              (10) 

3. Cointegration Test 

It is a sequential test with (n-1) steps. In the first step, we test for 
the presence of, at least, two common trends against the 
alternative that there exists only one common trend. In the 
second step, we test for the presence of, at least, three common 
trends against the alternative hypothesis of two common trends 
.The process follows until we get up the final step in which, 
under the null hypothesis, the number of common trends is n 
and under the alternative hypothesis the number is n-1.   

Step 1. In this step, the null hypothesis we test is 0 : 2H r ≤  while 
the alternative specifies  : 1AH r r= − . Consider the regressions 

corresponding to the 
2

n 
 
 

non-redundant pairs of variables 

                   kt lt ty t y uα δ φ= + + +     k>l, l=1,2,..n-1     

Then, we calculate the corresponding 
2

n 
 
 

ADF values and the 

null hypothesis is rejected when  

                                      ( )2k̂ l cvτ α∗
− ≤    

If the null hypothesis is rejected then the process stops and we 
conclude that the cointegration rank is n-1. If the null hypothesis 
is not rejected we go to the next step of the process assuming 
that the two first common trends are the two variables of the 
regression to which corresponds the largest ADF value. 
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Step2. In this step, we test the null hypothesis 0 : 3H r n≤ −  

against the alternative : 2AH r n= − . Without loss of generality, 
suppose that the largest ADF value in Step 1 corresponds to the 

regression with 2 1kt t lt ty y and y y= = . Then, consider the 
following n-2 regressions              

                   1 1 2 2kt t t ty t y y uα δ φ φ= + + + +    k=3,4…n.     

We calculate the corresponding n-2 ADF values and the null 
hypothesis is rejected when  

                                 ( )1,2 3k̂ cvτ α∗
− ≤  

If the null hypothesis is rejected then, the testing process stops 
and we conclude that the cointegration rank is n-2. If the null 
hypothesis is not rejected we proceed to the following step 
…until we arrive to the final step. 

Step (n-1). In this case, the null hypothesis tested is that the 
cointegration rank is 0, r=0, against the alternative that it is one, 
r=1. We estimate only the following regression               

         1 1 2 2 1 1.....nt t t n n t ty t y y y uα δ φ φ φ − −= + + + + +     

If the null hypothesis is rejected, then the conclusion is that the 
cointegration rank is one. If it is not rejected, then the conclusion 
is that there is no cointegration. 

Let r̂ be the cointegration rank estimated applying the 
sequential process we have just described. The properties of this 
estimate are given in the following theorem 

Theorem 1. Let { }0,1,2,.... 1r n∈ − be the true cointegration 
rank. Then 
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i. ( ) ( ) 1
ˆlim Pr 1

n r

T

r r α − −

→∞
= = −                                                  (11) 

ii. ( ) ( ) 1
ˆlim Pr 1

i

T

r k α α−

→∞
= = − , k=r+i, i=1,2,..n-r-1, r<k     (12) 

iii. ( )ˆlim Pr 0
T

r k
→∞

= = ,         k=0,1,2….r-1, r>0                        (13) 

Proof: First, we show (11) for r=n-1. We have seen that ˆ 1r n= −
when, in the first step, the null hypothesis 0 : 2H r n≤ − is rejected. 
That is, when 

                                     ( )2k̂ l cvτ α∗
− ≤  

The result follows because if r=n-1 using (10) we have 

               ( ) ( )( )2
ˆ ˆlim Pr 1 lim Pr 1k l

T

r n cvτ α∗
−

→∞
= − = ≤ =  

Next, we show (11) for r=n-2. The estimated rank is equal to n-2  
when the null hypothesis 0 : 2H r n≤ − is not rejected in the first 
step, and the null hypothesis 0 : 3H r n≤ − is rejected in the second 
step. That is, ˆ 2r n= −  when 

                     ( ) ( )2 1,2 3
ˆ ˆ

k l kcv and cvτ α τ α∗ ∗
− −> <   

The result follows because if r=n-2, (9) implies that 

                               ( )( ) ( )2
ˆPr 1k l

T

lim cvτ α α∗
−

→∞
> = −  

On the other hand, using (10) we have 

                               ( )( )1,2 3
ˆPr 1k

T

lim cvτ α∗
−

→∞
≤ =   

The result for n-j, j=3,4,..n can be derived using similar 
arguments. 
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Next, we show (12). Let r=n-j. The estimate r̂ n i= − is obtained 
when  

    
( ) ( ) ( )

( )
2 1,2 3 1,2.. 1

1,2.., 1

ˆ ˆ ˆ, ,...

ˆ

k l k k i i

k i i

cv cv cv

and cv

τ α τ α τ α

τ α

∗ ∗ ∗
− − − −

∗
− +

> > >

≤  

The result follows because, for i<j, (9) implies that                   

( )( ) ( )

( )( ) ( )

2

1,2.. 1

ˆPr 1

ˆPr 1 , 2,.., 1

k l
T

k l l
T

lim cv

lim cv l i

τ α α

τ α α

∗
−

→∞

∗
− +

→∞

> = −

> = − = −   

And   

                    ( )( )1,2,.., 1
ˆPr k i i

T

lim cvτ α α∗
− +

→∞
≤ =  

Next, we show (13) for k=r-j, j=1,2,..r, r>0. Let r=n-i and j>i. We 
obtain r̂ r j= −  when the following results jointly hold 

      
( ) ( ) ( )

( )
2 1,2 3 1,2.. 1

1,2.. 1

ˆ ˆ ˆ, ,...

ˆ

k l k k n r j n r j

k n r j n r j

cv cv cv

and cv

τ α τ α τ α

τ α

∗ ∗ ∗
− − − − + − − +

∗
− − + − + +

> > >

≤  

The result follows because using (9) and (10) we have 

For l<i:  ( )( )1,2,.., 1
ˆPr 1k l l

T

lim cvτ α α∗
− +

→∞
> = −  

For l≥ i:  ( )( )1,2,.., 1
ˆPr 0k l l

T

lim cvτ α∗
− +

→∞
> =  

                 ( )( )1,2,.., 1
ˆPr 1k l l

T

lim cvτ α∗
− +

→∞
≤ =   

It is easy to show that, for a given cointegration rank, r=n-j, the 
sum of probabilities of choosing the correct cointegration rank 
and of over identifying that rank is equal to one. Just write 
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( ) ( ) ( )
( ) ( ) ( )1 2

ˆ ˆ ˆPr Pr 1 .. Pr 1

1 1 ...... 1
j j

r n j r n j r n

α α α α α α− −

= − + = − + + + = − =

− + + − + + −
  

And the result follows because  

                  ( ) ( ) ( )1 2 2
1 1 1

j j jα α α α− − −− + − = −   

4. Simulation Results 

In this section we present the results of a Monte-Carlo 
simulation study to assess the performance of the proposed test 
in an scenario with small samples.  

We assume a three variable model. First, we generate three 
autoregressive processes as follows 

                       1 1, 2,3jt j jt jtv v jρ ε−= + =              (11) 

Where 1jρ <  and the ' sε  are white noise independent among 

them. Then, we generate the values of the three variables. When 
there is no cointegration the process we follow to generate the 
data is 

                        1,2,3jt j jty v jδ∆ = + =                    (12) 

When the cointegration rank is one, the first two variables are 
generated by (12), while the third variable is generated as 

                     3 13 1 2 3t t t ty y y vδ= + + +                      (13) 

When there are two cointegration relations, the two first 
variables are generated by (12) while the last one is generated by 
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2 22 1 2

3 23 1 3

t t t

t t t

y y v

y y v

δ
δ

= + +
= + +                       (14) 

This is the model we have introduced in Section 2. As we 
indicated, in this model the variables have a time trend and 
these trends are not cointegrated. We consider the following set 

of values: 13 22 23.2 .5j andδ δ δ δ= = = = . When the errors are 

white noise we set 0jρ = while, if we assume autoregressive 

errors, the value is .8jρ = . Additionally, we consider two other 
generating models, which are restricted versions of that model, 
the first with no deterministic terms, that is, 

13 22 230 0j andδ δ δ δ= = = =  and the other one in which the 
variables have time trends that are cointegrated, that is  

13 22 23.2 0j andδ δ δ δ= = = = . We do not provide the results 
of these two models because they coincide with those 
corresponding to the general model. 

The results are presented in Table 1-white noise errors- and in 
Table 2-autoregressive errors-, for four different sample sizes, 
T=50, 100 200,500, and different values of r. The number of lags 
in the ADF test are chosen using the BIC. The cells show the 
proportion of 5,000 replications where the estimated rank 
obtained by the new test is r̂ ,given the correct rank r, so that 
the block in the main diagonal represent the percentage of 
“correct answers” whereas the rest of blocks indicate proportion 
of “mistakes”. We use the 5% significance level. 

Examining the results for the white noise case we see that the 
performance of our test matches the theoretical properties in 
Theorem 1. When r=n-1=2 the test correctly estimates the rank 
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in 100% cases showing evidence of (11). When r<2 that 
percentage decreases, the worst results corresponding to r=0 as 
it might be expected from (11). We observe also that the 
probability of overidentifying is not zero; it is a decreasing 
function of the distance with respect the true cointegration rank 
showing evidence of (12). Finally, it can be seen that the 
probability of under identifying is zero.   

Table 1. Performance of the Test. White Noise Error 

r̂  n/r 2 1 0 
  50 .971 .115 .021 
2 100 .999 .084 .015 
 200 1.00 .060 .009 
 500 1.00 .012 .010 
 50 .007 .860 .162 
1 100 .001 .912 .108 
 200 .000 .940 .095 
 500 .000 .951 .084 
 50 .022 .025 .817 
0 100 .000 .004 .877 
 200 .000 .000 .896 
 500 .000 .000 .906 
The innovation vector tv  is generated from 

jt jtv ε= , j=1,2,3, with Gaussian white 

noise tε such that ( ) ( ) 30,t tE Var Iε ε= = . 

If we pay attention to the case with autoregressive errors, Table 
2, we have similar conclusions but now a larger sample is 
needed. At least 200 observations are required to replicate the 
results with white noise and 100 observations.  

 

Table 2. Performance of the Test. Autoregressive Error 

r̂  n/r 2 1 0 
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  50 .603 .018 .017 
2 100 .575 .012 .011 
 200 .998 .014 .013 
 500 1.00 .002 .012 
 50 .241 .211 .157 
1 100 .135 .428 .102 
 200 .000 .954 .085 
 500 .000 .980 .084 
 50 .156 .771 .825 
0 100 .290 .560 .887 
 200 .002 .032 .902 
 500 .000 .000 .904 
The innovation vector tv  is generated from 

1.8jt jt jtv v ε−= +  j=1,2,3, with Gaussian 

white noise 
tε such that ( ) ( ) 30,t tE Var Iε ε= = . 

5. Empirical Application 

We use the quarterly data of four variables of the Danish 
economy, from 1973:1 to 2003:1,reported in Juselius (2006). 

The data vector is ( ), 3 , ,t t t t tx Lyr Lm r DLp Rb= , where tLyr is the log 

of the real Gross National Product, 3 tLm r is the log of real M3, 

tDLp is the rate of inflation and tRb is the long-term government 
bond rate.  

Figure 1 Graphs of the variables 
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Observing the graphs, it is seen that the two first variables, 
3t tLyr and Lm r , have an increasing temporal pattern while the 

last two, t tDLp and Rb  have a decreasing pattern. Hence, when 
defining the Dickey-Fuller test we will consider a model with a 
constant and a time trend and when examining the cointegration 
relations we will assume that the time trends are not 
cointegrated, case four of Johansen.  

First, let us examine the values of the Dickey-Fuller statistic for 
the four variables reported in Table 3. 

 Table 3. Test of the order of integration                  

Variable ADF 
Lyr -2.72 

Lm3r -2.53 
DLp -3.72 
Rb -2.42 

 

The values of the ADF clearly indicate to accept that the four 
variables are I(1).  

Next, in Table 4 we present the ADF values of the 
4
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Table 4. ADF values in the first step 

Model ( )2
ˆ .05 3.8k l cvτ α− = = −  

Lyr-Rb -2.70 
Lm3r-Rb -1.47 
Lm3r-Lyr -1.87 
Dlp-Rb -3.98 
Dlp-Lyr -6.04 

Dlp-Lm3r -12.52 
  

It is seen that the largest ADF value corresponds to the pair 
Lm3r-Rb. Since this value (-1.47) is larger than the critical point 
we decide to maintain the null hypothesis and accept that the 
two first common trends are Lm3r and Rb. 

Next, we examine the ADF values, reported in Table 5, which 
correspond to the regressions with two common trends in the 
second step.   

Table 5. ADF values in the second step 

Model ( )1,2 3
ˆ .05 4.16k cvτ α− = = −  

Lyr-Lm3r,Rb -3.40 
Dlp-Lm3r,Rb -12.76 

 

Since the largest value (-3.40) is larger than the critical point we 
do not reject the null hypothesis and proceed to the final step of 
the process. 

The ADF value for the last regression with three common trends 
can be seen in Table 6. 
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Since this value (-12.46) is smaller than the critical point we 
conclude that the cointegration rank is one. 

Table 6. ADF values of the third step 

Model ( )1,2,3 4
ˆ .05 4.49k cvτ α− = = −  

Dlp-Lm3r,Rb,Lyr -12.76 
 

Using the Johansen’s procedure with two lags that is the number 
provided by the AIC criterion and using the case of restricted 
trend the results are as follows 

    Table 6. Johansen’s Results      

Rank Eigenvalues Test Statistic(p 
value) 

0 0.369 84.18(0.0003) 
1 0.118 29.30(0.54) 
2 0.077 14.25(0.64) 
3 0.038 4.64(0.65) 
 

We obtain the same conclusion that the cointegration rank is 
one.  

6. Conclusions 

In this paper, we have derived a new cointegration test. It is a 
sequential test such that in each step of the process we calculate 
the values taken by the ADF statistic for the set of regressions 
corresponding to that step and the decision is based on the 
maximum of these values. We have shown that in the j-th step of 
the process the null hypothesis that is tested is that the 
cointegration rank is equal or smaller than n-j-1, while  the 
alternative hypothesis is that the rank is n.j. If the null hypothesis 
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is rejected, then we conclude that the cointegration rank is n-j; if 
the null is not rejected we specify the set of j+1 common trends 
to be used as regressors in the following step. These common 
trends are the j+1 variables of the regression to which 
corresponds the highest ADF value. 

In Theorem1 of Section 3, we have obtained the asymptotic 
probability of choosing the correct cointegration rank, the 
probability of over identifying that rank and the probability of 
under identifying it. We have shown that the first probability 
converges to a value that is lower the lower is the cointegration 
rank; the probability of over identification converges to a value 
that depends negatively on the distance between the rank 
estimated and the true cointegration rank and, finally, the 
probability of under identifying converges to zero. 

 In Section 4, we have presented the results of a Monte-Carlo 
simulation experiment where we have assumed a model with 
three variables which have linear trends that are not 
cointegrated. It is shown that the new test has a good 
performance in the sense that it matches the results of Theorem 
1 and because the probability of choosing the true cointegration 
rank is high. An important result we have obtained is that the 
results are robust with respect other generating processes like, 
for example, a model with no deterministic terms or a model in 
which the variables have time trends that are cointegrated. 

   The last section of the paper has been dedicated to present the 
results of an empirical application. The data employed is the 
quarterly information of the Danish economy used in 
Juselius(2006). We limit the application to four of the variables: 
real output, real stock of money, rate of inflation and long-term 
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bond rate. The graphs of the variables show that, at least, two of 
them have increasing patterns justifying the inclusion of the time 
trend in the ADF regressions. We have shown how to implement 
the different steps of the process and the conclusion is that there 
exists a cointegration relation.                                                                      
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Abstract. A modified calculus capable of handling point-like functions
of finite value and zero diameter is proposed. Such point-like functions
might follow the Schrödinger-Dirac-Equation of quantum mechanics and
the corresponding statistics. The number of Eigen-values corresponds to
the number 48 of the fermionic elementary particles known from the
standard model of elementary particle physics.

Keywords: Dirac equation · analysis · standard model

1 Introduction

The handling of point-like particles is connected with some severe philosophical
problems [1] in the calculus. The first one who questioned the principle ”natura
non facit saltus” (in English: ”nature does not make jumps”) was Niels Bohr [2,
3]. Today different methods and approaches are known to define general func-
tions describing singularities. To describe those points, Dirac [4] introduced the
Dirac distribution δD(s) = {1 for s = 0; 0 for s 6= 0} for example. Those at-
tempts include new analysis methods with modified derivations. The common
problem to be solved of all of theses theories is how to maintain the function
smoothness to be able to apply conventional analysis methods. The distribution
theory [5, 6] for example uses smooth continuous test functions. A significant
problem in distribution theory is multiplication [7]. Therefore distributions do
not form an algebra without further measures. A first corresponding exemplary
extension of distribution theory is the micro-local analysis [8, 9]. Its basic idea
goes back to the properties of the Fourier transform. If f is an integrable com-
pactly supported function, one can tell whether f is smooth by looking at the
behavior of its Fourier transform f̂(ξ) (that is smooth, even analytic) when
ξ → ∞. Therefore it stays within the smoothness boundary of conventional
analysis. A second example is the theory of hyperfunctions [10, 11] that might
be seen as a special type of micro-local analysis [15]. Furthermore the wavelet
analysis is used in some publications [16, 17] to solve the continuity problem of
point like singularities. Other examples of modified analysis methods are the
non-standard-analysis (NSA) [12] and the smooth-infinitesimal-analysis (SIA)
[13, 14]. All these methods understand the derivation of a function f(s) at a cer-
tain location s as a property of the function f(s) at the location s. In contrast
to this the derivation of a function f(s) is a property of its environment at the

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 952



2 B. Burchard

location s in this text. This eliminates the need for smoothness. The key element
is the introduction of a finite resolution ε ∈ R. The finite resolution ε is valid
for the observer not for the mathematical system as a whole. With relation to
the space of complex numbers C for example this means that there shall be a
minimum radius ε ∈ R the observer is unable to distinguish from 0. Therefore
the observer can not distinguish any complex number α ∈ C with |α| < ε from
0 and judges the equation α = 0 to be right. I mark such a judgment with the
equal sign =. But there is only one true α ≡ 0 and an infinite number of other
α ∈ C inside the area of |α| < ε and α 6≡ 0. In the following, we will investigate
the properties of unknown functions. We know the exact function value f(s)
only for those locations si used as a measurement point s. Each measurement
is able to evaluate the function value f(s) at one element si of the definition
set V of the unknown function f(s). Therefore, all statements regarding such
unknown functions f(s) are only hypotheses. This simple trick leaves the set of
complex numbers C intact and avoids the need to introduce infinitesimals. Our
objetive is to avoid the indivisible problem of the standard calculus, as pointed
out by Leibnitz [18–20]. In contrast to Diracs delta function [21], we define a
finite point function δ(s) of a parameter s ∈ C to avoid this indivisible prob-
lem of the standard calculus [18–20]. Two mathematical objects shall be equal
(=) if all observable properties do not differ. Two mathematical objects shall be
identical (≡) if all properties (observable and not observable) do not differ:

δ(s) =

{
1 for s ≡ 0 ∧ s = 0

0 for (s 6≡ 0 ∧ s = 0) ∨ (s 6≡ 0 ∧ s 6= 0)
(1)

Here we introduce a realistic lack of precision. Because our resolution shall be
limited, the interval fulfilling the condition s 6≡ 0 ∧ s = 0 still contains an in-
finite number n = ∞ of locations s. There is only one location fulfilling the
condition s ≡ 0 ∧ s = 0 versus said infinite number n = ∞ of locations with
s 6≡ 0 ∧ s = 0. Therefore, for a finite number n ∈ N of measurements, δ(s) = 0
and δ(s) 6≡ 0 are valid. In the standard calculus, the anti-derivative of our point
function δ(s) is zero because of the non-existing area between the point function
δ(s) and the s-axis. We now cancel the principle of ”natura non facit saltus” [22–
25] to be able to handle the point functions δ(s). Thus, the whole mathematical
standard calculus [26–35] is not applicable anymore. The standard calculus is in-
compatible with quantum mechanical calculations of point-like particles with no
diameter [36, 37]. The subject of this paper is to overcome the inherent smooth-
ness requirement conflict and to develop a hypothesis on the statistical origin of
quantum mechanics.

2 The Divisible and Indivisible Problem, the Local vs.
the Environmental Continuity and the Noise Function

In the first step, we introduce a summation on all elements si of the defnition
set V of the unknown function f(s) (symbol Σsi∈V) to solve the divisible and
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indivisible problem [18–20]. If the summation is only performed on a limited
number of N ∈ N (with i ∈ N and 1 ≤ i ≤ N) known locations si ∈ V, a point
function sum remains equal but not identical to zero: 1 =

∑
si∈V δ(s− si)∧ 0 =∑N

i=1 δ(s− si). A function f(s) with the definition set C might be rewritten as:

f(s) =
∑
si∈C

f(s)δ(s− si) =
∑
si∈C

fiδ(s− si) with f(si) = fi (2)

A point function δ(s) might be seen as an imperfect new type of zero, which is
equal but not identical to zero. This and the summation

∑
si∈V of such point

functions δ(s − si) on all potential locations si ∈ V overcomes the divisible
and indivisible problem. According to Cauchy [35] and Weierstraß, an unknown
function f(s) : C → C is continuous if it fulfills f(s) = lim

∆s→0
f(s + ∆s) =

lim
∆s→0

f(s−∆s). We define a weaker environmental continuity excluding the in-

spected location s and the function value f(s) at the location s.

lim
∆s→0

f(s+∆s) = lim
∆s→0

f(s−∆s) (3)

Therefore, a point function δ(s) is environmentally continuous but locally dis-
continuous. We define an environmental function of the function f(s) as follows:

fe(s) = lim
∆s→0

f(s+∆s) = lim
∆s→0

f(s−∆s) (4)

The difference between the environment function value fe(s) and the function
value f(s) at the exact location s is a noise function fn(s).

fn(s) = f(s)− fe(s) =

N∑
i=1

ψiδ(s− si) (5)

Therefore, a hypothesis on the function value f(s) based on the measurements

should look like f(s) = lim
∆s→0

f(s + ∆s) +
∑N
i=1 ψiδ(s − si). The conditions

0 6≡
∑N
i=1 ψiδ(s − si) ∧

∑N
i=1 ψiδ(s − si) = 0 are valid. Because we investi-

gate unknown functions f(s), N , the exact locations si of the point functions
δ(s − si), and their corresponding amplitude ψi are unknown to us. Therefore,

the description according to f(s) = lim
∆s→0

f(s + ∆s) +
∑N
i=1 ψiδ(s − si) is not

correct because it is valid if we know the number N , the locations si, and the
amplitude ψi. Therefore, we use formula (2) and change the amplitudes ψi into a
locally continuous unknown distribution function ψ(s) 6≡ 0 with the probability
value ψ(si) = ψi to take the unknown locations si into account in order to solve
the continuum problem [38]. We define an environmental limit to reconstruct
the noisy function f(s) out of the conventional limit:

f(s) = lim
∆s→0

f(s+∆s) +
∑
si∈C

ψ(s)δ(s− si) (6)
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3 Environmental Derivation

The differential quotient ∂
∂ls
f(s) = lim

∆s→0

±f(s±∆s)∓f(s)
∆s as defined by Cauchy [34]

includes the location s and is therefore not applicable to point functions δ(s).
We define an environmental derivation ∂

∂es
f(s) based on the central differential

quotient as used in finite element analysis [39]:

∂

∂es
f(s) = lim

∆s→0

f(s+∆s)− f(s−∆s)
2∆s

(7)

Because the integral of a point function ψiδ(s − si) vanishes, the integration
process deletes information about numberN , amplitude ψi, and location si of the
original point function portions in the initial function f(s) before integration. To
compensate for this information loss during a preceding integration, the deleted
information must be reconstructed during differentiation. In combination with
the environmental limes, as defined above in equation (6), we define the complete
environmental derivation:

∂

∂ecs
f(s) =

∂f(s)

∂es
+

∑
si∈C

ψ(s)δ(s− si) (8)

with ψ(s) being the probability to measure a point function δ(s − si) at the
locations si. Our problem is that we do not know the original point function
ψiδ(s − si) locations si, their amplitude ψi and their number N opreceding
to integration. We do not know the amplitude ψ(si) of the individual original
point functions ψ(si)δ(s− si). Therefore, we might only assume that there is a
probability ψ(s) that there is a point function at the location s. All commonly
known differentiation rules apply:

∂h(s)

∂ecs
= α

∂f(s)

∂ecs
+ α

∂g(s)

∂ecs

∂h(s)

∂ecs
=
∂f(s)

∂ecs
· g(s) + f(s) · ∂g(s)

∂ecs

∂h(s)

∂ecs
=
∂f(g)

∂ecg
· ∂g(s)

∂ecs

(9)

4 Modified Quaternion Algebra and γ-Vectors

In the following sections, we use Einstein notation. We indicate space-like in-
dexes, e.g. I ∈ {1, 2, 3}, by capital letters and other indexes, e.g. i ∈ {0, 1, 2, 3}
by lower case letters. The commonly used metrics in a flat space are s2 =
x2 + y2 + z2 − c2t2 with the distance s, the space like coordinates x, y, z,
the velocity of light c, and time t. For simplification, we use natural coordi-
nates with c = 1 and ~ = 1. The length is then s2 = −x0x0 + xIxI with
x0 being the time-like coordinate and xI with I ∈ {1, 2, 3} representing the 3
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space-like coordinates. Usually [40], the metric is written using the metric ten-
sor gik as s2 = gik · xi · xk. We might write the s vector as x = γi · xi. We
name V the set of all possible γ-vectors x ∈ V. Correspondingly, we define the
set G = {γ0, γ1, γ2, γ3} of Minkowski directions γi. The Hamiltonian quaternion
concept [41] is known to cause some difficulties [42–48]. In contrast, we assume
that the time-like direction γ0 replaces the scalar component in the quaternion
arithmetic. The arithmetic of the γ-vectors shall form an algebra with:

α · z =γi · α · zi = γi · α · xi + γi · α · yi = α · x+ α · y
α · z =x · (α · y) = (x · α) · y

z = γk · zk =γk · λkij · xi · yj = γi · γj · xi · yj = x · y
z(x+ y) =z · x+ z · y

(10)

In contrast to the concept of Dirac [50] the set G of γ factors contains only 4
γ factors instead of 16 elements in Diracs’s theory [51, 52]. The product rule of
equation (10) in combination with s2 = gikxixk and our approach that the γ0
direction shall replace the quaternion scalar component let us define the square
of γss = γixi as follows:

s2 = γ0 · s2 =γ0 · gij · xi · xj = γiγj · xi · xj = γk · λkij · xi · xj (11)

Thus, we obtain the requirements:

gij = λ0ij = diag(−1, 1, 1, 1) and λkij = −λkji for i 6= j (12)

We define a space-like portion xs = γI · xI with I ∈ {1, 2, 3} and a time-like
portion xt = γ0 · x0 of a γ-vector x: x = xt + xs. Condition (12) requests
Clifford algebra [49]. For space-like I, J,K ∈ {1, 2, 3} condition, (12) might be
interpreted as a rotation in space with the rotation axis in γK direction. For the
3 space like γ-vector portions xs,ys, zs ∈ V we find:

zs =γK · zK = γK · λKIJ · xi · yj
=γ1(x2 · y3 − x3 · y2) + γ2(x3 · y1 − x1 · y3) + γ3(x1 · y2 − x2 · y1)

(13)

The most significant problem occurs for mixed time/space like portions. Out of
the Clifford algebra condition (12), we obtain for those elements λk0J = −λkJ0
for J ∈ {1, 2, 3}. Together with the condition that the time-like γ0 component
should behave similar to a scalar, this corresponds to the γJ = γ0γJ = −γJγ0
product condition for the γ-factors with J ∈ {1, 2, 3}. If the γ factors are matrices
like the γµ matrices in the Dirac algebra, they are not able to fulfill condition
γJ = γ0γJ = −γJγ0. There is no non commutative unit matrix. The three
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aspects of a sample version of the λkoj matrix are:

λ0ij =


−1 0 0 0
0 +1 0 0
0 0 +1 0
0 0 0 +1

 , λ1ij =


0 +1 0 0
−1 0 0 0
0 0 0 −1
0 0 +1 0

 ,

λ2ij =


0 0 +1 0
0 0 0 +1
−1 0 0 0
0 −1 0 0

 , λ3ij =


0 0 0 +1
0 0 −1 0
0 +1 0 0
−1 0 0 0



λi0j =


−1 0 0 0
0 +1 0 0
0 0 +1 0
0 0 0 +1

 , λi1j =


0 +1 0 0
−1 0 0 0
0 0 0 +1
0 0 −1 0

 ,

λi2j =


0 0 +1 0
0 0 0 −1
−1 0 0 0
0 +1 0 0

 , λi3j =


0 0 0 +1
0 0 +1 0
0 −1 0 0
−1 0 0 0



λij0 =


−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , λij1 =


0 +1 0 0

+1 0 0 0
0 0 0 −1
0 0 +1 0

 ,

λij2 =


0 0 +1 0
0 0 0 +1

+1 0 0 0
0 −1 0 0

 , λij3 =


0 0 0 +1
0 0 −1 0
0 +1 0 0

+1 0 0 0



(14)

This λijk-matrix (14) has for i ∈ {0, 1, 2, 3}, j ∈ {0, 1, 2, 3}, k ∈ {0, 1, 2, 3},
I ∈ {1, 2, 3} and K ∈ {1, 2, 3} and E as the unit matrix the properties

λ0ik = gik , λ0jk = λ0kj , λIjk = −λIkj , λi0k = gik , λi0k = λk0i
λiJk = −λkJi , λij0 = −E , λij0 = λij0 , λ0jK = λj0K , λIJK = −λJIK

(15)

5 Complete Environmental Derivation of a γ-Vector
Function f(x)

Now, we compute the complete environmental derivation of a γ-vector function
f(x). Because the product of two γ vectors is not commutative, we might dis-
tinguish between the left and the right handed derivation we discuss here only:

f(x+∆x)− f(x−∆x) = {γifi(x+ h ·∆x)− γifi(x− h ·∆x)}

=γiλimlλjmk
∂fj(x)

∂ecxk
2 · h ·∆xl − γiλimlλpmqepq(h ·∆xl)}

(16)
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By comparison of coefficients, division by 2h, and computing the environmental
limit, we obtain:

lim
h→0

fi(x+ h ·∆x)− fi(x− h ·∆x)

2h

=lim
h→0

λimlλjmk
∂fj(x)

∂ecxk
·∆xl − lim

h→0
λimlλpmq

1

2h
elpq(h ·∆x)

(17)

The right-hand term vanishes by definition.

lim
h→0

fi(x+ h ·∆x)− fi(x− h ·∆x)

2h
= lim
h→0

λimlλjmk
∂fj(x)

∂ecxk
·∆xl (18)

For each individual direction γl∆xl and each intermediate direction γm, we find
because of λiml · λiml = 1:

lim
h→0

λiml
fi(x+ h ·∆x)− fi(x− h ·∆x)

2h ·∆xl
= lim
h→0

λjmk
∂fj(x)

∂ecxk
(19)

If we remove the limit on the right side, we have to add the corresponding noise
function

∑
xr∈V λpqmApq(x)δ(x− xr):

λiml lim
h→0

fi(x+ h∆x)− fi(x− h∆x)

2h ·∆xl
+

∑
xr∈V

λpmqApq(x)δ(x− xr) = λjmk
∂fj(x)

∂ecxk

(20)

Because of
∑

xr∈V δ(x− xr) = 1 and by multiplication with γm, we find :

γmλjmk
∂fj(x)

∂exk
+ γmλpmqApq(x) = γmλjmk

δfj(x)

∂ecxk
(21)

6 Deduction of the Schrödiger-Dirac-Equation for Point
Functions based on the Complete Environmental
Derivation of γ-Vectors

We start with the complete environmental constant effect function γ0S(x) =
γ0 · S and with λpmqPpq(x) = ψm(x):

γmλ0mk
∂S

∂ecxk
= γmλpmqPpq(x) = γmψm(x) (22)

We apply the complete environmental derivation a second time, and obtain the
following by comparison of coefficients:

γmλjmk
∂ψj(x)

∂ecxk
= γmλjmk

∂ψj(x)

∂exk
+ γmλpmqA

∗
qp(x) (23)

γmλpmqA
∗
qp(x) is the noise function. The point function space V is homogeneous:

0 =γmλjmk
∂ψj(x)

∂exk
+ γmλpmqA

∗
qp(x) (24)
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This homogeneity assumption corresponds to ”natura non facit saltus” and the
cosmological assumption of a homogeneous universe. The noise function Aqp(x)
is independent in its value and its indexes p,q of the original derived function. Its
dimension indexes p, q might be scrambled vs. the other indexes j, k. Renaming
without documenting this scrambling might delete this difference. We therefore
multiply each coordinate with a flipping matrix uΞkq or uΞjp to connect the
other indexes. The index u stands for the type of scrambling:

0 =γmλjmk
∂ψj(x)

∂exk
+ γmλjmk

uΞkq
uΞjpA

∗
qp(x) (25)

There are 4! = 24 values of u. We define the u-index specific vector potential
density uAqj(x), the u-index specific vector potential uAq(x) and the density
distribution function ψj(x) as follows:

uAq(x) · ψj(x) = uAqj(x) = uΞjpA
∗
qp(x) (26)

Thus, we obtain:

0 =γmλjmk
∂ψj(x)

∂exk
+

23∑
u=0

γmλjmk
uΞkq

uAq(x) · ψj(x) (27)

6.1 Stable Solutions, Mass Gap an Point Function Spin

We define a point function δ(x− xi) to be stable if the divergence of the corre-
sponding density distribution function ψ(x) vanishes.

0 =γ0λj0k
∂ψj(x)

∂exk
= γ0λ0jk

∂ψj(x)

∂exk
(28)

From (27) with λj0k = λ0jk, we find for the time-like portion:

0 =γ0λj0k
∂ψj(x)

∂exk
+

23∑
u=0

γ0λj0k
uΞkq

uAq(x) · ψj(x) (29)

The mass m(x) shall be −mj(x) =
∑23
u=0 λ0jk

uΞkq
uAq(x).

0 =γ0λj0k
∂ψj(x)

∂exk
− γ0mj(x) · ψj(x) (30)

To limit equation (27) to stable solutions fulfilling condition (28), we subtract
equation (30) from equation (27). The resulting equation (31) is space-like be-
cause m=0 is deleted.

0 =γMλjMk
∂ψj(x)

∂exk
+

23∑
u=0

γMλjMk
uΞkq

uAq(x) · ψj(x) + γ0mj(x) · ψj(x)

(31)
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To solve equation (31), we might multiply (31) with γM±γ0
2 from the left:

0 =
1

2
{γMγMλjMk

∂ψj(x)

∂exk
+

23∑
u=0

γMγMλjMk
uΞkq

uAq(x) · ψj(x) + γMγ0mj(x) · ψj(x)}

±1

2
{γ0γMλjMk

∂ψj(x)

∂exk
+

23∑
u=0

γ0γMλjMk
uΞkq

uAq(x) · ψj(x) + γ0γ0mj(x) · ψj(x)}

(32)

With γMγM = γ0, because of m ∈ {1, 2, 3} and γ0γ0 = −γ0 and γ0γM = γM =
−γMγ0 and after resorting this is equal to:

0 =
γM ± γ0

2
{λjMk[

∂ψj(x)

∂exk
+

23∑
u=0

uΞkq
uAq(x) · ψj(x)]−mj(x) · ψj(x)}}

(33)

6.2 Potential Ξ-Matrices

To be able to investigate the properties of the Ξ-matrices, we will now write
down all potential flipping operations.

0Ξqm =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , 1Ξqm =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 , 2Ξqm =


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1


3Ξqm =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 , 4Ξqm =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , 5Ξqm =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


6Ξqm =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , 7Ξqm =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , 8Ξqm =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


9Ξqm =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , 10Ξqm =


0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

 , 11Ξqm =


0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


12Ξqm =


0 0 1 0
0 1 0 0
0 0 0 1
1 0 0 0

 , 13Ξqm =


0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

 , 14Ξqm =


0 1 0 0
0 0 0 1
0 0 1 0
1 0 0 0



(34)
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15Ξqm =


0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

 , 16Ξqm =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

 , 17Ξqm =


1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0


18Ξqm =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 , 19Ξqm =


0 1 0 0
0 0 0 1
1 0 0 0
0 0 1 0

 , 20Ξqm =


0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0


21Ξqm =


0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

 , 22Ξqm =


0 0 1 0
0 0 0 1
0 1 0 0
1 0 0 0

 , 23Ξqm =


0 0 0 1
0 0 1 0
1 0 0 0
0 1 0 0



(35)

The Ξ matrices are sorted as follows: 1st group: AΞ matrix, with AΞ = Eqm:0Ξ;
2nd group: 6 BΞ matrices, with BΞ2 = Eqm:1Ξ to 6Ξ; 3rd group: 3 CΞ matrices,
with CΞ2 = Eqm:7Ξ to 9Ξ; 4th group: 8 DΞ matrices, with DΞ3 = Eqm:10Ξ to
17Ξ; 5th group: 6 EΞ matrices, with EΞ4 = Eqm:18Ξ to 23Ξ.

6.3 Velocity and Metrics

We assume now a recursive coordinate definition x = x(x) for x ∈ V. The
interdependence between the coordinates xi, xj modifies equation (33):

0 =
γM ± γ0

2
{λjMk[

∂ψj(x)

∂exr

∂xr
∂exk

+
23∑
u=0

uΞukqAq(x)ψj(x)]−mj(x)ψj(x)} (36)

We multiply equation (36) with the velocity vrk = ∂xk

∂exr
with vrk · ∂xr

∂exk
= Err

0 =
γM ± γ0

2
{λjMk[

∂ψj(x)

∂exk
+

23∑
u=0

vrk
uΞurqAq(x)ψj(x)]− vjrmr(x)ψj(x)}

(37)

7 Interpretation, Discussion and Outlook

7.1 Point function particle Interpretation

Equation (37) is similar to the relativistic Dirac-Schrödinger equation [51, 53]
for fermionic elementary particles. γµ(i~∂µψ − e

cAµψ) −m∗cψ = 0 To convert

equation (37) into this equation we eliminate the factor γm±γ0
2 in equation (37)

by comparison of coefficients. We reduce equation (37) to one dedicated index j
(means ψj(x) = ψ) and multiply equation (37) with the constant i ·~. We define

i · ~ · c · uΞkq = e and i · ~ · mj(x)
c = m∗ and ∂

∂exk
= ∂µ and obtain for vrk = Erk

the equation γµ(i~∂µψ− e
cAµψ)−m∗cψ = 0. The spin γµ corresponds to λjMk.
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If we investigate equation (37) for each u, we might separate one u index specific
equation:

0 =λjMk[
∂ψj(x)

∂exk
+ vrk

uΞurqAq(x)ψj(x)]− vjrmr(x)ψj(x) (38)

With respect to equation (14) and because of M ∈ {1, 2, 3} due to the limitation
on stable solutions, we recognize that there are always two solutions of equation
(38). They represent a point function particle and its point function anti-particle.
Because there are 24 possibilities for the index u ∈ {0, 1, ...22, 23}, the number
is increased to 2 · 24 = 48 point function particles. The term γM±γ0

2 in equation
(37) allows two spin orientations: A) spin up (+) and B) spin down (−).

7.2 Organization of Point Function Particles

The point function particles might be organized depending on the coordinate
scrambling. There are 4 initial possibilities to map the time-like direction γ0 to
a) 1 time-like direction γ0 (time-like point function particles ) and b) 3 space-
like directions γ1, γ2, γ3 (space-like point function particles). Each of these four
point function particle groups contains 6 point function particles.
Time-Like Point Function Particles: The first 6 time-like point function parti-
cles might be resorted depending on the coordinate that the time-like direction
γ0 is mapped on. In the case of a time-like point function particle, there are 3
possibilities left to map the time-like direction γ0 of the remaining 3 space-like
directions γ1, γ2, γ3 to. For each of these sub-classes, there are two possibilities
of how to handle the remaining two coordinates.
Space Like Point Function Particles: The 3 groups of 6 space-like point function
particles might be resorted depending on the direction the corresponding space-
like direction γI with I ∈ {1, 2, 3} is mapped on. In this case there are 3 possible
directions λ0 and the other two space-like directions λJ , λK with J 6= I and
J 6= K and I 6= K left to map the space-like direction γI to. For each of these
sub-classes, there are again two possibilities of how to handle the remaining two
coordinates.
γ-Factor caused Structure of Point Function Particles: The structure is incor-
porated in the γ-factors and the matrices λpMq and λiMk of equation (24) as
well. There are four pairs of indexes j, k. One pair might be named time-like if
i = 0. For stability reasons, as pointed out above m = 0 is excluded. The terms
with λp0q and λi0k are subtracted when forming the mass term. Therefore, 3
space-like possibilities for M ∈ {1, 2, 3} are and 4 pairs of field oriented indexes
p, q are left. If we investigate the space-like γ-factors γ1, γ2, and γ3, we recognize
that for all of them, half of the coordinate transformation factors are positive +1
and the other half negative −1. As known from the solution of Dirac equation,
this causes the two-point function particle/point function anti-particle solution
to appear.
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7.3 Conclusion and Outlook

As shown above, it is possible to construct a new type of calculus allowing the
differentiation of point functions (1) marking events and particles and Dirac’s
delta function. The inner core of the new calculus consists of a) the central
differential quotient (7), named environmental derivation, b) the environmental
continuity (3), c) the complete limit (6), d) the complete environmental deriva-
tion (8). The fundamental theorem of analysis [54] for unnknown functions f(s)
transforms to:∫ ∂f(s)

∂ecds
ds = f(s) + c+

∑
si∈V(∂ψ(s)∂es

+ Φ(s))δ(s− si)

The application to point function wave equations has been demonstrated. Fur-
ther research on the application to the statistics of unknown non-continuous
functions should be performed. Further research is required to determine if the
similarities reported above are occasional similarities or if they have a real physi-
cal background. Furthermore, more research on the modified quaternion concept
and the concept of complete environmental calculus is required to prove and con-
firm all the above statements from all potential aspects. The similarities to the
standard model must be subject of a future investigations and publications.
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Analyse algébrique. Imprimerie Royale, Paris (1821)

36. Henley, E. M., Garcia A., Chapter 6.5 Leptons are Point Particles. In Subatomic
Physics, 3rd edn. 147, World Scientific Pub Co (2006)

37. Dehmelt H. G.: Experiments with an isolated subatomic particle at rest, Nobel
Lecture, Department of Physics, University of Washington, Seattle, 590 (1989)

38. Taschner, R.: The Continuum, Vieweg (2005)
39. Leismann H. M. , Herrling B.: Two-dimensional finite element schemes for an

improved computation of convective transport in fluids. In Hirschel, H.: Finite Ap-
proximations in Fluid Mechanics II: DFG Priority Research Programme Results
1986-1988; 264-278 (1989)

40. Moeller, C.: The theory of Relativity, Oxford University Press, London (1972)
41. Rosenfeld B. A.: A History of Non-Euclidean Geometry, Springer, New York (1988)
42. Rawat, A. S., Rawat S., Negi O.P.S.: Quaterinonic Formulation of Dirac Equation,

IJTAS 3 (2) 1-5 (2011)
43. Welch, L.C.: Dirac’s Equation in Different Numerical Rings, arXiv:0806.3396

[physics.gen-ph] (3.2.2009)
44. Welch, L. C.: A Possible Mathematical Structure for Physics,arXiv:0908.2063v1

[physics.gen-ph] (14.8.2009)
45. Hamich, S., Abbas, H: Two dimensional representation of the Dirac equation in

Non associative algebra, arXiv:1104.3416v1 [math-ph] (18.04.2011)
46. Antonuccio, F.: Split-Quaternions and the Dirac Equation, arXiv:1405.0187v4

[physics.gen-ph] (7.7.2014)
47. Rowlands, P., Cullerne, J. P.: The Dirac Algebra and its Physical Interpretation,

arXiv:quant-ph/0010094 (27.10.2000)
48. De Leo, S., Rodridues, W.: Quaternionic Electron Theory: Dirac’s Equation, Int.

J. Theor. Phys. 37(5) 15111529 (1998)
49. Hladik, J.: Spinors in Physics, New York (1999)
50. Macfarlane, A. J.: Dirac Matrices and the Dirac Matrix Description of Lorentz

Transformations, Commun. mth. Phys. 2 133-146 (1966)
51. Dirac, P. A. M.: Die Prinzipien der Quantenmechanik, Hirzel, Leipzig, Germany

(1930)
52. Kim, Y. S., Noz, M. E.: Feynmans Rest of the Universe, arXiv:1210.6251,

(23.10.2012)
53. Rebhan, E.: Theroretische Physik Band 2, Elsevier, Mnchen (2005), 865
54. Stroyan, K. D., Luxemburg W. A. J.: Introduction to the Theory of Initesimals,

Academic Press New York (1076)

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 965



Dynamic Bayesian smooth transition autoregressive
models applied to hourly electricity load in southern

Brazil
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Abstract

Dynamic Bayesian Smooth Transition Autoregressive (DBSTAR) models are
proposed for nonlinear autoregressive time series processes as alternative to both
the classical Smooth Transition Autoregressive (STAR) models of Chan and Tong
(1986) and the Bayesian Simulation STAR (BSTAR) models of Lopes and Salazar
(2005). Unlike those, DBSTAR models are sequential polynomial dynamic analyti-
cal models suitable for inherently non-stationary time series with non-linear charac-
teristics such as asymmetric cycles. As they are analytical, they also avoid potential
computational problems associated with BSTAR models and allow fast sequential
estimation of parameters.

Two types of DBSTAR models are defined here based on the method adopted to
approximate the transition function of their autoregressive components, namely the
Taylor and the B-splines DBSTAR models. A harmonic version of those models,
that accounted for the cyclical component explicitly in a flexible yet parsimonious
way, were applied to the well-known series of annual Canadian lynx trappings and
showed improved fitting when compared to both the classical STAR and the BSTAR
models. Another application to a long series of hourly electricity loading in southern
Brazil, covering the period of the South-African Football World Cup in June 2010, il-
lustrates the short-term forecasting accuracy of fast computing harmonic DBSTAR
models that account for various characteristics such as periodic behaviour (both
within-the-day and within-the-week) and average temperature.

Keywords: Bayesian dynamic STAR models, polynomial forecasting models,
nonlinear autoregressive models, Bayesian autoregressive forecasting models, short-
term electricity load forecasting, B-splines approximation.
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1 Introduction

The proposed DBSTAR models consist of Gaussian Bayesian state-space formulations
based on polynomial dynamic linear models (DLMs) of West and Harrison (1997). They
extend smooth transition autoregressive (STAR) models of Chan and Tong (1986) to allow
parameters such as autoregressive, smoothing and observational variance to change in
time. Parametric assessment is analytical with sequential prior-to-posterior distributional
updating carried out by Kalman filtering for fast computation.

STAR models were developed from the threshold autoregressive (TAR) models pro-
posed by Tong (1978) to address the failures of single linear models to represent certain
properties of nonlinear stationary autoregressive time series processes such as asymmetric
cycles, amplitude dependent frequencies and sudden changes (see Tong, 2011 for a review
of developments of TAR type models over the last 30 years).

Basically, a STAR (and a TAR) model can be seen as a convex linear combination of
two (or more) distinct linear autoregressive (AR) models of the same order. Each of the
models is given a weight wi ∈ [0, 1] (i = 1, 2) in the combination that will average out
the models. As the combination is convex,

∑
iwi = 1, when a weight wi is either 0 or

1, one of the combining AR models will be selected to operate. For that reason, a TAR
or a STAR model is called a regime-switching model. Usually, the combining weights are
specified through a conveniently chosen function which type defines the type of model.
For instance, if a logistic function is adopted, the model is called a logistic STAR model.

For a stationary time series Yt (t = 1, 2, . . . , T ), a Gaussian STAR model of order p,
STAR(p), p ∈ ℜ+, with two regimes, can be represented by the combination

Yt = π(·)ztϕ′
1
+ [1− π(·)]ztϕ′

2
+ ϵt ; ϵt ∼ N(0, σ2) (1)

where for i = 1, 2, ϕ
i
= (ϕi0, ϕi1, . . . , ϕip) are (p + 1)-dimensional vectors with element

ϕij (j = 0, 1, . . . , p) representing an AR coefficient associated with each component j of
the regime i; zt = (1, yt−1, . . . , yt−p) is a (p + 1)-dimensional vector with element yt−j

representing a realisation of the process Yt−j at time t − j. The weight π(·), called
transition function, is a function (of its arguments only) in the range [0, 1]. Note that in
this paper, an underlined character is used to represent a vector, a matrix is represented
by a boldface capital character and a prime is used to denote transposition.

The STAR models of Chan and Tong (1986) use conveniently chosen smooth transition
functions, such as the logistic function

π(st; γ, c) = [1 + exp{−γ(st − c)}]−1, (2)

adopted here. It has smoothness and location parameters γ ∈ ℜ+ and c ∈ ℜ, respectively,
and transition variable st ∈ ℜ. Usually, in practice, the transition variable is either a
a lagged past value yt−d, where d is a delay parameter, or a chosen exogenous variable.
The parameter γ dictates the degree of smoothness of π(st; γ, c) and c is a threshold
value between the two regimes. For the same value of γ, the distance between the value
of st and c determines the degree of pertinence between the two regimes. For values of
γ leaning towards zero the logistic function tends to 1/2 and the logistic STAR model is
reduced to the average between the combining AR models. As γ increases away from zero,

2
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the logistic function tends to a step function and the transition from one regime to the
other becomes more abrupt. Note that during a transition period, the combining model is
non-linear in form and usually non-linear least square approaches, that approximate the
non-linear transition function, are adopted for parametric estimation. We refer to those
STAR models as classical STAR models throughout.

Bayesian approaches for TAR models, and their variants, were initially proposed by
Geweke and Terui (1993) and Chen and Lee (1995), and further developed by Chen (1998),
Campbell (2004), Lubrano (2000) and Lopes and Salazar (2005). All those approaches are
based on Markov Chain Monte Carlo (MCMC) simulation methods, such as the sampling
importance resampling of Gelfand and Smith (1990), for Bayesian inference due to the
loss of analytical tractability of posterior distributions as shown in Bauwens et al. (1999).

Except for Lopes and Salazar (2005), that treat the order p of the combining AR
models as unknown and proceed to estimate it’s value from data, all the other proposed
methods assume p to be fixed a priori. In fact, Lopes and Salazar (2005) adopted a Gibbs
sampler approach for inferences about ϕ

1
, ϕ

2
, γ, c, d and σ2 of the logistic STAR when p

is considered known, and a reversible jump MCMC algorithm (Green, 1995) for posterior
assessments when p is unknown. Thereafter, the models of Lopes and Salazar (2005) will
be referred to as Bayesian Simulation STAR (BSTAR) models.

A common characteristic of all those approaches is that they are, without exception,
static non-sequential methods for non-linear but stationary AR processes. It is also worth
noting that computational Bayesian inference approaches, such as the BSTAR models,
are non-parsimonious computer intensive numerical simulation models that rely on the
availability of extensive data sets and on the possible convergence of chains to obtain
approximate posterior distributions of underlying parameters. They are, consequently,
not generally appropriate for applications that require fast sequential prior-to-posterior
parametric estimation and forecasting.

The DBSTAR models address some of those limitations. Similarly to the classical
STAR models, the AR order p and the delay parameter d are fixed a priori in a DBSTAR
model. When those parameters are unknown, and initial data is available, a model se-
lection approach can be adopted to determine their optimal values. Also, like BSTAR
models, prior distributions must be specified for the state parameters of a DBSTARmodel.
Those parameters are functions of the AR coefficients and the smoothness parameter as
well as the observational variance associated with STAR type models. However, unlike
both the classical STAR and the BSTAR models, the observational variance in a DBSTAR
model is not constant but allowed to vary in time, albeit slowly and steadily, to account
for possible extra variation in the series. The slow changes in the observational variance
of a DBSTAR model are determined sequentially from data in an approach based on the
Kalman filter.

Another difference from both classical STAR and BSTAR models, is that a DBSTAR
model can be parsimoniously formulated to explicitly account for components observed in
the underlying time series, that is, level, trend, seasonality and cycle. A DBSTAR model
is based on particular formulations of the polynomial dynamic linear model (DLM) of
West and Harrison (1997) that allows hierarchical component modelling by superposition
of models appropriate for specific components.

3
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The main results of a comparative analysis against the classical and the Bayesian STAR
models in the Canadian lynx application are shortly described here, while the application
to the electricity load in southern Brazil is shown in more detail. More detailed analysis
of both applications can be found in Santos (2014) and Faria and Santos (2018).

In both the Canadian lynx trapping and the Brazilian electricity loading applications,
harmonic DBSTAR models fitted well the data. The Canadian Lynx data application,
apart from showing the improved fitting performances for a harmonic DBSTAR model
when compared with both the classical and the BSTAR models, also illustrated how the
changing cyclic pattern, amongst others, can be dynamically estimated from the data. In
the electricity load application, the formulated harmonic DBSTAR models showed con-
siderably improved fitting over a SARIMA model obtained by SPSS’s expert forecasting
modeler. The B-splines slightly outperformed the Taylor harmonic DBSTAR model for
both fitting and short-term 24-hours-ahead forecasting. The Taylor model performed
slightly better for the longer 72-hours-ahead forecasting horizons.

This article is structured as follows. In Section 2, harmonic DBSTAR (HDBSTAR)
models are formally defined for the Taylor and the B-splines approximations. Section
3 briefly describes the main results of a comparative fitting analysis between DBSTAR
models and both the classical STAR and the BSTAR models when applied to the Cana-
dian lynx series. In Section 4, a more in depth look at the forecasting performances of
HDBSTAR models is presented in the Brazilian electricity load series application. The
article concludes with some discussion of this work in Section 5.

2 The harmonic DBSTAR model

A DBSTAR model in its simplest form can be seen as polynomial approximation of the
classical STAR model as defined by (1), where a dynamic smooth transition function,
π(st; γt, ct), similar to the logistic in (2) but with both the smoothing parameter γ and
the threshold parameter c of π(st; γ, c) allowed to change in time, is represented by a
polynomial approximation. This paper considers two distinct approximations, the Taylor
series expansion and the B-spline function, that characterise the Taylor and the B-spline
DBSTAR models, respectively. Despite based on the logistic transition function, the
development below can without loss be adopted for any other transition function that can
be approximated by a polynomial function.

So, for a dynamic logistic transition function π(st; γt, ct) with real values in the interval
[0, 1], where st is a transition variable, γt ∈ ℜ+ is a smoothing parameter and ct ∈ ℜ is a
threshold value, a DBSTAR(r, p) model of orders r and p is defined by the set of quadruple
{F t,Gt,Σt,Wt} as follows. Note that underlined characters are used to represent vectors,
boldface to represent matrices and prime to denote transposition throughout.

The observational and the system equations of a DBSTAR (r, p) are respectively given
by

(Yt | θt) ∼ N (F ′
tθt,Σt) (3)

(
θt | θt−1

)
∼ Tnt−1

(
Gtθt−1,Wt

)
(4)

4
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where F ′
t = [zt, B1(st)zt, . . . , Br−1(st)zt, Br(st)zt] is a known (r + 1)(p + 1)-dimensional

vector of polynomial regression variables Bi(st)zt (i = 0, 1, . . . , r) with Bi(st) known
functions of st which form depends on the approximation used for π(st; γt, ct) and zt =
(1, yt−1, . . . , yt−p); θt is the state vector containing unknown parameters associated with

the components of F t, i.e, θ
′

t = (θ0, θ1, . . . , θr)t with elements θit = (θi0, θi1, ..., θip)t where
the elements of θ0t are θ0jt = ϕ1jt + β0tϕ2jt (j = 0, ..., p) and θit = βitϕ2t

(i = 1, ..., r) such
that θijt = βitϕ2jt; and βit (i = 0, 1, ..., r) are polynomial functions of γt and ct only such
that

π(st; γt, ct) ≃
r∑

i=0

βit(γt, ct)Bi(st) . (5)

Note that in this form, the parameters γt and ct of π(st; γt, ct) are separated from the
observable st such that they can be included together with the dynamic AR coefficients
ϕ
it
= (ϕi0, ϕi1, . . . , ϕip)t where ϕijt is the coefficient j (j = 0, 1, . . . , p) of the AR regime

i (i = 1, 2), into the unknown state vector θt in (3) above, while st can be included
together with past values of yt into the known vector F t. For simplicity, the number of
regimes is restricted to two AR(p) models here, albeit the methodology can be relatively
straightforwardly extended to multiple regimes and differing AR orders.

The observational variance Σt in (3) is considered unknown and defined as Σt = ktV ,
where kt = k(µt) is an appropriately chosen variance law (a scaling function of the mean
µt = F ′

tat of Yt, where at is the mean of the prior distribution of θt). V is the unknown
variance scale parameter that is allowed to change stochastically. While a suitable chosen
variance law can model systematic changes in the observational variability in time, we
assume that Σt may change stochastically but only slowly and steadily in time (with the
use of a variance discounting technique) to avoid potential unpredictable behaviour that
can lead to loss of analytical tractability (Broemeling, 1985).

2.1 The Taylor DBSTAR model

A Taylor DBSTAR model is defined as the DBSTAR model for which Bi(st) in (5) is a
polynomial function of order i of the form

Bi(st) = sit (6)

and βit(γt, ct) is obtained by expressing the Taylor series expansion of π(st; γt, ct) in the
vicinities of st = ct. So, a Taylor DBSTAR(r, p) model is characterised by the observa-
tional equation (3) above where the Taylor series expansion of the transition function is
truncated at order r. Thus, at each time t a Taylor DBSTAR(r, p) model corresponds to a
STAR model of order p which transition function is approximated by its Taylor expansion
truncated at order r. Notice that the Taylor series expansion approximates π(st; γt, ct)
better in the vicinities of st = ct, so that, at each time t, the approximation changes for
changes in ct.

5
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2.2 The B-spline DBSTAR model

A B-spline DBSTAR model on its turn is defined as the DBSTAR model for which the
function in (5) is such that Bi(st) is a B-spline basis function (a piecewise polynomial
function) and βit(γt, ct) are the associated coefficients. The B-spline of basis functions
Bi(st) of degree q, given a number n of knots in an interval is defined as in Wold (1974).

Computationally, the B-splines are obtained recursively by the Cox-de Boor algorithm
(de Boor, 1978). As pointed out by Eilers and Marx (1996), they are rather attractive as
base functions for univariate regression in which a linear combination of cubic B-splines
gives a curve smooth enough to provide a good fit in many applications. This is the case
here for the logistic transition function (2) (or for any of the usual alternative transition
functions such the second-order logistic and the exponential). In our case, an appropriate
order r = q + n − 2 in (5) is usually determined by the number n of knots chosen. In
the splines regression context, the choice of n can be a complex task and statistics with
penalties for overfitting are used in determining the optimal number. In our context, n
(and q) is determined via model selection approach.

Some parameters in a Taylor or B-splines DBSTAR model are not treated as unknown
parameters to be estimated but fixed a priori. The main reason for that is to preserve
analytical tractability in the Bayesian parametric updating that allows fast sequential
computations. For the Canadian lynx trappings and electricity loading applications, op-
timal values of those parameters were obtained via model selection approach.

2.3 The HDBSTAR model

Now, in order to allow the modelling of any observed cyclic behaviour in terms of cyclical
components explicitly, we introduce the Harmonic DBSTAR (HDBSTAR) model. Simi-
larly to seasonality, the explicit modelling of long term cyclic behaviour allows accounting
for changes in that behaviour in a forecasting model. Fourier form representations of the
periodic behaviour that allows for modelling changes in amplitude and phase for fixed
number of harmonics preserving, thus, the analytical tractability of parametric posterior
distributions and forecasting functions are adopted here.

HDBSTARmodels extend the set of quadruple {F t,Gt,Σt,Wt}, with F t = (F 1t, F 2t),Gt =
(G1t,G2t) and Wt = (W1t,W2t), where F 1t,G1t and W1t are associated to the nonlinear
autoregressive components as in (3) and (4), and F 2t,G2t and W2t are associated to the
cyclical component. A HDBSTAR(r, p, h) model for cycles is defined as a DBSTAR(r, p)
with an explicit component for cycle with h harmonics as follows

(
Yt | θt, ψt

)
∼ N

(
F

′

1tθt + F
′

2tψt
,Σt

)
(7)

(
θt | θt−1

)
∼ Tnt−1

(
G1tθt−1,W1t

)
(8)

(
ψ

t
| ψ

t−1

)
∼ Tnt−1

(
G2tψt−1

,W2t

)
(9)
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where ψ′
t
= [ψ

1t
, ..., ψ

ht
], ψ

jt
= (aj, bj)t with ajt and bjt being the unknown Fourier

coefficients of each harmonic Sj(t) = ajtcos(ωjt) + bjtsin(ωjt) (j = 1, ..., h). The 2h-
dimensional vector F 2t is a canonical partitioned vector associated to the harmonics in
ψ

t
, with 1 in an harmonic position and 0 otherwise. For example, F 2t = [1, 0] for h = 1

harmonic, F 2t = [1, 0, 1, 0] for h = 2 harmonics, and so forth. The frequency of each
harmonic is ωj = 2jπ/τc, where τc is the period of the cycle. The evolution matrix G2t of
the cyclical component is a block diagonal matrixG2t = diag(H1t, ...,Hht) whereHjt is the
harmonic matrix with trigonometric elements such that |Hjt| = sin2(wjt)+cos

2(wjt) = 1.
The (2h× 2h)-matrix W2,t contains the covariances of the cyclical components.

The first harmonic, the fundamental harmonic, is expected to dominate the cyclical
pattern, having a strong sinusoidal signal. The higher frequency harmonics oscillate faster
than the fundamental one and more appropriate for modelling higher frequency repetitive
behaviour. Obviously that the larger the h the more accurate the modelling of periodic
variations in the data. However, adopting the parsimony principle we look for the smallest
h that can still provide a good representation of the cyclical component of the underlying
process. For cases where a large enough initial dataset is available (as are the cases in
this paper) to enable the investigation of the cyclic behaviour, an optimal value of h can
be determined, for example, by a stepwise model selection approach.

Two types of DBSTAR models are defined here, the Taylor DBSTAR models based
on approximating the adopted transition function by a Taylor series expansion, an the
B-splines DBSTAR models which use B-spline functions for that purpose. B-splines are
constructed from piecewise polynomial functions joined at knots created by dividing the
underlying interval into parts. Those functions satisfy weak differentiability conditions
that guarantee the continuity and smoothness of the resulting function. The reader can
refer to de Boor (1978) and Eilers and Marx (1996) amongst others for more details on
B-splines.

3 Main results of the Canadian lynx application

The Canadian lynx dataset is a yearly series with 114 observations of the number of lynx
trapped in the Mackenzie River, district of North-west Canada, from 1821 to 1934. They
were collected to improve knowledge about the population dynamics of the ecological
system in that area. They have been used in various studies (see e.g. Terasvirta, 1994;
Lopes and Salazar, 2005) to analyse and compare the fitting of proposed models. The
most famous features of that series are (a) the lack of trend, (b) the presence of irregular
changes in the amplitude in time, and (c) the presence of persistent non-regular cyclic
oscillations with periods of 10 or 11 years. Those features have been familiar to biologists
for a long time and are well known in historical records of trappings of lynx in Canada as
described by Elton and Nicholson (1942).

Similarly to other studies of this series, including Chan and Tong (1986) and Lopes
and Salazar (2005), the original series was log10-transformed here to remove the marked
right-skewness of the data as well as to allow the comparative analysis with the classical
STAR and the BSTAR models. The transformed series presented no evident trend but
a clear periodic repetitive behaviour with significant estimated autocorrelations at lags
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1, 2 and 11 in the partial auto-correlation function (PACF). However, it may not be
appropriate to use the PACF for model order identification in this case as a graphical
analysis of the scatterplots of yt−u against yt−v (for u, v = 1, 2, ..., v > u.) showed lack
of linearity for most lags of the series. Consistently with Elton and Nicholson (1942), a
periodogram of the series displayed a spike around the 0.1 frequency indicating cyclical
behaviour with a 10-year wavelength.

Following a numerical grid search for optimal values (based on the log-smoothing
likelihoods of the models calculated conditionally on values of d, p, r and h) the following
three models were selected: a Taylor DBSTAR(3, 12), a cubic B-splines DBSTAR(6, 12)
with five knots and a cubic B-splines HDBSTAR(6, 2, 2) also with five knots. Similarly
to Terasvirta (1994) and Lopes and Salazar (2005), the optimum delay parameter of the
adopted dynamic logistic transition function was found to be d = 3 for all models, that
is st = yt−3. However, unlike both Lopes and Salazar (2005) and Terasvirta (1994) that
found p = 11, the optimum AR order for the non-harmonic Taylor and B-splines DBSTAR
models were found to be p = 12. The optimal harmonic model though was found to be
considerably more parsimonious. In fact, the optimal values for the number of harmonics
and AR order were h = 2 and p = 2 respectively for the B-splines HDBSTAR model.
A Taylor expansion of order r = 3 was adopted for the Taylor DBSTAR(3, 12) model as
higher orders only provided marginal improvements.

Table 1 displays the MAE and the RMSE of the fitted logistic classical STAR(11)
from Terasvirta (1994) and the logistic BSTAR(11) from Lopes and Salazar (2005) as
well as those of the selected Taylor DBSTAR(3, 12), the B-splines DBSTAR(6, 12) and
the B-splines HDBSTAR(6, 2, 2) models. It is clear that the B-splines HDBSTAR(6, 2,
2) model with a MAE of 0.006 and a RMSE of 0.013 produced the best fit of all models.
Its MAE is 20% lower than the second best fit of the Taylor DBSTAR(3, 12) although its
RMSE is only marginally lower. The B-splines DBSTAR(3, 12), with the largest MAE
and RMSE of all DBSTAR models, still outperformed the classical STAR(11) and the
BSTAR(11) models, by quite a margin (its MAE and RMSE were 9.8 and 5.7 times lower
than the BSTAR(11) of Lopes and Salazar (2005), respectively). A static version of the
Taylor DBSTAR(3,12) model (with discount factors set to unity) had an MAE and an
RMSE of 0.109 and 0.141, respectively, produced a fitting that was only marginally better
than the BSTAR(11)

Model MAE RMSE

Lopes and Salazar (2005) - BSTAR(11) 0.118 0.153

Terasvirta (1994) - STAR(11) 0.142 0.179

Taylor DBSTAR(3, 12) 0.012 0.015

B-splines DBSTAR(6, 12) 0.014 0.027

B-splines HDBSTAR(6, 2, 2) 0.006 0.013

Table 1: Mean Absolute Errors (MAE) and Root Mean Squared Errors (RMSE) of com-
pared models
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As seen above, the sequential dynamic modelling of the Canadian lynx data by the
DBSTAR models have allowed much improved fitting to the data compared with the static
STAR and BSTAR models. This sequential modelling also allows a better understand-
ing of the lynx population dynamics via analysis of the obtained dynamic parameters
estimated from the data that helps to verify how various components varied in time.
For example, the estimated cyclic component (obtained from the posterior means of the
harmonic components of the HDBSTAR model by Kalman fitering) has shown increased
variability in amplitudes from 1824 to 1846, followed by lower oscillations until approxi-
mately 1896 after when oscillations increased again almost mirroring the initial period.

It is worth mentioning that a residual analysis of the DBSTAR models above showed
residuals to be uncorrelated as well as no significant departures from normality. Please
refer to Santos (2014) and Faria and Santos (2018) for more details of the application
above.

4 Electricity load forecasting in southern Brazil

The hourly series of electricity load, measured in MegaWatts (MW), and temperature,
in degree Celsius (◦C), are from the Southeast and Central-West regions of Brazil and
span from the first hour on 1 June 2003 to the last hour on 30 June 2010 (that is, 62,088
hourly observations covering the 7-year period). The hourly load data are aggregated for
the region while the hourly temperature data are averaged across all the states in those
regions. Calendar variables indicating weekdays, national holidays and bridge-holidays
(i.e. days between midweek bank holidays that are near a weekend) were used in the
models to account for their effects on the load. To measure the short-term forecasting
performances of the selected DBSTAR models, the initial 61,368 observations (covering
the period from 1 June 2003 to 31 May 2010) and the last 720 observations (corresponding
to one month of hourly data from 1 June 2010 to 30 June 2010) were used as in-sample
and out-of-sample data respectively.

A preliminary analysis of the data has shown, amongst others, a non-linear S-shaped
relationship between load and temperature. In this relationship, differently from the U-
shape normally observed for northern hemisphere countries, the load tends to increase
with increases in temperature although on a non-linear fashion resembling an S-shape. In
fact, the rate of increase in weekly average load is lower at lower levels of weekly average
temperature (16-20◦C) as compared with higher levels (26-30◦C) when higher rates of
increase occur, suggesting that at least two regimes of distinct consumption behaviour
is present in the load series that can justify at least in part the use of STAR type of
models. Other marked characteristics observed from the data analysis are the long-term
positive trend with slowly increasing variability in time, and both within-day and within-
week changing periodic behaviour and variability. The within-day variation of load has
a general shape that is similar for all weekdays with lower loads in the early hours with
minimum levels between 4-8am followed by sharp increases until the middle of the day
when they stabilise at an intermediate level until early afternoon. This is followed by
peaks in the evening between 7-9pm. Sundays and bridge-holidays show a little shift of
consumption to the right in the hour scale as well as lower levels at almost all times.
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Similarly, Saturdays and holidays tend to group together with a smaller shift to the right
but with larger loads in the early hours. Except for Monday (with slightly lower loads at all
times except in the early hours when they are lowest), the patterns for other weekdays are
practically undistinguishable from each other. They show the largest levels of load overall
with troughs typically at 4-5am, lower peaks at 11am-12pm and 3-4pm and the largest
peaks from 7-9pm. The within-week variations are such that daily peaks change their
patterns (or shape) along the year according to the season. In particular, evening peaks
observed in the winter is not present in the during summer when observed smoother peaks
are thought to be influenced by the availability of natural lights early in the evenings,
helped by the change in the Brazilian summer time (when clocks are moved forward by
one hour from October to February). There is also a strong within-year seasonal effect on
load that is very much in line with the strong seasonal behavior of the temperature. It is
also worth pointing out that due to the changing variability, both within-the-day (that is
larger at peak than at off-peak hours) and within-the-week (that is larger at working days
than at weekends and holidays), the underlying load series presented intrinsic second-
order non-stationarity that no differences and/or transformation in the class of Box-Cox
transformations could be found to turn the series stationary. No serious departures from
normality were observed.

The Taylor and the B-splines HDBSTAR models that were formulated in this applica-
tion to account for the above described characteristics of the electricity load series include
a trend and a seasonal component, two cyclical components (one for the within-day and
one for the within-week periodic variations), one calendar component and one non-linear
AR component with temperature used as the transition variable (associated with a lo-
gistic STAR) to account for the non-linear effects of temperature on load. Note that the
cyclical components aim to account for the non-linear cyclic behaviour not accounted for
by the seasonal component.

A Taylor HDBSTAR(3, 1, 2) model and a cubic B-splines HDBSTAR(3, 1, 2) model
with n = 1 knot (located at the median temperature of 23◦C) that included the compo-
nents mentioned above, with delay d = 1 for the temperature series as transition variable,
were selected as the optimal models. They presented the largest in-sample conditional log-
predictive likelihoods in a grid search of models of varying orders. Initial non-informative
prior distributions were attributed to the hyper-parameters of the models. Discount fac-
tors of δV = 0.90 and δW = 0.99 were also found as optimal values. Two harmonics
for each cyclical component were found to represent the non-linear short-term periodic
patterns adequately.

The B-splines HDBSTAR(3, 1, 2) model fitted the data slightly better during the
in-sample period than the Taylor HDBSTAR(3, 1, 2) model with a larger log-posterior
likelihood (of -559751 against -550437), lower MAPE (0.00527 against 0.00547) and RMSE
(208.19 against 227.68).

Both the Taylor HDBSTAR(3, 1, 2) and the cubic B-splines HSDBSTAR(3, 1, 2)
models were also used to produce rolling forecasts sequentially from 1 to 72-hours-ahead
horizons during the out-of-sample period. For that, forecasts of temperatures from a
multiplicative Winters model (selected by SPSS’s expert model amongst a number of
exponential smoothing and ARIMA models) were used. Those DBSTAR models were
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implemented in R and used prior-to-posterior updating and forecasting routines based
on the Kalman filter (and on the DLM and SPLINES packages). Their running times,
for fitting and forecasting on a desktop PC with i7 processor at 3.30GHz with 32GB of
memory and SSD disk drive, varied from 8.93 (for a forecasting horizon h = 24 hours-
ahead) to 14.50 minutes (for h = 72) for the Taylor HDBSTAR model and from 10.23
(h = 24) to 17.65 minutes (h = 72) for the B-splines HDBSTAR model.

Table 2 shows the MAPE (%) and the RMSE for the Taylor and the B-splines models
for each forecasting horizon of 1, 12, 24, 48 and 72 hours-ahead. The values in bold
represent the lowest values between the two models for each horizon. Note that the B-
splines model outperformed the Taylor model for 1 and 12-hours-ahead horizons but for
the 24, 48 and 72-hours-ahead horizons the Taylor outperformed the cubic B-splines model
on both MAPE and RMSE criteria. Overall, with only a few exceptions, the differences in
forecasting performances were relatively small with both models displaying fairly similar
performances.

For illustration, the MAPE and RMSE for a SARIMA(2,1,10)(2,1,1) fitted by SPSS
as the best classical forecasting model using the temperature series and the calendar
indicators as explanatory variables were 107.80 % and 455.993 respectively. As expected,
those results compare unfavourably with the much smaller MAPE and RMSE of 59.06 %
and 221.29, respectively, for the B-splines HSDBSTAR(3,1,2) and 61.20 % and 231.77 for
the Taylor HSDBSTAR(3,1,2), indicating improved fitting of nearly 50% by the DBSTAR
models.

Horizon Model
In-sample Out-of-sample

MAPE (%) RMSE MAPE (%) RMSE

1
Taylor 61.20 231.77 54.65 227.68

B-splines 59.06 221.29 52.74 208.19

12
Taylor 210.28 915.90 173.62 804.68

B-splines 111.90 401.20 119.06 448.55

24
Taylor 204.27 890.51 184.98 850.83

B-splines 204.22 893.91 199.29 877.58

48
Taylor 203.29 889.03 186.95 876.09

B-splines 204.18 894.67 201.75 897.90

72
Taylor 197.07 880.96 193.12 897.88

B-splines 198.72 887.22 209.41 925.56

Table 2: Mean Absolute Percentage Errors (MAPE) and Root Mean Squared Errors
(RMSE) of the Taylor and the B-splines HDBSTAR(3, 1, 2) models for each of the 1, 12,
24, 48 and 72 hours-ahead forecasting horizons

For the 24-hours-ahead forecasting horizon, that is usually of particular interest to
practitioners, plots of observed loads versus forecasts during the out-of-sample period,
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displayed most points close to a diagonal line indicating the generally good forecasting
accuracy for both the Taylor and B-splines HDBSTAR(3,1,2) models. However, the B-
splines model showed a slightly higher degree of scatter than the Taylor model as expected
from their MAPE and RMSE out-of-sample performance measures for the 24-hours hori-
zon in Table 2.

Figure 1 (a)–(d) shows the observed loads (solid square points), their 24-hours-ahead
rolling forecasts (solid line) and 95% predictive intervals (dashed lines) during the out-
of-sample period by the Taylor HDBSTAR(3, 1, 2) model. At each hour during the
out-of-sample period, the forecast at that hour was made 24-hours earlier using the 24-
hour-ahead temperature forecast as the transition variable. Those temperature forecasts
were obtained by a Winters’ exponential smoothing models with parameters α = 0.973
for level and δ = 0.07 for seasonal (the trend parameter γ = 0.001 was non-significant
with a p-value of 0.387).

Note that, in general, the forecasts are quite close to the observed loads with 95%
prediction intervals that are particularly larger at peak times (18-21 hours) than at late
night and early morning times in most days. The forecasts were well within the bounds
of the prediction intervals at almost all times. The selected out-of-sample period of June
2010 had a number of special days such as the Corpus Christie holidays on Thursday and
Friday, 3rd and 4th June, in Figure 1(a), and the South African football world cup when
on Tuesday, 15th June, in Figure 1(b), Brazil played North Korea at 15:30 hours as well
as at 09:00 on Sunday, 20th June, and at 11:00 on Friday, 25th June, both in Figure 1(c)
when Brazil played Ivory Coast and Portugal respectively, followed by Chile at 15:30 on
Monday, 28th June, in Figure 1(d). It can noticed that on those events the electricity load
decreased comparatively with similar times at similar days. This can be explained by
the fact that large amounts of people in urban areas tend to group together with family
members on religious holidays and with friends in bars and restaurants or with crowds of
people in public places such as squares with large screens to watch the national football
team. Notice that the effect of the football match events lasted mainly on the hours of
those events with the load levels increasing back to higher levels soon after.

In practice, an expert user could anticipate effects of events like those above in similar
occasions and make appropriate interventions in the model (by changing prior hyper-
parameters accordingly).

5 Concluding remarks

The dynamic Bayesian smooth transition autoregressive (DBSTAR) models introduced
here are Gaussian analytical approximations of STAR models based on polynomial dy-
namic linear models (DLMs) of West and Harrison (1997). They are appropriate for
non-linear and intrinsically non-stationary auto-regressive time series processes such as
those exhibiting asymmetric cycles and offer an alternative to both the classical STAR
models of Chan and Tong (1986) and the computational Bayesian STAR (BSTAR) mod-
els of Lopes and Salazar (2005). Two types of DBSTAR models, the Taylor and B-splines
DBSTAR models, were defined according to the adopted approximation approach adopted
for functional logistic transition functions associated with STAR models. Their unknown
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Figure 1: Out-of-sample observed values (dots), the 24-hours-ahead forecasts (solid line)
and the corresponding 95% prediction intervals (dashed lines) of the hourly load by the
Taylor HDBSTAR(2, 1, 2) model from the first to the last hour in the periods (a) 1-5
June 2010; (b) 13-19 June 2010; (c) 20-26 June 2010; and (d) 27-30 June 2010.
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parameters are sequentially updated in time analytically via Kalman filtering approach as
described in Faria and Santos (2018). Similar to classical STAR models some parameters
such as the AR order and transfer function location values are assumed fixed a priori.
However, unlike both the classical STAR and the BSTAR the unknown parameters (AR
coefficients, observational variance and transition smoothing variable) are all dynamic.
In applications where initial data are available optimisation approaches can be used to
determine suitable values for the fixed parameters. The DBSTAR model formulation
is thus useful in applications demanding sequential parametric change in time (includ-
ing observational variance) and fast computing. However, a complicating factor in the
DBSTAR model formulation is that the solution of a set of polynomial equations is re-
quired at each time step if the first two moments of the unknown parameters associated
with a STAR model are to be determined. This is because, at each time step, a DBSTAR
model produces posterior distributions for the parameters of the polynomial DLM that re-
sults from approximating the STAR transition function by Taylor expansion or B-splines.
Those parameters are polynomial functions of the original STAR parameters. Thus, a
DBSTAR model naturally estimate parameters that have polynomial auto-regression in-
terpretability of their own but will demand extra computational processing for parametric
interpretability associated with parameters of a STAR model.

Similarly to DLMs, DBSTAR models can be formulated to account for components
of the underlying process. Trend, seasonality and cycle components are easily accounted
for in a parsimonious way. Heteroskedasticity can also be accounted for by either incor-
porating a variance law in the model or with the use of variance discounting techniques
when slow but steady changes in the unknown observational variance are allowed. The
parameters associated with with the slow changes are estimated sequentially from data.
To model observed cyclical behaviour in the data that are not accounted for by seasonal
components, harmonic DBSTAR (HDBSTAR) models have been defined that explicitly
include components for cycles. Fourier form representations of cycles with combinations of
sine/cosine waves provide an economic parametric characterisation and facilitate their in-
terpretation. In general, lower auto-regressive orders are required by a HDBSTAR model
comparatively to a DBSTAR (and a STAR) model. The parsimony of a HDBSTAR model
is balanced by larger amplitudes in the autoregressive coefficients. This is an advantage
of the HDBSTAR models over the DBSTAR, classical STAR and BSTAR, for modelling
time series in the presence of repetitive periodic behaviour.

Taylor and the B-splines formulations of HDBSTAR models were applied to a large
hourly series of electricity load in a region in Brazil. In this application, the formu-
lated HDBSTAR models showed considerably improved fitting over a SARIMA model
obtained by SPSS’s expert forecasting modeler. The B-splines slightly outperformed the
Taylor HDBSTAR model for both fitting and short-term forecasting. The Taylor model
performed slightly better for longer forecasting horizons.
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Abstract. Over the last years, supervised learning has been a subject
of great interest. However, in presence of unlabelled data, we face the
problem of deep unsupervised learning. To overcome this issue in the
context of anomaly detection in a cloud workload, we propose a method
that relies on constraint programming (CP). After defining the notion of
quasi-periodic extreme pattern in a time series, we propose an algorithm
to acquire a CP model that is further used to annotate the cloud workload
dataset. We finally propose a neural network model that learns from the
annotated data to predict anomalies in a cloud workload. The relevance
of the proposed method is shown by running simulations on real-world
data traces and by comparing the accuracy of the predictions with those
of a state of the art unsupervised learning algorithm.

1 Introduction

With the increase of the use of cloud computing technologies, more and more
applications rely on a cloud infrastructure. This model is named Infrastructure
as a Service (IaaS). Since failures are common in such large systems [21], the
cloud provider needs to ensure the integrity of the infrastructure, prevent failures
or fix them as soon as possible.

Most predictive machine learning algorithms rely on historical data to learn a
predictive model that can predict the outcome of a given observation. Generally,
cloud providers have large quantity of historical data obtained by monitoring
some metrics. Such cloud workloads are modelled by time series that are gen-
erally not labelled. To address this issue, some data scientists require human
intelligence through crowdsourcing services like Amazon Mechanical Turk [20,
17]. The drawback of such approach is its cost in time and money, and even
more the reliability of the produced annotations [13]. In the absence of labels,
the problem of deep unsupervised learning has been studied in [10]. Most of
these approaches rely on k-means clustering [14]. As shown in Section 4.2, a
clustering approach is not well suited for anomaly detection in the context of
cloud workloads.

In this context, the contribution of this paper is twofold. First we introduce
the generic notions of extreme patterns (i.e. pattern occurrences within a time
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series for which one or several feature values take very small or very large values
relatively to the rest of the time series), and of quasi-periodic pattern group
within a time series. Second, we propose a three-step method to solve the problem
of predicting malfunction in a cloud data centre infrastructure given its workload:

– Using the notion of extreme patterns, we first acquire a constraint program-
ming (CP) model that is able to discriminate between a workload presenting
a malfunction and one that does not.

– Then we use the acquired CP model to automatically label the historical
workload dataset.

– Finally, we train a deep neural network to predict the malfunctions.

The rest of the paper is organised as follows. Section 2 provides the necessary
background on time series in the context of constraint programming. Section 3
details our main contribution, namely the definition of quasi-periodic extreme
patterns and the illustration how to use it to annotate cloud workloads. In Sec-
tion 4, we present two methods, the first one based on supervised learning, and
the second one based on unsupervised learning (through the k-means algorithm)
to predict anomalies in a cloud workload. Finally, we evaluate and compare both
models in Section 5 and conclude in Section 6.

2 Background

A time series is a sequence corresponding to measurements taken over time.
We use time series to model resource production or consomption, e.g. energy,
memory, cpu, bandwidth [6, 15]. These type of time series are constrained by
physical or organizational (in general structural) limits as well as by business
rules, which restrict the evolution of the series.

Definition 1 (signature). Given a time series x = x1, x2, . . . , xn, the sig-
nature of x is the sequence s = s1, s2, . . . , sn−1, where every si is defined by
(xi < xi+1 ⇔ si = ‘ < ’) ∧ (xi = xi+1 ⇔ si = ‘ = ’) ∧ (xi > xi+1 ⇔ si = ‘ < ’).

Definition 2 (s-occurrence, i-occurrence, e-occurrence, found index).
Consider a time series x = x1, x2, . . . , xn, its signature sequence s =
s1, s2, . . . , sn−1, a regular expression σ over the alphabet {‘ < ’, ‘ = ’, ‘ > ’}, two
natural numbers b and a, and a subsignature si, si+1, . . . sj with 1 ≤ i ≤ j ≤ n−2,
forming a maximal word in s matching σ. The s-occurrence of σ is the index
sequence i, . . . , j; The i-occurrence of σ is the index sequence i + b, . . . , j; The
e-occurrence of σ is the index sequence i+ b, . . . , j + 1− a; The found index is
the smallest index k in the interval [i, j] such that the word sisi+1 . . . sk is an
occurrence of σ.

An s-occurrence identifies a maximal occurrence of a pattern in a signature
sequence, while an i-occurrence identifies a maximal occurrence of a pattern in
an input sequence. Note that, by Definition 2, i-occurrences of the same pattern
never overlap. The feature value of a pattern occurrence is computed from the
e-occurrence, where the constants b and a are used for respectively trimming the
left and the right borders of the regular expression σ.
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3 Detection of quasi-periodic extreme patterns in CP

Housssam et al. present in [2] a formalisation of arrhythmia detection algorithms.
Their algorithm relies on quantitative regular expressions [3] for peak detection.
Scholkmann et al. [18] propose another parameter free algorithm for peak detec-
tion in periodic or quasi-periodic signals. While those algorithms are designed
for peak detection only, our framework [5, 11] is compatible with a large class of
regular expressions [11] and offers more than 700 time-series constraints [4].

First, since we aim at extracting relevant maximal occurrence of patterns, we
formally define the notion of extreme pattern occurrences. Second, since we also
aim at quantifying how regularly such maximal occurrence of patterns appear
we define the notion of quasi-periodic extreme pattern. All the corresponding
definitions will be illustrated on a concrete example at the end of this section.

3.1 Defining extreme pattern occurrences

In the same way we already synthesise a register automaton for computing the
result associated with a time-series function, we also synthesise a register au-
tomaton for computing the feature values of each maximal occurrence of a given
pattern in a time series in linear time wrt the time-series length. This will be
used to extract the extreme feature value, a notion that we now define.

Definition 3 (extreme feature value of a pattern occurrence). Given a
regular expression σ, a feature f , a time series ts containing at least one maximal
occurrence of σ, and a threshold τ ∈ [0, 1], the ith maximal occurrence of σ within
ts is extreme iff

fσ(i) ∈ [minf,σ(ts), minf,σ(ts) + τ ·minf,σ(ts)] ∨
fσ(i) ∈ [maxf,σ(ts)− τ ·maxf,σ(ts), maxf,σ(ts)], where

– fσ(i) is the feature value of ith maximal occurrence of σ,
– minf,σ(ts) (resp. maxf,σ(ts)) is the minimum (resp. maximum) feature value

among all maximal occurrences of σ within ts.

Definition 4 (extreme pattern occurrence). Given a regular expression σ
and a set of distinct features f1, f2, . . . fk, a maximal occurrence of σ in a time
series ts is an extreme occurrence of σ wrt f1, f2, . . . fk iff all corresponding
feature values are extreme feature values for σ in ts.

3.2 Identifying quasi-periodic extreme patterns

Definition 5 (footprint). Given a time series ts = x0, x1, . . . , xn−1 and a
pattern p, the footprint of p over ts is the sequence fp = q0, q1, . . . , qn−1 of the
same length as ts where each qk ∈ fp is an integer between 0 and n such that:

– qk = 0 if index k does not occur in any i-occurrence of the pattern p in the
input time series ts.
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– qk = j > 0 if index k belongs to the jth i-occurrence of the pattern p when
reading the time series ts.

Definition 6 (footprint distance). The footprint distance between the jth

and the (j+1)th maximal occurrence of a pattern p in a time series ts is the num-
ber of zeros in the footprint of p over ts between the end of the jth i-occurrence
of p in ts and the start of the (j + 1)th i-occurrence of p in ts.

Definition 7 (found distance). The found distance between the jth and the
(j + 1)th occurrence of a pattern p in a time series ts is the difference between
the two corresponding found indices.

Definition 8 (distance). Consider a pattern p for which the length of its small-
est occurrence is ` > 0. The distance between the jth and the (j + 1)th maximal
occurrence of a pattern p in a time series ts is the footprint distance iff, given
any occurrence o of the pattern p, all prefixes and suffixes of o for which the
minimum length is greater than or equal to ` are also occurrences of the pattern
p, and the found distance otherwise.

Definition 9 (quasi-periodic pattern of order g). Let g and δ be two na-
tural numbers with g > 0, p a pattern, ts a time series and op the sequence of all
maximal occurrences of p in ts. In addition let ep be a subsequence of op of size
at least ` = 3g. Let dp and dp be resp. the minimum and the maximum distance

between any jth and (j+ g)th maximal occurrences of p in ep, with i ∈ [1, `− g].
Then p is said to be a quasi-periodic pattern of order g and period [dp, dp] iff

1. dp − dp ≤ δ,
2. the first maximal occurrence of p ∈ ep is located at a distance d ≤ dp from

the beginning of ts,
3. the last maximal occurrence of p ∈ ep is located at a distance d′ ≤ dp from

the end of ts.

When ep corresponds to all maximal occurrences (resp. all extreme occurrences)
of p then p is a periodic pattern (resp. periodic extreme pattern) of order g.

Example 1. We illustrate the previous definitions on the time series 0, 2, 9, 8, 10,
1, 0, 0, 3, 0, 8, 1, 9, 1, 1, 1, 2, 9, 9, 2, 2, 8, 0, 1, 0. For this purpose we consider the peak
(resp. steady sequence) pattern defined by ‘ < (= | <)∗(> | =)∗ > ’ (resp.
‘ =+ ’) and by the trimming parameters b = a = 1 (resp. b = a = 0). The eight
(resp. four) subsequences outlined in yellow between two vertical red bars on top
(resp. at the bottom) of Figure 1 correspond to the eight s-occurrences of the
peak (resp. steady sequence) pattern.

The distance of the peak pattern is defined as the found distance since not
all large enough suffixes of a maximal occurrence of peak correspond to a peak,
i.e. the suffix ‘ >> ’ of the second maximal occurrence of peak ‘ <>> ’ is not a
peak itself. Consequently the distances 2, 4, 2, 2, 6, 3, 2 between consecutive max-
imal occurrences of peaks are defined as the difference between their correspond-
ing found positions, outlined with a vertical arrow in the upper part of Figure 1.
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The distance of the steady sequence pattern is defined at the footprint dis-
tance since all large enough prefixes and suffixes of ‘ =+ ’ also correspond to a
steady sequence. Consequently the distances 6, 2, 1 between consecutive maximal
occurrences of steady sequences are defined as the difference between the start
of a maximal occurrence of the pattern and the end of the maximal occurrence
of the previous pattern.

We now focus on the extreme occurrences of the peak pattern wrt the max
feature assuming a threshold τ = 0.2. Such feature values 9, 10, 3, 8, 9, 9, 8, 1 are
shown in the lower part of Figure 1. Among them only the values 9, 10, 8, 9, 9, 8
belong to the interval [10(1 − τ), 10], and consequently only the first, second,
fourth, fifth, sixth and seventh peak maximal occurrences are extreme. Now as-
sume a period threshold δ = 2. Since the minimum/maximum distance between
any j and j + 1 positions of extreme pattern occurrences is equal to 2/6, the
correspond range 6−2 is greater than δ = 2. Consequently the corresponding se-
quence of extreme peaks is not quasi-periodic of order 1. But it is quasi-periodic
of order 2 because (1) the minimum/maximum distance between any j and j+2
positions is equal to 8/10, and (2) the first (resp. last) occurrence of peak is not
too far from the leftmost (resp. rightmost) border.

0

10
< < > < > > = < > < > < > = = < < = > = < > < >

< < > < > > = < > < > < > = = < < = > = < > < >

9 1
0 3 8 9 9 8 1

0 0 0 0 0 0 1 0 0 0 0 0 0 2 2 0 0 3 0 2 0 0 0 0

2 4 2 2 6 3 2

6 2 1

8 8

8 9

quasi period of order 2 of
extreme peaks wrt feature
max and τ = 0.2, δ = 2

︷︸︸︷
︷

︸︸
︷

found distance
signature sequence

time series

signature sequence
footprint sequence
footprint distance

peak

steady sequence

Fig. 1: Illustrating the notions of signature, found distance, footprint distance,
extreme patterns and quasi-periodic extreme patterns wrt the peak=‘ < (= | <
)∗(> | =)∗ > ’ and steady sequence=‘ =+ ’ patterns

3.3 CP-based time series annotation

In all what follows, a positive (respectively negative) workload trace or time series
is a workload trace or time series that do not present any anomaly (respectively
that is abnormal). The purpose is to label a set of historical traces as being
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either positive or negative. As a first step, we begin with a small set of time
series that are prelabelled as positives. From those sample time series, we identify
a set Ep = p1, . . . pn of quasi-periodic extreme patterns and we compute their
respective periods. This process is presented in Algorithm 1, where:

– procedure compute extreme occurrences(st, f, p, et) uses Definition 4 to com-
putes the list of all extreme occurrences of the pattern p with respect to the
feature f and the threshold et.

– procedure compute period(EV, pt, g) uses Definition 9 to check if the extreme
occurrences in the list EV are quasi-periodic of order g. If yes computes and
return the period, else it returns the empty set.

Algorithm 1 Algorithm to acquire a CP model out of positive time series

PROCEDURE LearnCPModel(S, P, F, et, pt) : (Model)
1: S: Positive time series set,
2: P : Set of patterns to consider,
3: F : Set of features to consider,
4: et ∈ [0, 1]: Extreme value threshold,
5: pt ∈ N: Period threshold.
6:
7: st← {}
8: Model← {}
9: for all s ∈ S do

10: st← st
⊕

s . Concatenate all positive time series into st
11: end for
12: g ←max order to consider
13: Periods← ∅
14: for all (f, p) ∈ F × P do
15: for all g ∈ [1, g] do
16: EV ← compute extreme occurrences(st, f, p, et)
17: Periodf,p,g ← compute period(EV, pt, g)
18: Periods← Periods

⋃
Periodf,p,g

19: end for
20: Model←Model

⋃
(f, p, Periods)

21: end for
22: return Model

Each of the remaining traces is labelled as positive if it presents all the quasi-
periodic extreme patterns of P , with compatible periods (periods whose inter-
section is non-empty) i.e. if it satisfies the CP model acquired by Algorithm 1.
The traces that do not satisfy the constraints of the model are labelled as neg-
atives. This process is described in Algorithm 2. The next step trains a model
that can detect anomalies at run time. The next section details the specificities
of our model.
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Algorithm 2 Using an acquired CP model to label time series

PROCEDURE LabelT imeSeries(st,M, et, pt) : (ts, label)
1: st: Time series to label,
2: M : Learned model,
3: et ∈ [0, 1]: Extreme value threshold,
4: pt ∈ N: Period threshold.
5:
6: for all [(f, p, Periods)] ∈M × P do
7: EV ← compute extreme occurrences(st, f, p, et)
8: for all Periodf,p,g ∈ Periods do
9: TSPeriodf ,p,g ← compute period(EV, pt, g)

10: if ¬IsCompatible(TSPeriodf ,p,g , P eriodf,p,g) then
11: label← negative
12: return (st, label)
13: end if
14: end for
15: end for
16: label← positive
17: return (st, label)

4 Anomalies detection

Given a workload trace, an anomaly is said to occur iff a quasi-periodic extreme
pattern, identified by the CP model acquisition step, does not occur at an ex-
pected location. In Sections 4.1 and 4.2, we propose two distinct approaches to
predict those anomalies. The first one relies on a constrain programming model
as a pre-training step while the second one relies on k-means clustering.

4.1 Supervised learning method

Supervised learning [9] is a class of machine learning algorithms that aim at
learning a function that computes an output from an input observation. In order
to compute that function, supervised learning algorithms rely on input examples
together with the expected output value.

In this section we show how we use a deep neural network to detect malfunc-
tions in a cloud infrastructure.

Neural network model There is no state-of-the-art method to set the pa-
rameters of a neural network [16]. This section presents all the empiric choices
relative to our model.

Deep neural network architecture

– Input layer. The choice here is intuitive. Our workload traces are made up
of time series representing daily workloads with a time step of 10 minutes. It
means that each workload trace is a time series of 144 values, we thus chose
144 as the number of neurons in the input layers.
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– Hidden layers. We empirically chose 2 hidden layers of 10 neurons each.
– Output layer with two neurons.

Having two neurons in the output layer, the results are interpreted in the
following way. The first neuron’s value is the probability that we predict the
first category i.e. abnormal, and the second neuron’s value is the probability
that we predict the second category normal.

Optimisation

– Activate function. We chose softmax as activation function since we need to
output probabilistic values between two discriminative classes [16].

– Stochastic gradient descent. The output y of a neural network given an input
X is given by Equation 1 where f is the activate function, W is the weight
matrix and B is the bias matrix [16].

y = f(WX +B) (1)

To set the parameters W and B during the learning, we used the standard
stochastic gradient descent technique with randomly shuffling the training
examples. As shown in [7], it performs better than sequential selection of
examples that are grouped by classes as it is the case in our model.

4.2 Unsupervised learning method

Unsupervised leaning [12] is a machine learning technique that consists in infer-
ring a discriminative function out of an unlabelled set of data.

One of the most popular and yet simple unsupervised learning algorithm
is k-means [14]. k-means partitions a set of unlabelled data into k partitions
according to a given metric. One difficulty in using k-means is to choose k the
number of clusters, as there is no mathematical criterion [19].

In the context of our application, we did not encounter that difficulty, as
we already know, that we want to discriminate between two categories, normal
and abnormal. Therefore we set k = 2 and we use the Euclidean distance as the
distance metric.

The steps required to use the k-means clustering algorithm to predict an
anomaly in a time series ts are the following:

1. Learning step: The purpose is to partition the dataset into two clusters.
– Select a known normal time series tsn and a known abnormal one tsa.
– Set tsa and tsn to be the initial centroids for k-means clustering.
– Cla and Cln are the two clusters obtained from the dataset, such that
tsa ∈ Cla and tsn ∈ CLn

2. Prediction step:

– Computes the centroids ca and cn of Cla and Cln respectively.
– ts is normal (positive) if d(ts, cn) ≤ d(ts, ca) and abnormal otherwise,

where d(x, y) is the Euclidean distance between the points x and y.
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5 Experiments

In this section, we evaluate each step of our method to predict malfunction in
a data centre, we also show the necessity of reinforcing the learned constraint
programming model with the neural network of Section 4.1. We further evaluate
the unsupervised based learning of Section 4.2.

5.1 Dataset

The initial input to our framework is a set of historical workload traces pro-
vided by a French SME company specialised in virtualised data centre analysis.
Figure 2 shows an instance of raw historical workload traces. Each curve of the
figure represents the CPU workload of a VM in a data centre for a whole day in
the interval 23rd of February 2017 to 26th of October 2017.

Fig. 2: Unlabeled historical data

5.2 Implementation of the CP based labelling

We implemented Algorithm 2 of Section 3.3 with SICStus Prolog [8].

Figures 3 and 4 shows how the initial unlabelled dataset of Figure 2 is par-
titioned into two distinct subsets using Algorithm 2 of Section 3.3.

Fig. 3: Workloads automatically
labelled as normal by the
CP model

Fig. 4: Workloads automatically la-
belled as abnormal by the CP model

From Figure 3 we can observe that the quasi-periodic pattern acquired by the
CP model is the occurrence of two extreme peaks every day between midnight
and 3AM. However, as we will see in Section 5.3, we should take care of some
false negative annotations.
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5.3 Neural network reinforcement of the CP model

The constraint programming model learned using Algorithm 1 can be used with
Algorithm 2 to label workload traces, i.e. it can also be used to detect malfunc-
tions in a given workload. However, the quality of the CP model strongly rely on
the threshold τ ∈ [0, 1] of Definition 3. This threshold sets the magnitude above
and below which a feature value is considered extreme.

Figure 5 shows that the choice of value of τ ∈ [0, 1] is a trade-off between the
percentage of false positive and false negative predicted by the model.

Figure 5 induces the following observations:

– For a threshold value above 0.4, i.e. for τ ∈ [0.4, 1] the percentage of false
positive predictions of the models grows exponentially. This is not suitable
as a false positive prediction is when the model fails to predict a malfunction.

– On the other τ ∈ [0, 0.4], the percentage of false negative prediction is close
to 100. This is also not suitable as it means that the model predicts a mal-
function in almost every workload.

The best trade-off threshold value is thus 0.4. Although τ = 0.4 implies a
perfect 0% false positive predictions, it also implies around 12% false negative
predictions. This is the reason why we use a neural network on top of the CP
model. The CP model provides a good learning base for the neural network.

5.4 Neural network versus K-means prediction

The purpose of the neural network in our framework is to capture hidden struc-
tures within the dataset. We implemented the model presented at Section 4.1
in Python using Tensorflow [1]. The amount of false positive and false negative
predictions using the so trained neural network are both 0%.

Figure 6 shows how the precision of the model gets high over the learning
steps. The precision is evaluated with the cross entropy loss function.We can see
that the loss rapidly converges to value 0.

On the other hand, the prediction using the k-means method suffers from the
fact that it is based on a notion of closeness through Euclidean distance. The
dataset depicted at Figure 2 is therefore separated in two partitions. The direct
consequence is the amount of false positive prediction that is above 70%. While
a model with a reasonable false negative prediction rate may remain exploitable,
the inverse is not desirable. A false negative prediction in our context means that
the model fails to predict a malfunction. A 70% false positive rate makes the
k-means model not exploitable in this context.
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network model

6 Conclusion

In this paper we first introduced the generic notions of extreme patterns and
quasi-periodic pattern group to capture the behaviour of a time series. Using
those notions, we described a machine learning framework for anomaly detec-
tion in a cloud workload trace. To overcome the problem of deep unsupervised
learning, we proposed a method that relies on constraint programming through
the definition of quasi-periodic extreme pattern to annotate the workload time
series. After acquiring a constraint programming model, the data set is automat-
ically annotated and fed to a neural network for prediction. Experimental results
on real workload traces show that state of the art unsupervised learning meth-
ods like K-means are not exploitable in our context, and that the combination
of a constraint programming model and a neural network produces better results.
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son, H., & Sjöland, T. (1988). SICStus Prolog user’s manual, volume 3. Swedish
Institute of Computer Science Kista, Sweden.

9. Caruana, R. & Niculescu-Mizil, A. (2006). An empirical comparison of su-
pervised learning algorithms. In Proceedings of the 23rd international conference
on Machine learning. ACM, 161–168.

10. Coates, A. & Ng, A. Y. (2012). Learning Feature Representations with K-
Means. Springer Berlin Heidelberg, Berlin, Heidelberg. ISBN 978-3-642-35289-8,
561–580. doi:10.1007/978-3-642-35289-8 30.
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Time series modelling with MATLAB: the
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1 Abstract

SSpace is a powerful and flexible MATLAB toolbox that provides a number of
advanced and up-to-date routines designed for a general analysis of State Space
(SS) systems. The toolbox is rather different to other pieces of software, though
it takes ideas from many sources, like CAPTAIN [1], SSfPack [2, 3], E4 [4]
and others. A partial review of alternatives is available in volume 41, 2011 of the
Journal of Statistical Software [5].

Regarding statistical issues, the main properties of SSpace are:

1. The particular SS formulation implemented is very general at least in three
aspects: i) full multivariate linear and non-linear Gaussian models, and uni-
variate non-Gaussian models are implementable; ii) non-linear, time varying
or transfer function relations with inputs are possible; and iii) all system
matrices are potentially time-varying or state-dependent.

2. Three recursive algorithms are available, namely the Kalman Filter, Fixed
Interval Smoother and Disturbance Smoother. All three are implemented
with exact, diffuse or ad-hoc initialisation. Exact initialisation of non-linear
models is also implemeted following [6].

3. Whenever possible, SSpace automatically takes advantage of exact scores
in Maximum Likelihood estimation, otherwise a numerical approximation
is used. The user may choose numerical scores whenever he/she considers
appropriate.

4. Apart from Maximum Likelihood in time domain, other estimation pro-
cedures are implemented. At the moment the toolbox offers Concentrated
Likelihood and minimization of combinations of several steps ahead forecast
errors. More cost functions may appear in the future.

5. Univariate treatment of multivariate systems is possible via a particular
implementation of the Kalman filtering and smoothing algorithms due to
[3], pages 155-160.

6. Univariate and multivariate versions of Dynamic Harmonic Regression mod-
els are implemented. As long as the authors are concerned, this is the first
time that a multivariate Seemingly Unrelated Dynamic Harmonic Regres-
sion is used and implemented. Such a model is an extension of the univariate
Dynamic Harmonic Regression counterpart [7].
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2 Econometric modelling with MATLAB: the SSpace toolbox

In addition, SSpace is rather flexible and user friendly because:

– The general design of the toolbox is at the service of the final user because a
big programming effort has been done to make its usage as simple as possible.
A comprehensive time series analysis may be done with a reduced number of
functions that follows a simple and fixed structure easy to remember. Despite
this simplicity, it is possible to have full control over models, parameters and
specifications. For example, just one function (namely SSfilter) is used to fil-
ter any system, whether it is univariate, multivariate, time-varying, linear,
non-linear or non-gaussian. This is possible because the toolbox detects au-
tomatically the type of system and uses the appropriate algorithms without
any intervention from the user.

– Names of all functions have been chosen very carefully following nemotechnic
rules, so that the final user may remember them or may look for them easily.
There are three groups of functions:
• Core functions (named SS*) for setting up models and perform the basic

operations, like filtering, forecasting, smoothing, validating, etc.
• Template functions (Sample*) that allows the user to set up any model

either from scratch (from the low level State Space form) or from a
middle level, i.e. from typical model structures, like regression, transfer
functions, ARIMA, ExponenTial Smoothing, Unobserved Components,
etc.

• Other helpful functions for an easy handling of models, matrices, etc.
The most common are those for differencing time series, building fore-
cast confidence bands, constraining parameters, building semi-definite
covariance matrices, etc.

– Models are directly specified by the user in a user-coded function written
in plain MATLAB syntax. This approach has at least the following advan-
tages:
• The syntax to handle all time series rely on the coded function and

is fixed and independent of the type of system, i.e. the same syntax
applies to all system types and the same functions are used for system
operations. Internally such operations may be rather different, but no
extra intervention from the user is required.

• Templates are supplied to aid the user with building different types of
SS systems, that include a wide range of standard models. The catalog
may be modified or extended by the user.

• Additional templates are provided for performing important operations,
like concatenating and nesting SS systems or specifying systems with
time aggregation constraints.

• Absolute control over the systems is possible. For example, arbitrary
linear or non-linear parameter constraints of any kind may be imposed
upon the models, different specific parameterizations of the same model
are possible, non-standard features of the models may be added (like het-
eroskedasticity, time varying parameters, non linear eXogenous relations,
...), etc.
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MATLAB toolbox: SSpace 3

– Different optimisers may be used to estimate the models. The default option
is fminunc.m from the standard optimisation toolbox in MATLAB, but the
particular options to this funciton or other optimisation routins may be used
by editing the script optimizer.m.

The code is freely available on-line at https://bitbucket.org/predilab/

sspace-matlab/, together with a manual that helps the potential user to learn
how to use the toolbox step by step. The power of SSpace is demonstrated by
8 demos, some of them standard, but some others rather unusual.

References

1. Taylor, C., Pedregal, D.J., Young, P.C., Tych, W.: Environmental tiem series analy-
sis and forecasting with the Captain toolbox. Environmental Modelling & Software,
22, 797-814 (2007)

2. Koopman, S.J., Shephard, N., Doornik, J.A.: Statistical Algorithms for Models in
State Space Form: SsfPack 3.0. Timberlake Consultants Press (2008)

3. Durbin, J and Koopman, SJ: Time series analysis by state space methods. Oxford
University Press (2012)

4. Casals, J.M., Garcia-Hiernaux, A., Jerez, M., Sotoca, S., Trindade, A.A.: State-
Space Methods for Time Series Analysis: Theory, Applications and Software. Chap-
man and Hall/CRC (2016)

5. Commandeur, J.J.F., Koopman, S.J., Ooms, M.: Statistical Software for State Space
Methods. Journal of Statistical Software. 41 (2011)

6. Koopman, S.J., Lee, K.M.: Seasonality with trend and cycle interactions in un-
observed components models. Journal of the Royal Statistical Society C (Applied
Statistics). 58, 427–448 (2009)

7. Young, P.C., Pedregal, D.J., Tych, W.: Dynamic harmonic regression. Journal of
Forecasting. 18, 369–394 (1999)

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 996



Multivariate INAR processes - Periodic case
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Abstract. A multivariate integer-valued autoregressive model of order
one with periodic time-varying parameters, and driven by a periodic inno-
vations sequence of independent random vectors is established. The bino-
mial thinning operator replaces the scalar multiplication in the common
time series models. The matricial form of the multivariate model and
its basic statistical properties are defined. Emphasis is placed upon mod-
els with periodic multivariate negative binomial innovations. Aiming to
reduce computational burden arising from the use of the conditional max-
imum likelihood method a composite likelihood-based approach is adopted
and compared with other traditional competitors.

Keywords: Multivariate models, binomial thinning operator, compos-
ite likelihood

1 Introduction

Multivariate count data can occur in many fields. Special attention has been
devoted to bivariate integer-valued time series processes (e.g. Pedeli and Karlis
[6], [8]) based on the binomial thinning operator introduced by Steutal and van
Harn ([9]). The role of the innovations is significant since not only they determine
the joint distribution of the two series under consideration but also they form
the unique source of cross-correlation. The assumption of a bivariate negative
binomial distribution for the innovations allows for more flexibility than the
Poisson BINAR(1) model due to the involvement of the overdispersion parameter.

Within the reasonably large spectrum of integer-valued models proposed in
the literature only a few focus on the modeling of multivariate time series of
count data with periodic structure. Our interest in periodic integer-valued au-
toregressive models was primarily influenced by the work of Monteiro et al.
whose periodic univariate and bivariate INAR models were introduced in [4] and
in [5], respectively. We seek to extend INAR models to multi-dimensional space,
assuming periodic time-varying parameters and periodic sequences of innova-
tions. Apart from the general specification of such models, we also examined
their statistical properties and proposed alternative estimation techniques.
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2 Multivariate INAR processes - Periodic case

2 Periodic MINAR model of order one

Let {Xt} be a periodic m-variate integer-valued autoregressive process of first-
order defined by the recursion

Xt = At ◦Xt−1 + Zt, t ∈ Z, (1)

where Xt,Xt−1 and Zt are random ms-vectors with Xt = [X1,t X2,t · · · Xm,t]
′

for t = v + ns, v = 1, . . . , s and n ∈ N0, and Xj,t = [Xj,1+ns · · · Xj,s+ns]
′,

j = 1, . . . ,m. The ms-dimensional vector Zt = [Z1,t Z2,t · · · Zm,t]
′ constitutes

a periodic sequence of independent random vectors with

Zj,t = [Zj,1+ns Zj,2+ns · · · Zj,s+ns]′. (2)

The model in (1) will be referred to as the Periodic Multivariate INteger-valued
AutoRegressive model of order one (PMINAR(1) in short) with period s ∈ N. The
PMINAR(1) model admits the following matricial representation





X1,t

X2,t

...
Xm,t



 =





ϕ1,t 0 · · · 0
0 ϕ2,t · · · 0
...

...
. . .

...
0 0 · · · ϕm,t



 ◦





X1,t−1

X2,t−1

...
Xm,t−1



+





Z1,t

Z2,t

...
Zm,t



, (3)

where matrix At in (1) is a (ms×ms)-diagonal matrix, representing the periodic
integer-valued autoregressive coefficients in season v and ϕj,t = αj,v ∈ (0, 1) for
t = v + ns; v = 1, . . . , s;n ∈ N0 and j = 1, . . . ,m.

For each t, Zj,t is assumed to be independent of Xj,t−1 and ϕj,t ◦ Xj,t−1.
Note that the j-th component in (3) is

Xj,t = ϕj,t ◦Xj,t−1 + Zj,t, (4)

with ϕj,t ◦ Xj,t−1
d
=

Xj,t−1∑
r=1

Ur,t (ϕj,t), where {Ur,t(ϕj,t)}r∈N is a periodic se-

quence of i.i.d. Bernoulli-distributed random variables with probability of suc-
cess P (Ur,t (ϕj,t) = 1) = ϕj,t. Since the autocorrelation matrix At is diagonal,
the only source of dependence between the series X1,t, . . . ,Xm,t in (3) is given
through Zt. Therefore, the innovations will play a central role in the specification
of the PMINAR(1) process.

Due to the fact that t = v + ns, then Xj,t−s
d
= Xj,v+(n−1)s (v = 1, . . . , s),

meaning that the j-th component Xj,t in (4) can be expressed as

Xj,t = Aj ◦Xj,t−s +Bj ◦ Zj,t, (5)

where the (s× s)-matrices Aj and Bj (j = 1, . . . ,m) are given by

Aj =





0 · · · 0 αj,1

0 · · · 0 αj,2αj,1

0 · · · 0 αj,3αj,2αj,1

...
...

. . .
...

0 · · · 0
s−1∏
k=0

αj,s−k




(6)
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Multivariate INAR processes - Periodic case 3

and

Bj =





1 0 0 . . . 0
αj,2 1 0 . . . 0

αj,3αj,2 αj,3 1 . . . 0
...

...
...

. . .
...

s−2∏
k=0

αj,s−k

s−3∏
k=0

αj,s−k

s−4∏
k=0

αj,s−k . . . 1




, (7)

respectively, with coefficients αj,v ∈ (0, 1), j = 1, . . . ,m and v = 1, . . . , s. Taking
all m components, the PMINAR(1) model defined in (1) can be rewritten in the
form

Xt = Ã ◦Xt−s + B̃ ◦ Zt, (8)

The (ms×ms)-matrices Ã and B̃ in equation (8) are block-diagonal matrices,
that is

Ã = diag(A1, A2, . . . , Am) (9)

and
B̃ = diag(B1, B2, . . . , Bm) (10)

with matrices Aj and Bj (j = 1, . . . ,m) as in (6) and in (7), respectively. Gen-

erally, matrix Ã has entries ajik satisfying 0 ≤ ajik < 1 and matrix B̃ has entries

bjik satisfying 0 ≤ bjik ≤ 1 with i, k = 1, . . . ,ms and j = 1, . . . ,m. Furthermore,
it will be assumed that the innovations Zt have finite first- and second-order
moments taking the form

E[Zt] = E


Z1,t

Z2,t

...
Zm,t

 =


δ1,t
δ2,t

...
δm,t

 =: δt. (11)

The ms-mean vector δt with t = v + ns; v = 1, . . . , s and n ∈ N0 has m
(s× 1)-vectors, i.e.,

E[Zj,t] = δj,t =
[
λj,1 λj,2 . . . λj,s

]′
, (12)

for j = 1, . . . ,m. For a fixed v, each element in (12) is

E[Zj,v+ns] = λj,v. (13)

Turning to the variance-covariance matrix of Zt, it follows that

∑
Zt

=





V ar[Z1,t] Cov(Z1,t,Z2,t) · · · Cov(Z1,t,Zm,t)

V ar[Z2,t] · · · Cov(Z2,t,Zm,t)

.
.
.

.

.

.

V ar[Zm,t]



 =





ψ11,t ψ12,t . . . ψ1m,t

ψ22,t . . . ψ2m,t

.
.
.

.

.

.

ψmm,t



 =: ψt,

(14)
where ψjk,t (j, k = 1, . . . ,m; t = v+ns; v = 1, . . . , s;n ∈ N0) are (s×s)- diagonal
matrices of the form

ψjk,t = diag(σjk,1, . . . , σjk,s), (15)
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4 Multivariate INAR processes - Periodic case

and for a fixed v, each element of the diagonal in matrix (15) is given by

σjk,v = Cov(Zj,v+ns, Zk,v+ns). (16)

2.1 Strictly periodically stationary distribution

Let PMINAR(1) be the process in (8). The existence of a periodically stationary

solution to (8) depends on the largest eigenvalue of the non-negative matrix Ã
in (9), whose coefficients αj,v ∈ (0, 1) for all components.

Lemma 1 For a fixed v (v = 1, . . . , s), αj,v ∈ (0, 1) where j = 1, . . . ,m and for
t = v + ns, 0 < P (Zt = 0) < 1. Furthermore, any solution to {Xt}, t = v + ns
and n ∈ N0 in (8) is an irreducible and aperiodic Markov chain.

The main result of this subsection is formalized through the theorem below.

Theorem 1 For a fixed v (v = 1, . . . , s), let {Xt} with t = v + ns and n ∈ N0

as in (8) be an irreducible, aperiodic Markov chain on Nm0 . If E||Zt|| < +∞
and if the largest eigenvalue of Ã is less than one, then there exists a strictly
periodically stationary (or cyclostationary) m-variate INAR(1) process satisfying
recursion (8).

Proof. From Lemma 1, {Xt} with t = v + ns and fixed v = 1, . . . , s is an

irreducible and aperiodic Markov chain being the eigenvalues of matrix Ã are less
than one. Thus by Franke and Subba Rao ([2]) a strictly periodically stationary
m-variate non-negative integer-valued process satisfying the equation (8) exists.

The PMINAR(1) model in (8) can be expressed as

Xt = Ã ◦Xt−s +Rt, (17)

where Rt = B̃ ◦ Zt with matrix B̃ in (10).

2.2 Mean vector of cyclostationary PMINAR(1)

In this subsection we obtain the periodic mean and autocovariance function of
the PMINAR(1) model. First note that the expectation of Rt is

E[Rt] = E[B̃ ◦ Zt] = B̃E[Zt] = B̃δt (18)

with matrices B̃ and δt as in (10) and (11), respectively. Furthermore, for each
component j = 1, . . . ,m, the mean vector of Rj,t takes the form

E[Rj,t] =



λj,1

λj,1αj,2 + λj,2

λj,1αj,3αj,2 + λj,2αj,3 + λj,3

...

λj,1

s−2∏
k=0

αj,s−k + λj,2

s−3∏
k=0

αj,s−k + · · ·+ λj,s−1αj,s + λj,s


.
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Multivariate INAR processes - Periodic case 5

Moreover,

µt = E[Xt] = E[Ã ◦Xt−s +Rt] = (I − Ã)−1B̃δt (19)

with matrices Ã and B̃, and vector δt as in (9), (10) and (11), respectively. Note
that the ms-dimensional mean vector µt for t = v+ns; v = 1, . . . , s and n ∈ N0

in (19) takes the form µt =
[
µ1,t µ2,t . . . µm,t

]′
.

For each j = 1, . . . ,m and l ≥ i, let

φ
(j)
l,i =






i−1∏
k=0

αj,l−k, i ≥ 1

1, i = 0
. (20)

It follows by tedious (although straightforward) calculations that for a fixed
v and j, each entry in µj,t = [E(Xj,1+ns) E(Xj,2+ns) · · ·E(Xj,s+ns)]

′ is given
by

E(Xj,v+ns) =

v−1∑
k=0

φ
(j)
v,kλj,v−k + φ

(j)
v,v

s−(v+1)∑
i=0

φ
(j)
s,iλj,s−i

1− φ
(j)
s,s

, (21)

for j = 1, . . . ,m; t = v+ ns; v = 1, . . . , s and n ∈ N0. We adopt the convention
s−(s+1)∑
i=0

φ
(j)
s,iλj,s−i = 0.

2.3 Variance-covariance matrix

To derive the variance-covariance matrix of {Xt} we start by calculation the
variance-covariance matrix,

∑
Rt

, of {Rt}. To this extent note that,
∑

Rt

= B̃
∑

Zt

B̃
′
+ diag(Qδt) = B̃ψtB̃

′
+ diag(Qδt)

with matrices B̃, δt and ψt in (10), (11) and (14), respectively. Moreover the

(ms ×ms)-matrix Q = B̃(I − B̃) has entries [qjik] = [bjik(1 − bjik)]i,k=1,...,ms for

j = 1, . . . ,m, being bjik the elements of matrix B̃ in (10). Thus, matrix Q is also
block-diagonal with m (s× s)-matrices Qj .

For simplicity in notation we define

∑
Xt

=:





∑
1,1

∑
1,2 . . .

∑
1,m∑

2,2 . . .
∑

2,m

. . .
...∑
m,m



 .

Note that

∑
j,j

=


V ar[Xj,1+ns] Cov(Xj,1+ns, Xj,2+ns) . . . Cov(Xj,1+ns, Xj,s+ns)

V ar[Xj,2+ns] . . . Cov(Xj,2+ns, Xj,s+ns)

. . .
...

V ar[Xj,s+ns]
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6 Multivariate INAR processes - Periodic case

with diagonal elements

V ar[Xj,v+ns] =
g(φ, λ)

1−
(
φ
(j)
s,s

)2 , (22)

where

g(φ, λ) :=

v−1∑

k=0

φ(j)
s,sφ

(j)
v,kλj,v−k + φ

(j)
v,k

(
1− φ

(j)
v,k

)
λj,v−k +

(
φ
(j)
v,k

)2
σ2
j,v−k +

+

s−(v+1)∑

m=0

φ(j)
s,sφ

(j)
v,vφ

(j)
s,mλj,s−m + φ(j)

v,vφ
(j)
s,m

(
1− φ(j)

v,vφ
(j)
s,m

)
λj,s−m +

+

s−(v+1)∑

m=0

(
φ(j)
v,vφ

(j)
s,m

)2
σ2
j,s−k,

for a fixed v (v = 1, . . . , s) and off-diagonal elements

Cov(Xj,v+ns, Xj,v+ns+l) = φ
(j)
v+l,lV ar[Xj,v+ns]. (23)

2.4 PMINAR(1) process with MVNB Innovations

In this subsection we derive the first- and second-order moment structure of the
PMINAR(1) process driven by periodic multivariate negative binomial (MVBN)
innovations. Hence, the joint probability mass function

h(z1, . . . , zm) = P (Z1,v+ns = z1, . . . , Zm,v+ns = zm) =

=
Γ
(
β−1
v +

∑m
j=1

zj

)

Γ (β−1
v )

(
β−1
v

β−1
v +

∑m
j=1

λj,v

)β−1

v



β−1
v +

m∑

j=1

λj,v




−

∑m
j=1

zj

·

·
m∏

j=1

λ
zj
j,v

zj !
, (z1, . . . , zm) ∈ Nm0 . (24)

Notice the marginal distribution of Zj,t is univariate negative binomial with
parameters β−1

v and pj,v (j = 1, . . . ,m; v = 1, . . . , s) with

pj,v =
β−1
v

λj,v + β−1
v

. (25)

The innovation process {Zt}, t = v+ns; v = 1, . . . , s and n ∈ N0 is generally
defined as a periodic sequence of independent random vectors with mean as in
(11) and variance-covariance matrix as in (14), respectively. Thus,

λj,v = E[Zj,v+ns] = β−1
v

1− pj,v
pj,v

, (26)

σ2
j,v = V ar[Zj,v+ns] = β−1

v

1− pj,v
p2j,v

= λj,v(1 + βvλj,v), (27)

σjk,v = Cov(Zj,v+ns, Zk,v+ns) = βvλj,vλk,v, (28)
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Multivariate INAR processes - Periodic case 7

for a fixed v (v = 1, . . . , s), j ̸= k; j, k = 1, . . . ,m. Note that V ar[Zj,v+ns] >
E[Zj,v+ns]. Thus, the first-order moment and the auto- and cross-covariance
structure PMINAR(1) process are obtained from (21), (22) and (23) by plugging-
in the values of λj,v, σ

2
j,v and σjk,v as in (26)-(28).

3 Parameter estimation

Consider a finite time series {Xj,ts} with 1 ≤ t ≤ N, j = 1, . . . ,m (N -number
of complete cycles) from the PMINAR(1) model in (17) with MVNB innovations.
Without loss of generality it will be assumed that X0 = x0. The vector of
unknown parameters θ is a (2m+ 1)s-dimensional vector

θ := (α1, . . . ,αm,λ1, . . . ,λm,β) (29)

with s-vectors (j = 1, . . . ,m):

αj = (αj,1, . . . , αj,s) ; λj = (λj,1, . . . , λj,s) ; β = (β1, . . . , βs). (30)

In order to estimate the unknown parameters in θ, three estimation meth-
ods are proposed, namely: Yule-Walker, conditional maximum likelihood and
composite likelihood.

3.1 Yule-Walker estimation

The YW estimator of θ, θ̂YW := (α̂YW1 , . . . , α̂YWm , λ̂YW1 , . . . , λ̂YWm , β̂YW ) are
calculated as follows: first, the YW estimators of parameters λj are calculated
through the solution of the system of s linear equations yielding

λ̂YWj,v =






Xj,v − α̂YWj,v Xj,s , v = 1

Xj,v − α̂YWj,v Xj,v−1 , v = 2, 3, . . . , s
, (31)

where Xj,v = 1

N

N−1∑
n=0

Xj,v+ns, j = 1, . . . ,m, is the sample mean. The YW esti-

mators of parameters αj are given by

α̂YWj,v =






S2

j,v

S2

j,s
, v = 1

γj,v−1(1)

S2

j,v−1

, v = 2, 3, . . . , s

, (32)

where S2
j,v is the sample variance and γj,v(1) (j = 1, . . . ,m) is defined as

γj,v(1) = Cov(Xj,v+ns, Xj,v+1+ns) =

=






1

N−1

N−1∑
n=0

(Xj,v+ns −Xj,v)(Xj,v+1+ns −Xj,v+1) , v = 1, . . . , s− 1

1

N−1

N−1∑
n=0

(Xj,v+ns −Xj,v)(Xj,1+(n+1)s −X
∗
j,1) , v = s

,
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8 Multivariate INAR processes - Periodic case

with X
∗
j,1 = 1

N

N∑
n=0

Xj,1+ns. Finally, the YW estimator of βv is

β̂YWv =

(
1− φ̂

(j)
s,sφ̂

(k)
s,s

)
γjk,v(0)

v−1∑
i=0

φ̂
(j)
v,i φ̂

(k)
v,i λ̂j,v−iλ̂k,v−i + φ̂

(j)
v,vφ̂

(k)
v,v

s−(v+1)∑
i=0

φ̂
(j)
s,i φ̂

(k)
s,i λ̂j,s−iλ̂k,s−i

, (33)

for v = 1, . . . , s and j, k = 1, . . . ,m (j ̸= k).

3.2 Conditional maximum likelihood estimation

In order to obtain the CML estimator θ̂CML of θ we proceed as follows. First
note that the transition probabilities for the PMINAR(1) model can be expressed as
the convolution of m binomials with parameters (xj,v−1+ns, αj,v) for v = 1, . . . , s
with probability mass function

fj(rj) = Cxj,v−1+ns
rj α

rj
j,v(1− αj,v)

xj,v−1+ns−rj , j = 1, . . . ,m, (34)

and the periodic discrete m-variate distribution defined as in (24). Thus, the
conditional density is the multiple sum

pv(xv+ns|xv−1+ns) = P (Xv+ns = xv+ns|Xv−1+ns = xv−1+ns) =

=

g1∑

r1=0

g2∑

r2=0

. . .

gm∑

rm=0




m∏

j=1

fj(rj)



h(x1,v+ns − r1, . . . , xm,v+ns − rm) (35)

with gj := min(xj,v−1+ns, xj,v+ns). Hence, the CML estimator is obtained by
maximizing the conditional log-likelihood C(θ) = ln(L(θ|x)). Explicit CML
estimators are not available so numerical procedures have to be employed. The
asymptotic properties of θ̂CML are given through the following result.

Theorem 2 The conditional maximum likelihood estimator θ̂CML of θ is
asymptotically normal

√
N(θ̂CML − θ) d→ N(0, I−1(θ))

where I(θ) represents the Fisher information matrix, i.e., I = diag(M1, . . . ,Ms)
with matrices Mv (v = 1, . . . , s) given by

(−1)×





E
[
∂2C(θ)
∂α2

1,v

]
· · · E

[
∂2C(θ)

∂α1,v∂αm,v

]
E
[

∂2C(θ)
∂α1,v∂λ1,v

]
· · · E

[
∂2C(θ)

∂α1,v∂λm,v

]
E
[
∂2C(θ)
∂α1,v∂βv

]

...
. . .

...
...

...
...

...

E
[

∂2C(θ)
∂αm,v∂α1,v

]
· · · E

[
∂2C(θ)
∂α2

m,v

]
E
[

∂2C(θ)
∂αm,v∂λ1,v

]
· · · E

[
∂2C(θ)

∂αm,v∂λm,v

]
E
[

∂2C(θ)
∂αm,v∂βv

]

E
[

∂2C(θ)
∂λ1,v∂α1,v

]
· · · E

[
∂2C(θ)

∂λ1,v∂αm,v

]
E
[
∂2C(θ)
∂λ2

1,v

]
· · · E

[
∂2C(θ)

∂λ1,v∂λm,v

]
E
[
∂2C(θ)
∂λ1,v∂βv

]

...
...

...
...

. . .
...

...

E
[

∂2C(θ)
∂λm,v∂α1,v

]
· · · E

[
∂2C(θ)

∂λm,v∂αm,v

]
E
[

∂2C(θ)
∂λm,v∂λ1,v

]
· · · E

[
∂2C(θ)
∂λ2

m,v

]
E
[

∂2C(θ)
∂λm,v∂βv

]

E
[
∂2C(θ)
∂βv∂α1,v

]
· · · E

[
∂2C(θ)

∂βv∂αm,v

]
E
[
∂2C(θ)
∂βv∂λ1,v

]
· · · E

[
∂2C(θ)

∂βv∂λm,v

]
E
[
∂2C(θ)
∂β2

v

]





.
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Proof. This result is a particular case of Theorem 2.2 in [1]. For each v (v =
1, . . . , s), pv(·|·) is the transition probabilities in (35) of the PMINAR(1) model,
therefore the regularity conditions in Billingsley’s Theorem 2.2 are satisfied.

3.3 Composite likelihood estimation

For periodic multivariate processes, the number of parameters can be quite large
due to season v (v = 1, . . . , s) with s representing the period. Computational is-
sues often arise when applying the conditional maximum likelihood approach,
the complexity of the method augments with dimensional increase. Composite
likelihood inherits many of the good properties of inference based on the full like-
lihood function, but is more easily implemented with high-dimensional data sets.
These methods based on optimizing sums of log-likelihoods of low-dimensional
margins have become popular in recent years (e.g. [7]); being useful for multivari-
ate models in which the likelihood of multivariate data is very time-consuming.
The methodology has drawn considerable attention in a broad range of applied
disciplines in which complex data structures arise (e.g. [10]).

Note that the bivariate marginal log-likelihood function between two random
elements, say Xa and Xb, can be defined as

lab(θ;xa,xb) =
1

Ns

N−1∑

n=0

s∑

v=1

logfXa,Xb
(xa,v+ns, xb,v+ns|xa,v−1+ns, xb,v−1+ns;θ),

(36)
where

fXa,Xb
(xa,v+ns, xb,v+ns|xa,v−1+ns, xb,v−1+ns;θ) =

=

g1∑

ka=0

g2∑

kb=0

(
xa,v−1+ns

xa,v+ns − ka

)
αxa,v+ns−ka
a,v (1− αa,v)

xa,v−1+ns−xa,v+ns+ka ·

·
(

xb,v−1+ns

xb,v+ns − ka

)
α
xb,v+ns−kb
b,v (1− αb,v)

xb,v−1+ns−xb,v+ns+kb · hRa,Rb
(ka, kb)

for g1 = min(xa,v+ns, xa,v−1+ns) and g2 = min(xb,v+ns, xb,v−1+ns). The bivari-
ate function hRa,Rb

(ka, kb) represents the bivariate marginal probability density
with bivariate negative binomial innovations being a particular case (m = 2) of
the multivariate negative binomial distribution in (24).

The composite log-likelihood function, cl(θ;xa,xb), then arises as the sum
of all bivariate log-likelihood functions, i.e.,

cl(θ;xa,xb) =
m−1∑

a=1

m∑

b=a+1

wab lab(θ;xa,xb), (37)

where wab is a constant weight for lab. For sake of simplicity, it is common to
set wab = 1, 1 ≤ a ≤ b ≤ m (e.g. [3]).
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10 Multivariate INAR processes - Periodic case

4 Simulation study

The performance of the three estimation methods of the PMINAR(1) model driven
by multivariate negative binomial innovations is compared through a simula-
tion experiment for m = 3 (trivariate). We have set period s = 4 therefore
θ := (α1,α2,α3,λ1,λ2,λ3,β). This study contemplates the following set of
parameters: α1 = (0.53, 0.75, 0.62, 0.83), α2 = (0.72, 0.85, 0.56, 0.91), α3 =
(0.83, 0.60, 0.41, 0.58) and λ1 = (4, 2, 3, 5), λ2 = (5, 3, 1.2, 2), λ3 = (3, 1.6, 2, 4)
and β = (1.6, 0.9, 1.8, 1.2). Three alternative samples sizes where considered:
n = 400, 1000, 2000. Thus n = sN , N = 100, 250, 500 complete cycles. For each
experiment we conducted 200 independent replications.

Comparison of the YW, CML and CL estimators was made in terms of the
mean square error and the biases of the produced estimates. Table 1 reports
the estimates for autocorrelation parameters αj (j = 1, 2, 3), where small MSE
characterize all estimates of (α1,α2,α3).

Table 1. YW, CML and CL estimates for αj = (αj,1, αj,2, αj,3, αj,4) with j = 1, 2, 3.
Mean square error in parenthesis.

n =400 n =1000 n =2000
YW CML CL YW CML CL YW CML CL

α̂1,1 0.521 0.531 0.531 0.528 0.531 0.531 0.528 0.529 0.529
(0.0018) (5.1×10−7) (0.0002) (0.0001) (0.00002) (0.00004) (0.0001) (0.00002) (0.00003)

α̂1,2 0.746 0.752 0.751 0.750 0.751 0.751 0.752 0.749 0.748
(0.0001) (0.00005) (0.0008) (0.0006) (0.0009) (0.0009) (0.0001) (0.00002) (0.00003)

α̂1,3 0.608 0.618 0.617 0.617 0.621 0.620 0.615 0.620 0.619
(0.0004) (0.0026) (0.00002) (0.0074) (0.0011) (0.0013) (0.0005) (0.00006) (0.00006)

α̂1,4 0.789 0.833 0.832 0.826 0.830 0.830 0.825 0.830 0.830
(0.0111) (0.0007) (0.0006) (0.0020) (0.00002) (0.00001) (0.0011) (0.00007) (0.00006)

α̂2,1 0.717 0.718 0.717 0.739 0.719 0.719 0.740 0.720 0.720
(0.0027) (0.00002) (0.0038) (0.0001) (0.00003) (0.00002) (0.0010) (7.5×10−6) (0.00006)

α̂2,2 0.845 0.854 0.852 0.845 0.851 0.851 0.849 0.851 0.850
(0.0001) (0.0008) (0.00003) (0.0002) (0.00002) (0.00002) (0.0004) (0.00003) (0.00003)

α̂2,3 0.552 0.559 0.560 0.559 0.559 0.559 0.561 0.560 0.560
(0.0002) (0.0025) (0.00009) (0.0006) (0.00007) (0.00007) (0.0002) (0.00004) (0.00002)

α̂2,4 0.894 0.910 0.910 0.910 0.910 0.911 0.906 0.909 0.910
(0.0105) (0.0001) (0.0002) (0.0003) (0.0003) (0.0003) (0.0001) (0.00001) (0.00002)

α̂3,1 0.823 0.832 0.832 0.832 0.831 0.831 0.830 0.830 0.830
(0.0071) (0.0005) (0.0013) (0.0001) (0.00006) (0.0001) (0.0003) (0.00001) (0.00003)

α̂3,2 0.596 0.603 0.603 0.601 0.600 0.600 0.599 0.601 0.602
(0.0011) (0.0008) (0.0020) (0.0020) (0.00002) (0.0004) (0.0001) (0.0003) (0.0004)

α̂3,3 0.391 0.411 0.410 0.411 0.409 0.409 0.407 0.411 0.411
(0.0002) (0.0001) (0.0009) (0.0004) (0.0037) (0.0040) (0.0001) (8.2×10−6) (0.00002)

α̂3,4 0.545 0.587 0.588 0.566 0.580 0.580 0.578 0.580 0.580
(0.0002) (0.0020) (0.0046) (0.0155) (0.0003) (0.0003) (0.0028) (0.0027) (0.0028)

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1006



Multivariate INAR processes - Periodic case 11

The tendency of the YW method to produce inadmissible estimates was
greater for smaller sample sizes. YW estimates were used as initial values in
numerical routines for the optimization procedure of CML and CL methods.
The performance of the estimators λ̂j (j = 1, 2, 3) and estimator β̂ (not shown
here) is slightly worse. The estimates obtained by adopting either the CML or
the CL method are very close to the real parameter values, even in the case of
a moderate sample size (n = 400). For larger samples (n = 1000, 2000), both
estimators seem to perform well and in a similar way.

Graphical inspection is provided through the boxplots of the biases of the
produced estimates. Fig. 1 displays the boxplots of the biases of the estimates
for β = (β1, β2, β3, β4), the dispersion parameter, where the effect of sample
size on the behavior of the estimators can be seen. As expected, increasing the
sample size improves the performance of all estimators in terms of both location
(median closer to zero) and dispersion (narrower interquartile ranges). Small and
not definite differences are observed between CML and CL methods, regarding
both location and dispersion. Therefore, this indicates the superiority of CML
and CL estimators over the YW estimator.

Fig. 1. Boxplots for the biases of the YW, CML and CL estimates of the parameter
β = (β1, β2, β3, β4). From left to right, the first three boxplots display the biases of β̂1

for the three methods with n = 400, 1000, 2000. The same information follows for β̂2,
β̂3 and β̂4, respectively.
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Extended Abstract 
This paper examines whether S&P 500 index option prices are affected by feedback trading. Our testing 
framework is a heterogeneous agent’s option pricing model, where agents differ in their level of rationality. 
Hence, they form different beliefs about the future level of market volatility, and trade options accordingly. We 
introduce feedback traders, who incorporate noisy signals into their volatility beliefs. We find that feedback 
trading appears to be an important determinant of index option prices. In addition, we find that feedback trading 
partly explains the term structure of the index option smile, because it primarily affects short-term options.  
 
We assume that traders in the options market can be classified into three different groups that have different 
expectations about the future evolution of index volatility: fundamentalists, who trade on the principle of mean 
reversion; chartists, who trade on exogenous shocks; and feedback traders, who trade on noisy signals from the 
mutual fund market. Typically, stochastic volatility option pricing models are implanted using Monte Carlo 
simulation techniques. We propose a new method to calibrate the model based on the Filtered Historical 
Simulation approach. We make use of the fact that we can match the average fund flows – our indicator for 
noise trader sentiment’ – with the standardized residuals for all days that we use to estimate the empirical 
distribution. Therefore, in the calibration of the models by sampling from the empirical distribution, we obtain 
not only the historical standardized residual, but pairs of the news innovations and the noise signals. The method 
has the implicit advantage that we pick up the exact historical correlation between returns and fund flows 
without the need to explicitly model them as a separate process. 
 
In our empirical application, we calibrate all models on each Wednesday of the years 2005, 2006 and 2007, and 
calculate the RMSE’s in-sample as well for one week out-of-sample. We find that calibrating the model with a 
nonparametric innovation distribution compared to standard Monte Carlo techniques results in slightly lower 
pricing errors. When we incorporate noise trading in the pricing model, we recognize that chartists and noise 
traders incorporate their information into their beliefs about volatility in a similar way. They expect volatility to 
go down for good news (positive returns or fund flows) and to go up for bad news (negative returns or fund 
flows). However, once we include noise traders’ trades, in-sample as well as out-of-sample pricing errors of the 
models are reduced. Given that we only make minor modifications to the specifications, the differences are 
sizeable. Results further suggest that on average 25% of traders follow a fundamentalist strategy, 19% a chartists 
strategy and, as a result, about 56% a noise traders strategy. Additionally, noise traders react more strongly to 
fund flows for shorter maturities compared to longer maturities, but long-term investors are more sensitive to 
differences in forecasting performance between the chartists and noise trader strategies compared to short-term 
traders. 
 
Hence, we present an interesting alternative to the well-known Monte Carlo simulation techniques and 
investigate the benefits in an option pricing exercise. We show that noise trader risk is an important determinant 
of prices and that noise trading can partly explain the volatility dynamics underlying option prices. 
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Simulations. 
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Abstract (300 word limit) 

     Studying the emergence and disappearance of magnetic 

features on the solar surface is controversial. Two 

approaches were introduced to investigate the evolution of 

photospheric features. One way is magnetohydrodynamics, 

and the other is statistical analyses. The complexity of this 

system with lots of features proposes the statistical way 

can be adopted to carry out this kind of nonlinear systems.  

      The solar photosphere is the origin of magnetic 

elements observed in the visible and UV wavelengths. 

Using Helioseismic and Magnetic Imager (HMI) on board 

Solar Dynamic Observatory (SDO) telescope, the magnetic 

field of photosphere is measured in line-of-sight. Magnetic 

elements (patches) can be appeared on magnetograms. 

The code Yet Another Feature Tracking Algorithm (YAFTA). 

First, an area 400"×400" was picked up to study the 

magnetic characteristics over the year 2011. The 

correlation between filling factors of negative and positive 

polarities is 0.51. The relationship between the size [S] and 

flux [F] of elements has a power-law behavior as S   F 0.69. 

Next, the area 100"×100" is selected from solar equatorial 

region to track patches in the quiet-Sun over three days 

with time lags of 45 seconds. It was included 5750 

sequential frames to investigate lifetime of elements and 

its relationship with the flux and size. The code YAFTA 

detected 22,526 patches survived for more than one 

frame. More than about 95% of the magnetic features have 

lifetimes less than 100 minutes, and approximately 0.05% 

of the detected features had lifetimes of more than 6 hours 

with maximum lifetimes of 15 hours.  

     The relationships between S, lifetime [T], and F for 

patches bring in power-law behaviors as S   T 0.25 and F   

T 0.38, respectively. The DFA analysis suggests there is 

long-range memories in the system of patches which can 

give an information about the conditions govern on patches.  

Image 
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Abstract. This paper presents a new method for the robust estima-
tion of the sample cross-covariance and cross-correlation functions in the
presence of additive outliers. This robust methodology is achieved by
replacing the standard Fourier transform with its robust version, i.,e,
obtained by substituting the least square procedure in the harmonic re-
gression by the non-linear 𝑀 -regression. Simulation experiments are con-
ducted to assess the performance of the estimators under contaminated
and non-contaminated scenarios.

Keywords: Cross-covariance function, additive outliers, 𝑀 -cross-periodogram,
estimation

In the time series literature, it is well-known outliers can lead to the complete
destruction of the correlation structure and, thus, leading to the misspecification
of the model and wrong conclusions. This issue is found for univariate and mul-
tivariate time series. However, as pointed by [1], most of the outliers studies are
devoted only to the univariate time series or to the multivariate time uncorre-
lated processes. As tangible evidence, the autocorrelation and cross-correlation
functions, for univariate and multivariate time series, respectively, are entirely
destroyed by additive outliers, see, for example, [2, 3] and the references therein.

In order to address this issue, [4] studied the impact of additive outliers on the
autocovariance and autocorrelation matrix function and proposed a multivariate
robust estimation procedure for these functions as a way to mitigate the effects
of outlying observations. The proposed estimators are based on the univariate
case proposed by [5] which make use of the 𝑄𝑛 scale estimator proposed by [6]
and further studied by [7].

The robust autocovariance functions of [5] and [4] are not positive definite.
Therefore, considering a different approach, [8] proposed new estimators for the
sample autocovariance and autocorrelation functions of univariate time series.
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These estimators are based on the robust 𝑀 -periodogram studied in [9] for short
and long-memory processes.

Therefore, in this paper, we extend to multivariate stationary time series the
robust estimator of the autocovariance and the autocorrelation functions pro-
posed by [8] for univariate stationary time series from the frequency domain. The
robust sample estimators are obtained from the robust 𝑀 -cross-periodogram.
That is, the robust 𝑀 -cross-periodogram is achieved calculating the Fourier co-
efficients from the robust 𝑀 -regression. Then, the multivariate ACOVF and ACF
are obtained from an inverse procedure to diagonalize the matrix containing the
robustly estimated multivariate spectral density.
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It is particularly important that obtain and diagnosis crop growing, nitrogen 

nutrition status real-timely, fast and non-destructively through informatization 

technology. This experiments were carried out at Jiangsu Provincial Academy of 

Agricultural Experimental Farm from 2014 to 2016, the field experiments for varieties 

and fertilizer were set up. Using of Crop Scan MS16R, and ASD Field Spec 

Hand-Held, the spectrum reflectance for various rapeseed growth period was 

measured. Through rapeseed spectral information, physiological and biochemical 

indices and statistical analysis, the relationships between the spectral reflectance 

characteristics and the leaf nitrogen contents for rape seedlings under the various 

cultivars and nitrogen levels had been cleared, the sensitive spectral bands in rape 

seedlings leaf nitrogen content were found, and the rapeseed monitoring model of leaf 

nitrogen content for rapeseed seedlings were constructed based on spectrum. This 

provided a theoretical basis and technical support for the use of remote sensing 

technology in rapeseed nitrogen application, nondestructive sensing monitoring for 

leaf nitrogen, and fertilizer recommendation suitability, etc. The results were as 

follows: 

1. Changes in the spectral reflectance from transplanting to flowering stage for 

rapeseed gradually decreased in the visible range, while gradually increased in the 

near infrared region; However, after flowering, canopy spectral reflectance increased 

gradually with the development of postponement in the visible range, but gradually 

reduced in the near infrared region. 

2. Rapeseed spectral reflectance had significant differences under different 

nitrogen levels, and three rape varieties had similar trend, especially in the 
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near-infrared region. The increased nitrogen levels improved spectral reflectance in 

the near-infrared region, but in the visible place, increased nitrogen levels reduced 

spectral reflectance. 

3. Between the varieties of rapeseed, changes in rapeseed canopy spectral 

reflectance curves were the same. But there were some differences in canopy 

spectrum reflectance between varieties of rapeseed. It may be due to the different crop 

varieties, effect of background soil and weed coverage. There are some differences in 

the whole growth process, even under the same conditions of field management, 

resulting in the difference between the spectra of different varieties. 

4.  At 870nm and 1320 nm bands there were a very significant correlation on 

spectral reflectance and leaf nitrogen content in seedling phase .The coefficient of 

determination R2 was 0.651 and 0.670. Through single-band linear and nonlinear 

regression analysis, the coefficient of determination presented regularity of the 

regression equation corresponding to each band, That was that: 

R2
Polynomial >R2

Logarithm >R2
Linear >R2

Exponentiation >R2
Index .R870 and R1320. The 

corresponding to the polynomial regression equation between the single band 

reflectance and rape leaf nitrogen content, R2 reached to 0.73 and 0.795, so it can be 

used to characterize the quantitative relationship between 870nm and 1320 nm bands. 

KEY WORDS: Rapeseed; Nitrogen; Spectrum; Changes; Vegetation indices 
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Abstract. Applications of the deep-learning algorithm have led to improvement and been a breakthrough of conventional 

issues. A number of deep-learning algorithms has been applied for modeling and forecasting time-series. It is still 

questionable in the amount of improvement from the deep-learning algorithm in time-series forecast, especially to the 

application of the deep-learning algorithm in time series of hydrological variables. The forecast of the hydrological 

variable series is a recurrent challenge in the hydrological field due to complexity of their generating mechanism. 

Particularly, seasonality and non-linear characteristics in the time series data make the forecasting difficult. In the 

hydrological variable series forecasting, the deep-learning algorithm is needed to be compared with the conventional 

time series model such as seasonal autoregressive integrated moving average (SARIMA), artificial neural network 

(ANN), and artificial neuro-fuzzy inference system (ANFIS) models. Thus, in this study, prediction power of the deep-

learning algorithm was investigated and compared with the other conventional models. Monthly reservoir inflow series 

of three dams in South Korea were used for the modeling. The long-short term memory (LSTM) network model was 

applied as the deep-learning algorithm. For the conventional time series models, SARIMA, ANN, and ANFIS models 

were applied. For one-month ahead forecast, the LSTM network model outperformed other employed conventional time 

series models. The ANN and ANFIS models led to lower correlation coefficients than one of SARIMA. For the very 

long-term forecast, that more than three months, the LSTM network led to better prediction power than others although 

the prediction power is not good. 

 

Keywords: Reservoir inflow forecasting, Deep-learning algorithm, Long-Short term memory network. 

1 Introduction 

Many deep-learning algorithms have been applied for modeling and forecasting time-series. It is still questionable in the 

amount of improvement from the deep-learning algorithm in time-series fore-cast, especially to the application of the deep-

learning algorithm in time series of hydrological variables. The forecast of the hydrological variable series is a recurrent 

challenge in the hydrological field due to complexity of their generating mechanism. Particularly, seasonality and non-

linear characteristics in the time series data make the forecasting difficult. In the hydrological variable series fore-casting, 

the deep-learning algorithm is needed to be compared with the conventional time series model such as seasonal 

autoregressive integrated moving aver-age (SARIMA), artificial neural network (ANN), and artificial neuro-fuzzy 

inference system (ANFIS) models. Thus, in this study, prediction power of the deep-learning algorithm was investigated 

and compared with the other conventional models. Monthly reservoir inflow series of three dams in South Korea were used 

for the modeling. The long-short term memory (LSTM) network model was applied as the deep-learning algorithm. For 

the conventional time series models, SARIMA, ANN, and ANFIS models were applied. 

 

2 Methods 

2.1 Long-short term memory network 

The LSTM is a special kind of recurrent neural network (RNN). The RNN has connections between neurons and form a 

directed cycle. This network structure makes an internal self-looped cell that allows to present dynamic temporal behavior. 

A RNN composed of LSTM units is called an LSTM network. A common LSTM unit consists of a cell, an input gate, an 

output gate and a forget gate. The cell represents amounts or values of memory over arbitrary time intervals. Thus, in the 

LSTM, each of the three gates can be thought of as a "conventional" artificial neuron. The LSTM often provides good 

performance for classification and prediction in time series modeling because of structure of the LSTM,. 
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2.2 Seasonal Autoregressive Integrated Moving Average 

The Box-Jenkins approach using the Autoregressive Integrated Moving Average (ARIMA) family of models is widely 

employed to forecast future values based on an observed time series. The ARIMA model parsimoniously interprets a 

stochastic process with autoregressive (AR) and moving average (MA) operators. If there is seasonality in the time series, 

the SARIMA model is more useful for modeling as it considers seasonality through a differencing procedure [1]. 

 

2.3 Artificial Neural Network 

The ANN model is one of the machine learning techniques that is designed to mimic the structure of the brain. It has been 

widely applied in hydrology to improve the predictability of future hydrologic variables because it considers both linear 

and nonlinear structures. In general, the ANN model is comprised of three layers (input, hidden, and output) and each layer 

has nodes like the neurons in the brain. The nodes contain activation functions that are connected to each other with weight 

parameters. The weight parameters indicate the strength of the connections between the nodes. 

 

2.4 Artificial Neuro-Fuzzy Inference System 

The ANFIS model is a multilayer feed-forward network that combines the ANN model and fuzzy logic based on the 

Takagi–Sugeno fuzzy inference system [2]. It is a powerful tool for hydrological forecasting because it integrates the 

advantages of both ANN and fuzzy inference systems. 
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Abstract. Particulate matter (PM) is one of the most damaging air pollutants to 

human health, especially the low size, respirable PM2.5 and PM10 fractions. For a 

given location, the complex combination of a range of highly variable natural and 

anthropogenic sources make it essential to appeal to statistical tools for a proper 

characterization of particulate matter behavior. In this work, we have selected the 

city of Badajoz (Southwest Spain) to explore the evolution of the concentration 

of PM10 in the air during the period 2010 - 2015 by the study of the daily average 

data time series, using the data measured by the regional air quality network. The 

results have shown that daily PM10 concentration values have a defined time se-

ries structure, whose mathematical expression for the trend allowed us to estimate 

that PM10 concentration in Badajoz has decreased linearly at a rate of 0.0025 

(µg·m-3)/day during the studied period. The study of the seasonal nature of the 

time-series allowed us to determine that the concentration of PM10 varied cycli-

cally each 365 ± 2 day (annual cycle). Finally, the analysis of the time series has 

identified anomalous values of PM10 concentration that could be due to natural 

events (notably Saharan dust outbreaks) during the studied period. 

Keywords: particulate matter (PM), time-series, trend, seasonality, air quality 

monitoring network. 

1 Introduction 

Particulate Matter (PM) is the most striking form of air pollution that can be seen to the 

naked view, is defined as the set of solid or liquid particles in suspension in the atmos-

phere, altering its natural composition. Its origin are natural phenomena such as marine 

aerosol, volcanic eruptions, forest fires, the dust storms and other types of soil resus-

pension, and anthropogenic emissions such as industrial activity or traffic. Most rele-

vant due to enhanced health and ecological impacts are the particles under 10 μm (res-

pirable). Not only the particles itself are dangerous, but also their chemical composition 

so depending on the origin they can carry a wide range of pollutants such as polycyclic 
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aromatic hydrocarbons and heavy metals. The combination of these factors makes par-

ticulate matter one of the most dangerous air pollutants because it can promote signifi-

cant adverse effects to the health of the population like respiratory, carcinogenic and 

cardiovascular illness and premature deaths [1]. 

In recent years, the study of time series of atmospheric pollutants, including PM, 

have become a useful statistical tool to know their behaviour in the atmosphere, allow-

ing to make forecasts about their levels and evolution. Using large air quality databases, 

which span decades, time series allow studying variations of PM concentrations in dif-

ferent urban, industrial and rural environments. Several studies have been published 

aimed to know the relationship between PM levels and vehicular traffic [2], determin-

ing the weekly, seasonal and diurnal variation of PM levels and their relationship with 

wind speed [3], establishing correlations between PM levels and weather conditions [4] 

and studying the influence of PM levels on the evolution of the number of cases of 

some diseases [5]. 

In this work, we aim to initiate the study on the time pattern of the levels of PM in 

the Extremadura region, selecting the city of Badajoz as a model location. We have 

focused on the concentration of particulate matter (PM10 fraction) to explore its behav-

iour in recent times (2010-2015) and the capability of the model to predict future levels, 

as a tool for improving scientific knowledge and environmental protection manage-

ment. 

2 Materials and methods 

2.1 Study area 

Badajoz is a city located in the southwest of the Iberian Peninsula (Extremadura re-

gion). The city is located on the Portuguese border, on the banks of the Guadiana River. 

It has Mediterranean climate with Atlantic and African influence, characterized by mild 

winters, very hot and dry summers, irregular rainfall and sometimes persistent mists. It 

has a population of 150,000 inhabitants. Badajoz has an intense commercial activity, 

this being the dominant economic sector in the city. The city is a trade node, receiving 

clients from the surrounding areas in Spain and Portugal, implying a remarkable traffic 

of passengers and goods by road and rail. Industrial activity are however not very de-

veloped. These natural and anthropogenic characteristics condition the complex city's 

atmospheric environment composition and evolution, making it ideal for the application 

of time series statistics. 

2.2 Air quality data 

Particulate matter (PM10) data were provided by the air quality located in Badajoz, 

which belongs to the surveillance network of Extremadura region (REPICA). It is a 

suburban unit located at the Badajoz campus of the University of Extremadura (LAT: 

38º53’12’’N; LONG: 6º58’15’’O), under the influence of nearby traffic including a 

highway and urban roads. This study focuses on daily-mean concentration time series 

of PM10 for the period from 1 January 2010 to 31 December 2015. A GRIMM 180 
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optical laser light scattering aerosol spectrometer (GRIMM Aerosol Technik Ainring 

GmbH & Co, Germany) was used to record measurements of PM10 concentration. The 

equipment registers 10 minutes averages from which hourly and daily-mean values are 

calculated, to obtain a database of 2190 day-points (6 years). 

The STATISTICA (StatSoft) software was used to analyze the PM10 database. The 

temporal structure of the data was first checked by using the autocorrelation function. 

Then the overall evolution of the values of the series over time (trend) and its movement 

in specific periods (seasonality) were explored [6]. 

3 Results 

3.1 Temporal structure 

The autocorrelation function shows significant values, AFmax = 0.913, with a one-day 

lag. So, it is possible to ensure that the data series has a temporary structure. 

3.2 Analysis of Trends 

Trend analysis was carried out after applying a smoothing of the experimental data by 

the moving average method, using a moving average of 3 points. The process was then 

started to find the mathematical function T(t) which describes the trend of PM10 time 

series. In this case, the model of trend that best fits the time series of PM10 in Badajoz 

is the linear model, following the equation PM10 (µg/m3) = 19.6 - 0.0025·X (days),        

(r = - 0.1517; p < 10- 4). These results suggest that the decreasing levels of PM10 in 

Badajoz may be attributable to decreased traffic volumes, along with the effects of 

stricter governmental regulation and improvements to vehicle engine performance, in-

cluding the fitting of devices for exhaust emission reduction. Steady and even decreas-

ing human activities due to economic crisis in Spain (as in other areas of the European 

Union) during the studied period may have also contributed to reduced urban PM levels 

in Badajoz. We’ll explore in detail these and additional factors (e.g. meteorological 

parameters and long-range transport of Saharan dust during the studied period) in future 

work. 

3.3 Analysis of Seasonality 

Analysis of seasonal nature of the time series of PM10 was carried out by an analysis of 

the previously obtained (3.1) autocorrelation function and the corresponding periodo-

gram based on a Fourier spectral analysis. 

The autocorrelation function shows a cycle that repeats every 355 days (maximum 

at lag 355) in the range of data. The periodogram significantly confirm the existence of 

an annual cycle located at a frequency ω = 0.0027 days-1, corresponding to a period of 

364.7 days. Considering that a year has 365 days (0.46% error), it is concluded that this 

time series model predicts the existence of an annual cycle (365 ± 2) days.  
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3.4 Analysis of outliers 

Knowledge trend’s function of the time series allows establishing criteria to detect 

anomalous values of concentration. This information is very useful to know the              

existence of natural or anthropogenic episodes of pollution which can affect PM con-

centration levels, even though these peak levels are considered legally admissible. 

For this purpose, the trend of the time series is subtracted from the smoothed data, 

providing a new series with linear behaviour set to zero (avg = 0) and standard deviation 

σ = 10.39. A ±2σ confidence interval was established around the smoothed series data, 

and values placed above + 2σ or below - 2σ were considered anomalous. Several   

anomalous values of PM10 concentration were identified in different periods of the se-

ries and these values may correspond to African dust episodes or forest fires that oc-

curred during those years. Work in progress is being done to specify and analyze these 

values and their origin in detail. 

4 Conclusions 

Temporal evolution of the concentration of PM10 in the ambient air of the city of Bada-

joz in the period comprising the years 2010 to 2015 was analyzed with statistical tech-

niques of time series. 

It is possible to conclude that the evolution of the PM10 levels in Badajoz during the 

studied period presents a structure of time series following a cyclic behaviour with an 

annual oscillation period every 365 ± 2 day. On the other hand, PM10 levels decreased 

linearly during the period studied at a rate of 0.0025 µg·m-3 per day. 

Anomalous peak values of PM10 concentration identified throughout the series, 

could be related with Saharan dust outbreak episodes or forest fires. A more in-depth 

study on the behaviour of PM concentrations and causes of variability at different mon-

itoring stations in Extremadura is in progress. 
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Abstract. Tropospheric ozone is an atmospheric pollutant of great concern, with 

demonstrated negative effects on human health and the environment. As a         

secondary pollutant, ozone is produced by complex processes involving reactions 

of primary emissions with sunlight. In Southern Europe, summer ozone levels 

are of great concern due to a mix of natural (high temperature and solar irradia-

tion) and anthropogenic factors. 

In this work, temporal evolution of ozone levels in Badajoz (Spain) during the 

period 2010 to 2015 was analyzed. For it, mathematical time-series techniques 

were used.  Firstly, analytic expression for the temporal trend was obtained. This 

allowed us to estimate that the ozone concentrations decrease with time at a con-

stant rate of -0.0093 (µg m-3) /day.  

Lastly, a study of the seasonality of the time-series allowed us to determine that 

the ozone concentrations varied cyclically. The periods of these oscillations were 

24 hours (based on hourly data) and 356 days (based on daily data). 

 

Keywords: tropospheric ozone, time-series, temporal trend, seasonality.  

1 Introduction 

Tropospheric ozone is an atmospheric secondary pollutant formed by photochemical 

reactions of volatile compounds and nitrogen oxides activated by solar radiation and 

temperature [1]. O3 is produced by the reaction of an oxygen molecule (O2) with an 

oxygen atom, which originates from the photolysis of nitrogen dioxide (NO2) by solar 

radiation. O3 is destroyed by reacting with NO to form NO2 and O2. While this so-called 

‘null cycle’ does not lead to a net production or destruction of O3, the presence of       

volatile organic compounds (VOCs) in the atmosphere interacts with this mechanism 

through reactions driven by the hydroxyl radial (OH) leading to reactions with the pre-

sent NO and therefore, to accumulation of O3 [2]. 

Periodic episodes of high ozone concentrations are related to negative effects on public 

health, damage on vegetation and materials degradation. It is also an important 
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tropospheric greenhouse gas and is referred to as a short-lived climate pollutant [3]. 

Depending on weather conditions, O3 precursors can be transported over long dis-

tance and originate O3 formation in locations far from their sources.  Several studies 

highlight the importance of meteorological factors in O3 formation and transport. These 

studies have shown O3 concentrations increase with high temperatures and solar radia-

tion intensities [4]. Other authors have studied daily and annual variations of ozone 

levels obtaining patterns well defined [5].  

 

Therefore, evolution of local atmospheric conditions combined with variable anthro-

pogenic activities at the emission sources determine production and transport of ozone, 

resulting in complex, time-dependent concentration profiles. Chemometric and        

modeling tools are thus essential for proper interpretation of these profiles [6]. The main 

objective of this work was to analyze the temporal evolution of tropospheric ozone in 

Badajoz (Spain), using mathematical technique based on time-series. 

2 Material and methods  

2.1 Data collection 

Ozone concentrations were collected from January 2010 to December 2015 at the au-

tomatic air quality monitoring station of Badajoz, which belongs to the air quality sur-

veillance network of the regional government of Extremadura. The monitoring station 

(6º58’15”W; 38º53’12”N) is located at the sports facilities, University of Extremadura, 

in the northwest suburban area of the city. The measuring point is situated close to 

traffic sources as a highway and some urban roads. The climate in Badajoz is moderate, 

between temperate and warm, with low rainfall (523 mm/year). The orographic features 

and climate play an important role in the interpretation and understanding of ozone 

behaviour. Ozone measurements were taken by an ultraviolet absorption-based tech-

nique, using a commercial UV photometric ozone analyser (Model 49i, Thermo Elec-

tron  Corporation). This instrument is routinely calibrated and maintained according to 

standard protocols of European air quality networks. Ozone levels were extracted from 

the air quality network database as average hourly and daily values. 

Calculations of temporal trend and seasonality during the interval 2010 to 2015 were 

performed using the STATISTICA (StatSoft) software.  

3 Results and discussion 

3.1 Temporal trend 

The trend is the component of the series that describes the direction of the global evo-

lution of the values over time. To study the temporal trend, smoothing of the experi-

mentally daily average data were previously carried out using the moving average 

method. 
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The temporal trend of the time series that best fits the behavior of these data is the 

following linear trend  

 

           O3 (µg.m-3) = 63.6691 – 0.0093 x (day)        (r = -0.3106, p < 10-4)   

 

It is concluded that the ozone concentrations decrease with time at a constant rate of 

-0.0093 (µg m-3) /day. 

 
3.2 Seasonality of the time-series 

A study of the seasonal part of the data series has been carried out by analyzing the 

harmonic components of the set of data. So, we obtained the corresponding periodo-

grams based on a Fourier analysis which assumes that each data time series z (t) is 

formed by the superposition of sinusoidal components of different frequencies.  

Firstly, the periodogram of the spectral content of the hourly data was mapped out, 

showing a frequency peak ω = 0.042 h-1 that corresponds to a period of 24 hours.        

Secondly, the periodogram of the daily data was mapped out, obtaining a frequency 

peak  ω = 0.0027 d-1, which corresponds to a period of 365 days. These daily and annual 

patterns for tropospheric ozone have been described in the literature [7]. 

4 Conclusions 

Temporal evolution of ozone levels in Badajoz during the period 2010 to 2015 was 

analyzed using mathematical technique based on time-series. From these analyses it is 

possible to conclude that the ozone trend decrease with time with time at a constant rate 

of -0.0093 (µg m-3) /day and the ozone series is periodic with two different cycles, one 

daily and other annual probably due to solar radiation the first and the temperature the 

second. 
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Abstract: Waterlogging is a kind of meteorological disasters in rapeseed production in Yangze 

river valley, in order to quantify the rapeseed growth and yield under waterlogging stress 

condition, and forecast and control the effect of waterlogging stress on rapeseed, the field, pot, 

and pool experiments on soil water control were carried out in 2011-2012 taking ZP4 and HYZ16, 

2014-2015 and 2015-2016 taking NY18, and NZ19 as materials, respectively. The waterlogging 

impact factors for the aboveground dry weight per plant, and yield were proposed, and the 

models for the aboveground dry weight per plant, and yield per plant were initiatively developed 

through analyzing the effect of waterlogging at anthesis on rapeseed growth and yield for ZP4 

and NY18. Of them, the waterlogging impact factors for the aboveground dry weight per plant 

was the quadratic equation, and yield per plant was the linear equation taking waterlogging 

duration days as independent variable, respectively. The results showed that the correlation (r), 

the average absolute difference (da), the ratio of da to the average observation (dap), and the 

RMSE value of simulation and observation in rapeseed aboveground dry weight per plant for 

NY18, and NZ19 were 0.5731-0.8826, and 0.6538-0.8807 with significant levels at p<0.05 or 

p<0.01; 1.2150-2.0142, and 0.0467-1.3383 g plant-1; -5.0731%-0.1462%, and 3.4266%-4.9955%; 

and 2.2558-3.8426, and 3.0491-4.2795 g plant-1 under pot conditions, respectively; 0.6723-0.8768 

with significant levels at p<0.05 or p<0.01, 1.2778-1.6200 g plant-1, 3.2357%-4.2604%, and 

2.1498-3.0656 g plant-1 under pool conditions, respectively; and that the correlation (r), the 

average absolute difference (da), the ratio of da to the average observation (dap), and the RMSE 

value of simulation and observation in rapeseed yield per plant for ZP4 under field conditions 

were 0.7791 with no significant levels at p<0.05, 1.0475 g plant-1, -2.5083 g plant-1, -30.0419%, 

and 4.1948 g plant-1; for NY18, and NZ19 were 0.8500-0.9754, and 0.9555-0.9707 with significant 

levels at p<0.01 levels; -0.31-1.7058, and -0.6308-1.875 g plant-1; -1.4906-5.3551%, and 

-2.7148%-5.7887; and 1.4827-3.9830, and 1.6217-3.0885 g plant-1 under pot conditions, 

respectively; for NY18, and NZ19 were 0.7674-0.9590 with significant levels at p<0.01 levels, 

-0.2833-1.8478 g plant-1, -1.4513-6.1579%, and 2.1461-3.8905 g plant-1 under pool conditions, 

respectively; It was shown that the simulation precision for the aboveground dry weight per plant, 

and yield per plant were good under the different sites, ways, and cultivars, and the simulation 

precision for the yield per plant were different, i.e., pot > pool > field, which indicated that the 

waterloging stress at anthesis under the field experiment condition was different from that of 
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under the pot experiment condition. The models developed in this paper can be combined with 

the rapeseed growth model developed by our group, and used in prediction of rapeseed growth 

and yield with waterlogging at anthesis after further validating and obtaining the region, and site 

weather forecast, and model parameters. 

Key words: rapeseed; anthesis; waterlogging impact factors; growth and yield; simulation 
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Abstract:  

 

This paper aims to re-investigate the link between oil prices and US-dollar taking into account 

the US shale revolution. In order to disentangle their co-movements across different 

frequency bands, we carry out a wavelet decomposition. Moreover, we also apply Granger 

causality test to the decomposed time series on a frequency band by frequency band basis 

during two periods before and after 2008 corresponding to the beginning of oil shale 

revolution in USA.  

We find that at the time scale between 2 and 4 months, there is no Granger causality between 

US dollar and oil prices. At the seasonal frequency band, there is a bidirectional linear 

Granger causality between oil prices and US dollar. However, for business cycle frequency, 

the direction of linear causality have switched throughout the two periods of our dataset. 

Indeed, from 2000-2007 causality is running from US dollar to oil prices. However, from 

2008 to 2017, Granger causality runs from oil prices to US dollar. Hence, shale revolution 

may have changed the link between oil and the dollar. 
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Extended abstract: 

 

A large empirical literature had explored the comovements between oil prices and US dollar, 

using mainly the cointegrated VAR models and Granger causality tests. The empirical 

evidence have produced mixed and inconclusive results. Some authors found a causality 

running from real oil prices to US Dollar exchange rate (Throop 1993, Zhou 1995, Amano 

and van Norden 1998a, b, Dibooglu 1995, Chaudhuri and Daniel 1998, Lizardo and Mollick 

2010, Chen and Chen 2007, Bénassy-Quéré et al. 2007, Coudert et al. 2008). On the other 

hand, other studies showed that movements in the U.S. dollar Granger causes crude oil prices 

(Sadorsky 2000, Yousefi and Wirjanto 2004, Zhang and Wei 2010).  

 

This paper empirically reinvestigates the comovements between oil prices and U.S. dollar 

taking into account the sharp expansion in US shale oil production  that induced a decline in 

US imports of crude oil (see figure 1).  

 

                               Figure 1  .U.S. Oil: Imports and Exports (Thousand Barrels per Day)  
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The goal is to explore the impact of US shale oil on  relationship between oil prices and US 

dollar . Indeed, the shale revolution enables USA to reduce its dependence on imported crude 

oil whereas it was the world largest importer of crude oil (a share of 20% of world oil 

imports) before 2008. Saudi Arabia and OPEC oil cartel, which historically had played a 

swing producer role in oil markets, shifted toward defending market share as they could not 

agree a cut in oil production. Moreover, the weak demand for oil due to the state of the global 

economy exacerbates the downward pressure on oil prices and induces the collapse in crude 

oil prices since mid-2014. 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1029



 

3 
 

Our contribution to the existing literature is twofold. First, we re-investigate the oil-dollar link 

before and after the shale oil revolution. We thus subdivide our data sample to 2 time periods, 

the “great moderation” period from 2000 to 2007 and the “shale revolution” the period from 

2008 to 2017. Second, in contrast to most empirical studies which measure the oil-US dollar 

link on two time scales (short and long terms), we analyze the co-movement of these variables 

at different times scales by carrying out a wavelet decomposition. Therefore, decomposing oil 

and US dollar time series on a frequency band by frequency band basis enables us to detect 

the multiscale Granger causality and to determine at which frequencies one time series causes 

another. This is particularly important in the case of oil prices and exchange rates since there 

are different channels through which one may influence the other at varying time scales.  In 

doing so, we can explore the co-movement dynamics between US dollar exchange rate and oil 

prices on a scale by scale basis (trend, cycle, season, and noise).  

 

Our findings suggest that causal relationship between the US dollar and oil prices is not 

constant over time scales as they vary across frequency bands. More specifically, we find that 

at the first frequency band D1 corresponding to a time scale between 2 and 4 months- which 

corresponds to a class of traders whose investment horizon is very short, i.e. mainly to 

speculative trading (noise traders) – there is no linear Granger causality. However, at the 

frequency band corresponding to data seasonal components, there is a bidirectional linear 

Granger causality between oil prices and US dollar. Then, for time horizon from 16 to 128 

months representing approximately the business cycle frequency (fundamentalist traders, 

especially fund managers and institutional investors), the direction of causality is unstable as 

we have observed a switching across the two periods of data. Indeed, from 2000-2007 (great 

moderation) causality is running from US dollar to oil prices, however from 2008 to 2017 

(Shale revolution), oil causes US dollar. This switching of causality directions can be linked 

to shale oil revolution that impacted heavily the oil markets since mid-2014. 

 

Conclusion and Policy Implications 

This paper analyzes the co-movements of oil prices and the US dollar by testing linear 

Granger causality link between their frequency components (high frequency noise, seasonal, 

business cycle) from 2000 to 2007 and 2008 to 2017. As the two series may be linked through 

different channels, it is reasonable to expect that they contain signals working at different 

frequencies. The wavelet decomposition of oil prices and US dollar allows us to provide a 

refined picture of co-movement analysis as we explored a multiscale causality relationships. 

From a business cycle perspective, in the sub-sample from 2000M1 to 2007M12, the US dollar 

was the leading variable as the linear causality runs from US dollar to oil prices. However, 
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after the beginning of shale oil revolution, there was a switch in the causal link, and oil prices 

become the leading variable. This switching causal relationship is consistent with findings in 

several other countries (see for example Turhan et al., 2013), but the existing literature falls 

short of explaining the reasons for this switch. We argue that shale oil revolution provides a 

reasonable explanation. 

Indeed, shale oil revolution is a major change in international oil markets as the sharp 

expansion in US shale oil production enables USA to reduce its dependence on imported 

crude oil. Moreover, before 2008, USA was the world largest importer of crude oil with a 

share of 20% of world oil imports. As the oil is invoiced predominantly in US dollars, the 

shale oil boom not only impacted the oil prices but also its relationship with the US dollar as 

was shown by the causality direction switch after the beginning of shale oil revolution making 

oil prices leading variable. 

 

The results reported in this paper can be extended in several ways in future research. For 

instance, given the rapid increase of emergent economies share of the overall energy demand 

and the world economic growth, it would be interesting to investigate the cyclical co-

movements and causality relationship between world demand of oil, oil prices and U.S dollar 

in order to deepen our understanding to the link between oil prices and U.S dollar. Another 

interesting topic for future research, using the same methodology, the dynamic cyclical co-

movements of oil prices can be empirically investigated with other macroeconomic variables 

such as consumer prices, unemployment, and stock prices, implied stock markets volatility 

(VIX), monetary policy variables (federal funds) as well as with other commodity prices. 
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1 Abstract

With the latest developments of deep learning models, new approaches on recur-
rent neural networks have pointed to new ways to improve forecasting accuracy.
More specifically, Long-Short Term Memory (LSTM) models provide an alter-
native method to analyze economic time series data.

Artificial or recurrent neural network methods have been applied to fore-
casting, analyzing macroeconomic time series. In this paper, we examine the
accuracy of LSTMs, a type of recurrent neural networks (RNN), and more tra-
ditional artificial neural networks (ANN) to forecast Colombias inflation rate
and we propose a methodology to select the best models to estimate Colombias
inflation.

We compare the performance of several ensembles of neural networks mod-
els, with different architectures with the traditional methods. The traditional
methods considered are exponential smoothing (ETS), autoregressive integrated
moving average (ARIMA), Holt-Winters, Prophet and a hierarchical time series
approach for disaggregated Consumer Price Index (CPI. We compare the mod-
els using the RMSE metric and the smallest error convergence (using segmented
regression and statistical tests).

Inflation is one of the most fundamental variables in macroeconomics. Both
governments and private sector require reliable inflation predictions to make ac-
curate and useful decisions and take appropriate measures. Inflation forecasting
is necessary to assess business opportunities, design long-term growth strate-
gies, anticipate possible financial risks, among other tasks in the business sector.
To central banks, the institutions responsible for managing the monetary pol-
icy regime of inflation targeting (Colombias case), inflation forecasting is also
valuable because it is one of the factors driving monetary policy. Indeed, it is
important to keep inflation low and stable, since a high inflation has undesir-
able effects on the economy; for example, it harms the purchasing power of the
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national currency, it affects economic growth (as investment projects become
riskier), distorts consumption and savings decisions, causes an unequal distribu-
tion of income and hinders financial intervention.

Our approach implemented ensembles of LSTMs and ANN models, using
monthly data of the inflation rate, and the aggregated CPI index and disaggre-
gated CPI index by the household level of income and city. Our methodology
consists of the following steps. First, we select the neural networks that best
predict inflation rate by varying a set of hyper-parameters and configurations
controlling its architecture for m months and n executions (epochs, in neural
networks terms). The second step implies to obtain the validation errors and
carry out a segmented regression to choose the most predictive neural networks
configurations. Then, the third step implies using the selected configurations to
forecast inflation rate, those models with the lowest RMSE conform ensembles
of models, whose aggregated forecast is computed by applying linear regression,
ridge regression, lasso regression, random forest, gradient boosting and extreme
gradient boosting. In the fourth step, we compare our neural network ensemble
models forecast with results from several econometric methods and selecting the
best models. Finally, we select and validate the best models to forecast the in-
flation by implementing Diebold-Mariano (1995) statistical test.

The results show that LSTM and ANN models outperform more traditional
econometric methods (both using data of inflation rate and disaggregated CPI)
in Colombias inflation one step ahead forecast, specifically the LSTM and ANN
using data of inflation rate with the best model (minimum RMSE) and the
ridge regression ensemble. Also, using LSTM models in the context of Colom-
bian inflation forecasting does not considerably improve predictive accuracy over
traditional ANN. Nevertheless, LSTM can still be an attractive alternative, since
they can take into account other types of information not considered in our study
(such as macroeconomic and weather variables).
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Abstract. This contribution presents three new forecasting hybrid methods for 

identifying anomalies in time-series, tested in two interesting applications.  

An increasing number of signal processing methods have been presented in 

literature for different purposes (Tascikaraoglu and Uzunoglu, 2014). The major 

used approaches are: statistics (e.g. ARIMA-auto-regressive integrated moving 

average, MLR-multiple linear regression); artificial intelligent (ANN-neural 

networks); spectral decomposition (e.g. SSA-singular spectrum analysis, EMD-

empirical mode decomposition); machine learning (e.g. SVR-support vector re-

gression). Recently, hybrid methods are increasingly used because they are 

made up of two or more traditional individual algorithms, combining the ad-

vantages of the single to better extract and capture the characteristics of time-

series. These methods have higher accuracy, with an absolute error lower than 

individual ones (Du et al., 2018).  

In the present work, three cutting-edge hybrid models are proposed, devel-

oped by homemade algorithm codes in Matlab® computing environment. The 

combined methods are briefly described as follows. 

EMD+SVR. EMD is an adaptive and non-parametric technique that decom-

poses the signal into several components which represent a certain physical 

phenomenon occurring. Each component is a function that has only one ex-

treme between zero crossings, along with a mean value of zero (Yu et al., 

2017). SVR is another non-parametric algorithm (Sousa et al., 2014) which 

trains a regression model on each component coming form previous method, in 

order to predict a function having smallest deviation from the original time-

series, as flat as possible. The final result is given by prediction method applied 

to the combination of the outputs from all sub-series. 

MLR+ARIMA. MLR creates a multiple linear regression, performed by 

least-squares fit, appropriate for studying the dependence relationship between 

a time-series and the joint distribution of one or more influencing predictor 

(Sabbarese et al., 2017). The ARIMA method (Yaacob et al., 2010), applied on 

the residue, captures and forecasts the dependency of the future values on the 

previous data, according to the autoregressives (AR) and moving average (MA) 

algorithms by differentiating the time-series (I). 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1038

mailto:fabrizio.ambrosino@unicampania.it


SSA+FM. SSA is a non-parametric spectral estimation technique, which us-

es a set of input vectors of the time-series and of delayed phase-copies of itself. 

It consists in the decomposition and the reconstruction of the signal, combining 

elements of multivariate statistics and multivariate geometry. Equal pairs of ei-

genvalue are calculated in spectrum of the autocovariance matrix when persis-

tent oscillations are present in the signal (Briceño et al., 2013). The forecasting 

part (FM), is formulated by modelling the last components of the corrispondent 

eigenvector (Hassani and Thomakos, 2010). 

These methods are applied with the purpose of anomaly detection. A value is 

considered anomalous when is not within the 95% confidence interval from the 

original signal; it is positive or negative above or below the upper and lower 

levels, respectively. This interval level reflects the reliability of results accord-

ing to proposed forecasting methods. The implemented and appropriately tested 

methods are applied to two different time-series for the evaluation of the per-

formances and of the lower mean percentage prediction error, in order to select 

the best hybrid method. The two applications are relative to the variation of 

Earth’s rotation rate and the gas Radon measurement in soil gas, both in con-

nection with Earth’s movements (Sabbarese et al., 2017; Wang et al., 2011). 

The results obtained from the first time-serie prove powerful coincidences with 

World’s daily earthquakes stand for magnitude ≥7 and number of events ≥150. 
The results of the Radon time-series, recorded in 7 caves of 4 European Coun-

tries (Slovakia, Czech Republic, Slovenia, Italy), demonstrate as the gas could 

be a geochemical precursor of faul displacement, volcanic activity and earth-

quake in surrounding area. The overall results are supported by statistical analy-

sis, according to cross-correlation factors. Good equivalency is found among 

the three hybrid methods. EMD+SVR is resulted the best one thanks to the few 

necessary parameters for the analysis process that make it more stable, whereas 

MLR+ARIMA exhibits the lower performance because of the opposite reason.  

The results from the two applications clearly demonstrate the effectiveness 

of the applied methods in the finding of anomalies in time-series, and give im-

provements and innovation in the concerning research. The capability of these 

methods can be exploited to any kind of time-series of different research sector 

where it is useful to highlight anomalies in a signal.   

Keywords: Hybrid forecasting method, Time-series analysis, Anomalous signal 
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Abstract. The variability of the atmospheric energy budget time series is pre-

sented in the paper. The atmospheric energy budget is usually computed as a 

difference between precipitation (P) and evapotranspiration (ET) over an area. 

In the research, the area of Poland was considered. Three types of models are 

tested: the Global Land Assimilation System (GLDAS), The Modern-Era Ret-

rospective analysis for Research and Applications version 2 (MERRA-2), and 

Standardized Precipitation Evapotranspiration Index (SPEI). The atmospheric 

energy budget and TWS (surface plus ground) changes were computed for the 

period 01.2006 to 12.2017.  Based on the computation a prognosis using 

ARMA (Auto Regressive Integrated Moving Average) method was introduced. 

After the seasonal decomposition, the following parameters shows the best 

equivalency of ARMA model and the data: p=2, d=0, q=2.  

Based on the research, it can be concluded that the time series comparisons 

show a good agreement between the GLDAS, MERRA-2 and SPEI models. A 

comparison between the real time series and the prediction for the ten months in 

the period of 01.2006-12.2015 proved the assumption that the ARMA model 

can be a useful tool for time series forecasting. 

Keywords: atmospheric energy budget, precipitation, evapotranspiration, time 

series, prognosis 

1 Introduction 

A good representation of the earth’s climate system are values of an atmospheric 

energy budget. It can be calculated as a difference between water inflow and water 

outflow, so, between precipitation and evapotranspiration over a region (AEB=P-ET). 

Evaluating atmospheric energy budget let us monitor the interaction between land and 

atmosphere [1]. The data for a computation can be acquired exactly from assimilated 

models, satellite observations, and the combination of in-situ and satellite measure-

ments. An intensification of the global hydrological cycle is caused by a climate 

change [2, 3]. 

The whole area of Poland was analyzed: SW (49.822711°N; 14.996841°E) – NE 

(54.620711°N; 23.649940°E). The paper is a trial of presenting the surface fluxes of 
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the total water between the surface and the atmosphere and predicting future values of 

the atmospheric energy budget. 

A basis part of the climate system is a stable atmospheric energy budget. As a 

global warm is a well-known phenomenon, continuous monitoring of the energy 

budget is very important [4]. The climate change causes plenty of uncertainties of rate 

of seasonal and annual precipitation and evapotranspiration, which influence atmos-

pheric energy budget determination [5]. That is the reason, why monitoring atmos-

pheric energy budget is under interest of hydrologist and meteorologists over the 

world. It is especially important in the arid and semi-arid regions where evapotranspi-

ration is over 90% of precipitation, which means a significant loss of a drinking 

freshwater.  Globally, it is calculated that over 60% of precipitation fallen on terrestri-

al surface returns to atmosphere in a form of evapotranspiration [6]. 

The principal organization concerning knowledge about time series of the atmos-

pheric energy budget was The World Meteorological Organization’s Global Energy 

and Water Cycle Experiment Continental-Scale International Project (GCIP). The 

mail objective of the project was developing a complex land–atmosphere–ocean in-

teractions in the basin of Mississippi River. It was concluded that understanding char-

acteristics of the residuals make us possible to prepare critical element of statistical 

analysis. This assumption makes it possible to identified model deficiencies and bias-

es [7]. In [5] the atmospheric energy budget was compared when calculated over land 

and over ocean. It was revealed during the research that much larger changes can be 

noticed over ocean than over land. It can be concluded that ocean energy budget 

changes follow a thermodynamic scaling of the atmospheric moisture convergence, 

which is called: “wet-get-wetter, dry-get-drier” mechanism. Over land simple scaling 

did not find a region with decreasing trend of the atmospheric energy budget. Swen-

son and Wahr [8] paid attention to the fact that calculating evapotranspiration or po-

tential evapotranspiration, which is unmeasured in-situ makes the budget computa-

tions difficult. In the paper [8] continental changes in a large scale of the total water 

storage form the Gravity Recovery and Climate Experiment (GRACE) are integrated 

with P-ET.  

The statistical analyses of mass variations (presented in a form of the atmospheric 

energy budget, for example) have to be based on a time series assessment. Here, time 

need to be independent variable. Such stochastic analysis can give us an opportunity 

of making some simulations which are based on the tested phenomenon [9]. All sto-

chastic processes can be presented in a form of the time series. Such presentation can 

give an answer what is the reason of initiating researched process. Unit of the time 

series determine analysis method. Every stochastic process, every time series consists 

of: 

• trend, 

• periodical fluctuations, 

• random fluctuations, 

• random changes of the process caused by some external influences [10]. 
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2 Methodology 

Atmospheric energy budget is the difference between precipitation and evapotran-

spiration: 

AEB=P-ET,  

where P is a precipitation, ET – evapotranspiration (or potential evapotranspiration 

PET).  

Evapotranspiration constitutes a significant part of precipitation over the land sur-

face [11].  

Prognosis usually are based on present or past events, so are based on a time ob-

servations or random variables. If in the set of data, a systematical component is ob-

served, a variable coefficient has to be computed. The coefficient greater than 0.05 

means that smoothing need to be introduced (by computing a weighted moving aver-

age (WMA)). When every systematic element is inherent (systematical component, 

like random noise, trend, seasonal fluctuations), a time series decomposition is com-

monly used. The most effective method in such example is ARIMA/ARMA (Auto 

Regressive Integrated Moving Average) method [10, 12]. The method consists of 

three elements: 

• Autoregressive process (AR), 

• Moving Average process (MA), 

• Integration Level [13]. 

3 Data 

The For the atmospheric energy budget computation, we need: precipitation and 

evapotranspiration. Water in a form of liquid, gas or snow can be in or on land in 

different forms, stays on a soil, can be infiltrated inside a ground, some of it run-off 

depending on the basins around, some is accumulated in the plant’s leaves and in 

basins of course. Precipitation is dependent on: 

• climate,  

• soil texture,  

• soil structure,  

• depth of the rootzone,  

• topography,  

• initial soil moisture content, 

• and irrigation methods [14].  

The sum of evaporation (water leaving the ground) and transpiration (water leaving 

plants) is the evapotranspiration. Evapotranspiration defined in [15], is a complex 

empirical function of air temperature and day length. Evapotranspiration depends on:  

• climate,  

• type of crop,  

• and soil moisture [14]. 

For the purpose of the research three models were used: GLDAS (the Global Land 

Assimilation System), MERRA-2 (The Modern-Era Retrospective analysis for Re-
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search and Applications version 2) and SPEI (Standardized Precipitation Evapotran-

spiration Index). First two models are presented in a form of fluxes that can be used 

for the atmospheric energy budget computation, the third model gives us ready time 

series. 

GLDAS model (the Global Land Assimilation System) is worldwide gridded dis-

tributed. The model consists of 28 elements which are geophysical parameters.  All 

parameters are organized in a form of four sub-models: VIC (Variable Infiltration 

Capacity Model), NOAH (National Centres for Environmental Prediction/Oregon 

State University/Air Force/Hydrologic Research Lab Model), Mosaic Land Surface 

Model and CLM (Common Land Surface model). GLDAS aim is presenting land 

surface states and fluxes, it integrates satellite and in-situ measurements. For this 

purpose, advanced modelling of a land surface is introduced, and data assimilation 

techniques, as well. The GLDAS model is based on two components: observation-

based forcing datasets and meteorological forcing data [16, 17]. GLDAS data was 

provided by: [18, 19]. 

A reanalysis model, based on the historical climate analyses is The Modern-Era 

Retrospective analysis for Research and Applications version 2 (MERRA-2). The 

model describes weather and climate conditions in different scales and locations [20]. 

Data for the MERRA-2 model is obtained form in situ observations, satellite radianc-

es and several remotely sensed data over the era of Earth-observing satellite. The 

model consists of data needful for water and energy estimation budget in 1-hour range 

in a regular grid 0.5°×0.67° grid. It need to be noticed that also the influence of strato-

spheric ozone, land surface improvement, cryospheric processes are considered in the 

model [21, 22]. 

Data essential for monitoring draught conditions, in near-real-time is distributed in 

a form of the Standardized Precipitation Evapotranspiration Index (SPEI). The model 

is published in the 0,5 degrees spatial resolution and one-month time resolution, cov-

ering all the globe for the period 1950-2010, and time scales 1-48 months. The SPEI 

model consists of precipitation (P) and potential evapotranspiration (PET). The model 

characterizes combining multi-timescales aspects of the Standardized Precipitation 

Index (SPI). It is also added evapotranspiration information. These two parameters 

make the model very useful for climate studies. Temperature data is obtained from the 

NOAA NCEP CPC GHCN_CAMS gridded dataset, precipitation from the Global 

Precipitation Climatology Centre (GPCC) [23]. 

 

4 Results and discussion 

4.1. Atmospheric energy budget determination 

 

For the purpose of the atmospheric energy budget estimation two models were tak-

en: GLDAS, sub-model NOAH and MERRA-2 model. In the research, a time series 

form a period 01.2006-12.2017 are considered. An upward trend of precipitation and 

evapotranspiration time series in Poland can be observed in a both models. The high-
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est values are noticed in every Julies, near zero at beginning of the springs and the 

autumns. Based on both models the atmospheric energy budget was computed. I 

could notice values between -21.08 e-6 kg/m2/s (in 2016.03) and 35.52 e-6 kg/m2/s 

(in 2010.05) for GLDAS model, and between -14.20 e-6 kg/m2/s (in 2014.07) and 

41.35 e-6 kg/m2/s (in 2017.03) for MERRA-2 model in the researched period. Com-

puted atmospheric energy budget was then compared with the SPEI model based on 

the potential evapotranspiration. In the [24] SPEI1, SPEI 6 and SPEI 12 were com-

pared, giving the most correlated values for SPEI 1. Here, only SPEI 1 model is taken 

into account. SPEI model gives us ready for use atmospheric energy budget. The val-

ues are between -10.95e-6 kg/m2/s (in 2009.04) and 28.33-6 kg/m2/s (in 2010.05) for 

SPEI1 model. The time series of the computed atmospheric energy budget are pre-

sented in the figure 1. 

 

 
Fig. 1. Atmospheric budget values for the period 2006.01 – 2016.12 computed 

with GLDAS and MERRA and SPEI models 

 

It can be noticed that shape of the three-time series curves is similar, but with some 

slight differences in the values. The best correlation can be observed between models 

is when analyzing MERRA-2 (the orange line in the figure) and GLDAS (the blue 

line in the figure) time series. Almost in the whole tested period month amplitudes of 

the atmospheric energy budget time series are noticed, instead of the period 04.2007-

01.2009. But, it need to be said that all three models have a good convergence. For 

the purpose of the research it was decided to average all three tested models. The 

result is presented in the figure 2. For the model a trend was computed (dotted line in 

the figure 2). The trend is almost stable.  

 

  

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1045



 
Fig. 2. Averaged time series of the atmospheric energy budget computed on a basis 

of GLDAS, MERRA-2 and SPEI models with a trend line (dotted) 

 

 

4.2. Time series forecasting 
 

For the purpose of the time series forecasting a seasonal decomposition was intro-

duced, time series limited to a period 01.2006-12.2015. The time series were limited 

(24 months is cut), this help me to control the correctness of the thesis of using the 

ARIMA model. At first, an additive model was introduced, a special case of general 

linear models. Here, using a linear least-squares fit is calculated for a set of X varia-

bles, this let us calculate a dependent Y variable. Based on the additive model, a mov-

ing average, and then, corrected time series was estimated. Calculated standard error 

based on the corrected time series was about 0.08-0.09. The additive model was com-

puted with 15-month delay, the standard deviation of the model was 8.33. The effect 

of the seasonal decomposition is presented in a figure 3 (seasonality component and 

corrected time series). Normal probability let us evaluate if the time series can be 

distributed normally. Estimated values are ranged and presented with comparison to 

the expected normal value. The result is presented in the figure 4. It can be stated that 

values are very close to the line of the expected value. I can conclude that the additive 

model calculated un the research can be used for the prognosis. 
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Fig. 3. The atmospheric energy budget time series with added seasonality chart and 

corrected value oh AB time series 

 
Fig. 4. Chart of the normality (in blue) and expected value (in red) prepared after 

seasonal decomposition of the atmospheric energy budget time series 

 

For the new time series, a prognosis was prepared with the following parameter: 

p=2, d=0, q=2 were taken, as gave the best statistics. It means best fitting ARMA 

(2,0,2) model to the data.  
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Fig. 5. The atmospheric energy budget time series (in black) with a 10-month progno-

sis (01.2016-10.2016) prepared with ARIMA model – an attempt; prognosis comput-

ed with the time series without seasonality, presented in a figure with seasonality 

 

As a comparison between the real atmospheric energy budget and the prediction for 

10 months proved the assumption that the prediction ARIMA can give correct results 

(values well correlated: 0.74), a prognosis for a period 01.2018-10.2018 was pre-

pared, presented in the figure 6. 

 

 
Fig. 6. The atmospheric energy budget time series (in black) with a 10-month progno-

sis (01.2018-10.2018) prepared with ARIMA model (in green) 

5 Conclusions 

The aim of the paper was determining the atmospheric energy budget in to the area 

the Poland. Three models were used: the Global Land Assimilation System (GLDAS), 

the Modern-Era Retrospective analysis for Research and Applications version 2 

(MERRA-2), Standardized Precipitation Evapotranspiration Index (SPEI). 
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On the basis of the research it was able to notice that the time-series comparisons 

show strong and positive dependence between the GLDAS and MERRA-2 models, a 

bit weaker between SPEI and GLDAS, and between SPEI and MERRA-2 models.  

Analyzing atmospheric energy budget, it can be said that in Poland summer, winter 

and spring achieve values above normal (values over zero). During autumn, the at-

mospheric energy budget is normal (values about zero). Considering energy fluxes, I 

can say that in Poland usually precipitation values are greater than evapotranspiration.  

A comparison between the real atmospheric energy budget and the prediction for 

10 months proved the assumption that the prediction ARIMA can give correct results. 
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The role of oil prices on the Russian business

cycle

Harri Pönkä? and Yi Zheng??

?Ministry of Finance, Finland
??Department of Political and Economic Studies, University of Helsinki

Abstract. We study the role of oil prices in forecasting Russian reces-
sion periods with probit models. Our preliminary �ndings suggest that
changes in nominal oil prices are useful predictors of Russian recessions,
even when controlling for a number of classic recession predictors. The
best in-sample �t is found using a model combining the term spread and
the oil price variable, and the pseudo out-of-sample forecasts con�rm
these �ndings.

Keywords: Business cycle, Oil prices, Probit model, Recession
JEL classi�cation: C22, G12, G17

1 Introduction

Russia is the second largest producer of natural gas and the third largest pro-
ducer of oil in the world, with over 109 billion barrels of oil reserves at the end
of 2016. Furthermore, it is the largest exporter of oil in the world.1 The ex-
ports of mineral products (consisting mainly of oil and natural gas) accounted
for 59.2% of total Russian exports in 20162. Given these �gures, it is undeniable
that changes in oil and gas prices have a large impact on the economic �uctu-
ations in Russia. In this article, we will analyze the impact of oil price changes
on Russian business cycle �uctuations by means of dynamic probit models.

The role of oil prices as a source of business cycle �uctuations has been a
topic of wide interest, and was sparked by the two oil crises in the 1970's. Early
contributions in the literature include Hamilton (1983), who found statistical
evidence of increases in oil prices leading recessions in the US, and since then,
the topic has received wide attention (see, e.g., Serletis and Elder (2011) and
references therein). Extensions to the literature have suggested that the relation-
ship may be asymmetric (Mork (1989), Hamilton (2011)), as well as dependent

? Disclaimer: The opinions expressed in this article are the author's own and do not
re�ect the views of the Finnish Ministry of Finance.

?? Corresponding author.
1 Source: BP Statistical Review of World Energy 2017. These �gures vary between
sources.

2 Source: Rosstat http://www.gks.ru/wps/wcm/connect/rosstat_main/rosstat/

en/figures/activities/
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on whether the shock in oil price is demand or supply driven (Brown and Yucel
(2002), Kilian (2009)). Furthermore, the e�ects of oil price shocks vary between
oil producing and importing countries (see, e.g. Mork et al. (1994)), where in-
creases of oil prices have found to have signi�cant positive e�ects on output in
oil exporting countries (see, e.g. Berument et al. (2010)).

In the literature on business cycle �uctuations, binary dependent variable
models, such as probit and logit models, have been a standard tool in modelling
the probability of recessions since the seminal paper of Estrella and Hardouvelis
(1991). The �ndings based on these models have identi�ed the term spread and
stock market returns as useful predictors of recessions (see, e.g., Estrella and
Mishkin (1998), Chauvet and Potter (2005), Nyberg (2010), and Ng (2012)) in
the US. Further research has suggested that also sentiment (Christiansen et al.
(2014)) and credit (Pönkä (2017)) variables have predictive ability for future
recession periods.

We contribute to the literature by studying oil price � business cycle rela-
tionship in Russia. Although the Russian economy is in many ways dependent
on oil production, making it an ideal candidate for research on the topic, the
relationship has between oil prices �uctuations and recession periods in Russia
not been studied widely in a formal econometric setting. Further motivation for
analysing the relationship is given in Figure 1, indicating that three latest reces-
sion periods in Russia (as de�ned in Section 3.1) have coincided with decreases
in oil prices. Obviously, there are also other contributing factors to these reces-
sions, discussed e.g. in Smirnov et al. (2017), but the relationship implied by the
�gure calls for a formal investigation.

The �ndings suggest that changes in oil prices have predictive ability on
future recession periods. Furthermore, models combining the oil price variable
with classic recession predictors improve the in-sample performance, as measured
with the area under the receiver operating characteristic curve (AUC). The best
in-sample �t is found using a model combining the term spread and the oil
price variable. The out-of-sample �ndings are in line with the in-sample results,
as models including the term spread and change in oil prices yield the highest
AUC:s.

The rest of this paper is organised in the following way. In Section 2, we
describe the model and goodness-of-�t measures employed in this paper. In Sec-
tion 3, we discuss the data, including the business cycle chronology and the
explanatory variables. In Section 4, we present the empirical �ndings of the
study. Finally, Section 5 concludes.

2 Empirical Approach

In this section we brie�y present the econometric framework and discuss goodness-
of-�t measures related to the binary response models.

2
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Fig. 1. Russian recession periods and the Brent oil price 1997Q1�2017Q4

2.1 The probit model

We are interested in understanding the drivers of business cycle �uctuations in
Russia, and especially on the role of oil price changes as an explanatory variable.
Therefore, throughout the analysis, the dependent variable is the status of the
Russian business cycle. In practice, this variable is a binary indicator given by:

yt =

{
1, if the economy is in a recession,

0, if the economy is in an expansion.
(1)

As the methodology, we employ probit models using lagged potential predic-
tors, such as changes in oil prices, as explanatory variables. To determine the
conditional probability of a recession (pt), a univariate probit model is speci�ed
as

pt = Pt−1(yt = 1) = Φ(πt), (2)

where Φ(·) is the cumulative distribution function of the standard normal distri-
bution and πt is a linear function of the variables in the information set Ωt−1. In
the most commonly used model, the so-called static probit model, πt is speci�ed
as

πt = ω + x′t−kβ, (3)

3



where ω is a constant term and xt−k includes the k:th lagged values of the
explanatory variables. We estimate the parameters of the model using maxi-
mum likelihood and compute robust standard errors, similarly to Kauppi and
Saikkonen (2008).

We also consider an extension to the conventional static probit model. More
explicitly, we employ the �rst-order autoregressive probit model of Kauppi and
Saikkonen (2008)

πt = ω + α1πt−1 + x
′
t−k.β (4)

An autoregressive structure is introduced into the model by including the lagged
value of the linear function πt. The autoregressive speci�cation of the probit
model has been found by e.g. Nyberg (2010, 2014) to outperform static models
in predicting US and German recessions.

2.2 Goodness-of-�t Measures

There are several measures to evaluate the goodness-of-�t of binary dependent
variable models. The most obvious one is simply the percentage of correct predic-
tions, typically referred to as the success ratio (SR). Formally, a signal forecast
for the state of the economy yt may be de�ned as

ŷt = 1(pt > ξ), (5)

where the conditional probability of recession pt is obtained from a probit model,
as de�ned in equation (2). If pt is larger than a prespeci�ed threshold ξ, we get
a signal forecast ŷt = 1 (i.e. recession), and vice versa ŷt = 0 if pt ≤ ξ.

In this paper, we employ the threshold ξ = 0.5 for SR, which can be seen
as natural threshold in (5). However, this is not a fully objective selection, and
in some previous studies lower values for ξ have also been used (see,e.g. Nyberg
(2010)). The success ratio is certainly important from the practical forecasters
point of view, if a sing. However, as recession periods are uncommon compared
to expansion periods, the success ratios of relatively uninformative models might
turn out high. To test whether the value of the success ratio is higher than that
obtained when the realized values yt and the forecasts ŷt are independent, we
employ the predictability test (PT) of Pesaran and Timmermann (2009).

The Receiver Operating Characteristic (ROC) curve is an alternative method
to assess the goodness-of-�t of binary dependent variable models, and it has
recently gained popularity in economic applications (see, e.g., Berge and Jorda
(2011); Schularick and Taylor (2012); Christiansen et al. (2014)). The ROC curve
is a mapping of the true positive rate

TP (ξ) = Pt−1(pt > ξ|yt = 1) (6)

and the false positive rate

FP (ξ) = Pt−1(pt > ξ|yt = 0), (7)

4
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for all possible thresholds 0 ≤ ξ ≤ 1, described as an increasing function in
[0, 1]× [0, 1] space, with TP (ξ) plotted on the Y -axis and FP (ξ) on the X-axis.
A ROC curve above the 45-degree line indicates forecast accuracy superior to
a coin toss. Given that it takes into account all possible thresholds ξ, the ROC
curve is a more robust method to evaluate the goodness-of-�t of a model than
the success ratio.

The information in the ROC curve is typically summarized by the area under
the ROC curve (AUC), which is simply the integral of the ROC curve between
zero and one. Therefore, the AUC also gets values between 0 and 1, with the
value of 0.5 corresponding a coin toss and the value 1 to a perfect forecast. Any
improvement over the AUC=0.5 indicates statistical predictability. We test the
null hypothesis of AUC= 0.5 implying no predictability using standard tech-
niques (see Hanley and McNeil, 1982).

Another commonly used measure is the pseudo-R2 of Estrella (1998), which
is a counterpart of the coe�cient of determination (R2) designed for binary
response models. The measure is given by

psR2 = 1−
( logLu

logLc

)−(2/T )logLc

, (8)

where logLu and logLc are the maximum values of the constrained and un-
constrained log-likelihood functions respectively, and T is the sample size. This
measure takes on values between 0 and 1, and can be interpreted in the same
way as the coe�cient of determination in the usual linear predictive regression
model. In Section 4, we also report the adjusted form of (8) (see Estrella (1998))
that takes into account the trade-o� between improvement in model �t and the
use of additional estimated parameters.

3 Data

In this section, we discuss the data employed in this study. The sample used in
the study is 1997�2017 and the data is quarterly.

3.1 The Russian Business Cycle

One of the key issues in terms of data is the selection of the business cycle
chronology, as de�ned in equation (1). Unlike in the U.S., where the Business
Cycle Dating Committee of the National Bureau of Economic Research (NBER)3

determines the o�cial turning points, in Russia there is no such o�cial chronol-
ogy of recessions and expansions. However, there are a number of ways to de-
termine the turning points based on data. Smirnov et al. (2017) recently estab-
lished a monthly reference chronology for the Russian economic cycle from the
early 1980s to mid-2015, using various seasonal adjustment methods and dating
methods. In this paper, we de�ne the turning points for business cycles using the

3 http://www.nber.org/cycles/recessions.html

5
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Bry-Boschan (BB) algorithm (Bry and Boschan (1971)), which is a commonly
used method in the literature. The dating is based on the algorithm used for
seasonally adjusted real GDP data for the period 1997Q1-2017Q4. The resulting
chronology is presented in Table 1 and was plotted with the Brent oil price in
Figure 1.

Table 1. Turning points for the Russian Business Cycle

Peaks Troughs
1997Q4 1998Q3
2008Q2 2009Q2
2014Q3 2016Q3

The BB algorithm �nds three recession periods in the period 1997Q1-2017Q4.
These �ndings are in line with those of Smirnov et al. (2017), who use monthly
data in their reference chronology.

3.2 Predictive Variables

The oil price variable selected for the study is the Brent oil price in US dollars.
The main speci�cation used is the quarterly change in prices (DOIL).4 As we
are interested in studying the predictive ability of oil prices over and above other
predictors, we employ a number of commonly used predictors of recessions as
control variables. Several studies on other countries have suggested that �nancial
variables are useful predictors of real activity and recessions (see, e.g., Stock and
Watson (2003)). Among the most useful �nancial leading indicators are the term
spread (TS) and stock returns (RET) (see, e.g., Estrella and Mishkin (1998) and
Nyberg (2010)). Therefore, these predictors are obvious choices as additional
predictors. Along with these variables, also the short term interest rate has been
employed as a predictor in a number of studies (see, e.g. Wright (2006) and
Pönkä (2017)).

Sentiment variables, such as consumer con�dence indices, are a particularly
interesting group of variables, due to their forward-looking nature. Christiansen
et al. (2014) found that the consumer con�dence and purchasing managers' in-
dices are useful predictors of US recession periods, even when combined with
classic recession predictors and common factors based on a large panel of eco-
nomic and �nancial variables. Based on these �ndings, we include the consumer
con�dence index (CCI) in our set of potential predictors.

In Table 2, the predictive variables have been listed, along with the abbrevi-
ations and the starting points of the sample for each variable. Altogether, some
of the data ar already available from the beginning of 1997, so we are able to

4 In later versions of the paper, we also plan to use four-quarter changes of oil prices.
As a robustness check, we also plan to test the �ndings using the Urals oil prices.

6
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Table 2. Sample starting point for the leading indicators

Variable Abbreviation Starting point
First di�erence of the Brent oil price DOILt 1997Q1
First di�erence of the three-month interest rate DTMt 1997Q2
Logarthmic return of the stock index RETt 1998Q1
First di�erence of the consumer con�dence index DCCIt 1999Q1
Term spread (10y bond yield minus the three-month interest rate) TSt 2001Q3

Notes: This table presents the predictive variables and their starting points.

include the �rst recession period (1997Q4-1998Q3) in the sample. On the other
hand, the term spread could only used starting from 2001Q3 onwards.5

Furthermore, we present the correlations between the predictive variables in
Table 3. The highest correlations are found for the change in consumer con-
�dence. It is positively correlated with the term spread and the change in oil
prices and negatively correlated with the change in the short term interest rate.

Table 3. Correlations between employed predictive variables

DOILt DTMt RETt DCCIt TSt

DOILt 1 -0.449 0.441 0.577 0.482
DTMt 1 -0.396 -0.519 -0.401
RETt 1 0.362 0.301
DCCIt 1 0.541
TSt 1

Notes: This table presents the correlation coe�cients between the employed
predictive variables.

4 Results

In this Section, we present the main �ndings of our research. We �rst study the
performance of the individual explanatory variables as predictors of the Russian
business cycle. We allow each predictor to have a lag length beween one to
four quarters, as �ndings from previous literature has suggested that di�erent
variables have predictive ability at di�erent lag lengths.

The �ndings in Table 4 illustrate that changes in oil prices do have predictive
ability on future recession periods (using �rst and second lags). However, it is the
term spread that performs clearly the best as a predictor. The model including
the �rst lag of the term spread yields an AUC of 0.969, whereas the one with
the change in oil price yields an AUC of 0.743, which is also relatively high for
a single predictor. The di�erence in �t is only partly explained by the shorter

5 It is available starting from 1999Q1, but at that point the ten-year government bond
yields were so high in the �rst two years of the sample that using the data from that
point onwards caused problems the estimation of the model.
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Table 4. In-sample results for single-predictor probit models

First lags

Variable Coe�. adj.psR2 BIC SR AUC
1 DOILt−1 -0.052** 0.101 39.845 0.841 0.743***
2 DTMt−1 0.169*** 0.092 40.185 0.841 0.703***
3 RETt−1 -0.022*** 0.051 39.812 0.810* 0.683**
4 DCCIt−1 -0.101*** 0.107 34.022 0.880 0.689**
5 TSt−1 -0.806*** 0.557 18.156 0.908 0.969***
Second lags

6 DOILt−2 -0.048* 0.087 40.193 0.840 0.720***
7 DTMt−2 0.091* 0.015 43.033 0.815 0.613*
8 RETt−2 -0.023** 0.055 37.966 0.821 0.728***
9 DCCIt−2 -0.069*** 0.041 36.211 0.838 0.649**
10 TSt−2 -0.240** 0.204 29.108 0.828 0.903***
Third lags

11 DOILt−3 -0.012 Neg. 43.980 0.800 0.628*
12 DTMt−3 -0.012 Neg. 44.385 0.800 0.473
13 RETt−3 -0.008 Neg. 38.896 0.831 0.623*
14 DCCIt−3 -0.043 Neg. 37.514 0.822 0.642*
15 TSt−3 -0.154 0.085 32.602 0.778** 0.858***
Fourth lags

16 DOILt−4 -0.003 Neg. 42.746 0.810 0.517
17 DTMt−4 0.010 Neg. 42.747 0.810 0.570
18 RETt−4 -0.005 Neg. 38.990 0.829 0.600
19 DCCIt−4 -0.047 0.004 37.121 0.806 0.673**
20 TSt−4 -0.143 0.072 32.791 0.774 0.829***

Notes: This table presents the �ndings from single-predictor probit models for
Russian recessions. The table includes �ndings for the oil price and control variables.
Robust standard errors are given in brackets (see Kauppi and Saikkonen (2008)). The
goodness-of-�t measures are described in detail in Section 2. In the table, *, **, and
*** denote the statistical signi�cance of the estimated coe�cients and the AUC at

10%, 5% and 1% signi�cance levels, respectively.

sample used for the term spread. In line with previous �ndings in the literature,
the term spread has predictive ability even using longer lag lengths.

The �ndings from the single-predictor models were rather promising. Follow-
ing the typical convention, we proceed by estimating multiple predictor models.
Moreover, we estimate models combining the oil price variable with each of the
other predictors. We allow each variable to have a lag between one and four, and
report the best performing models in Table 5.

Model 21 uses the combination of oil prices and the short term interest rate. The
AUC is 0.797, which is higher than for the individual predictors in Table 4, but
lower than for Models 22�24. In Models 21�23, the coe�cients of the oil price
variable are statistically signi�cant. Model 24, including the term spread, yields
the highest AUC among the two-predictor models (0.974). This is even higher
than for the single-predictor model (Model 5). However, the coe�cient for the oil
price variable is no longer statistically signi�cant. Overall, we �nd that models
combining the oil price variable with classic recession predictors yield stonger
results than single-predictor models.
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Table 5. Estimation results for in-sample predictive models

Variable 21 22 23 24
DOILt−2 -0.067** -0.046*

(0.031) (0.027)
DOILt−3 -0.054*** 0.024

(0.021) (0.016)
DTMt−1 0.307***

(0.064)
RETt−1 -0.051***

(0.016)
DCCIt−3 -0.041

(0.033)
TSt−1 -0.723***

(0.168)
CONST -1.035*** -0.871*** -0.948*** -0.227

(0.276) (0.293) (0.279) (0.259)

adj.psR2 0.214 0.213 0.106 0.327
BIC 35.345 32.107 35.275 26.909
SR 0.835 0.882** 0.847 0.857***
AUC 0.797*** 0.812*** 0.812*** 0.974***

Notes: This table presents the �ndings from probit models for Russian recessions. In
the table, *, **, and *** denote the statistical signi�cance of the estimated

coe�cients, the Pesaran and Timmermann (2009) (PT) predictability test for the
success ratio, and the AUC at 10%, 5% and 1% signi�cance levels, respectively. See

also notes to Table 4.

4.1 Out-of-sample Findings

As previous forecasting literature has shown, good in-sample �t does not neces-
sarily imply good out-of-sample performance. Therefore, in this section, we will
examine the pseudo out-of-sample forecasting performance of our models. We
use an expansive window forecasting approach with estimation samples rang-
ing from 2001Q3�2009Q4 to 2001Q3�2017Q3 and report the results of one- and
two-quarter-ahead forecasting horizons.6 Therefore, in our forecasting sample
(2010Q1�2017Q4), there is only one recession. This limitation is due to the small
number of recessions in the full sample, as for each estimation sample we need
at least one recession period.

Table 6. Out-of-sample results for models including credit variables and classic pre-
dictors

Forecast horizon: 1 quarter

Model DOIL DTM RET DCCI TS 21 22 23 24
SR 0.813 0.781 0.438 0.781 0.875 0.750 0.563 0.719 0.813
AUC 0.787*** 0.792*** 0.237 0.783*** 0.932*** 0.778*** 0.662* 0.918*** 0.932***
Forecast horizon: 2 quarters

SR 0.719 0.781 0.563 0.719 0.719 0.688 0.469 0.719 0.688
AUC 0.894*** 0.758*** 0.522 0.783*** 0.831*** 0.676** 0.261 0.836*** 0.609

Notes: This table presents the one-to-four-quarter-ahead forecasting results from
static probit models for Russian recession periods. See also the notes to Table 4.

6 This selection is based on the sample length available for the term spread.
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The �ndings indicate that the models including the term spread (TS and
Model 24) perform best among the models in one-quarter-ahead forecasts, with
out-of-sample AUC:s of 0.932 for both models. Model 23, including the oil price
and consumer con�dence variables, also perform relatively well (AUC=0.918).
In the case of two-quarter-ahead forecasts, the single predictor model including
the oil price variable performs the best, yielding an AUC of 0.894, whereas the
model including the term spread performs the second best (AUC=0.831).

5 Conclusion

In this paper, we have studied the role of oil prices on Russian business cycle
�uctuations. The �ndings indicate that changes in oil prices do have predictive
ability on future recession periods. However, the term spread, de�ned as the
di�erence between the ten-year government bond and the three-month interest
rate, yields stronger results based on the area under the ROC curve (AUC),
which which has been the main measure of interest in this paper. Models com-
bining the changes in oil prices with classic recession predictors improve the
in-sample performance of the models. In terms of pseudo out-of-sample results,
models including the term spread perform the best in one-quarter-ahead fore-
casts, whereas a model including the change in oil prices, yields the highest AUC
in two-quarter-ahead forecasts.

The �ndings of this paper could be extended in a number of ways. In further
versions, we will include �ndings based on autoregressive probit models. A fur-
ther extension would be to use of a larger set of variables. In this paper, we have
considered the predictive ability of oil prices and classic recession predictors, but
the use of common factors based on a large panel of �nancial and macroeconomic
variables could also be considered, in the lines of Christiansen et al. (2014) and
Pönkä (2017).

10
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Abstract 

The seasonal sea level variations have been determined at five locations in the Polish coastal zone 

from satellite altimetry and tide gauge water level data for the period 1993-2015.  In order to analyze 

the dynamics of change in sea level, the linear trend was estimated from satellite altimetry and tide 

gauges time series. The real data time series and the data without seasonal variations were used. The 

correlation between the time series from different data sets have been determined. The seasonal 

indicators were used to estimate the seasonal variations of changes of sea level. The absolute 

indicators showed that, as a consequence of the influence of seasonal factors, the values of the given 

phenomenon are lower or higher than those estimated with the linear trend function. Baltic Sea level 

shows a mean annual cycle that usually peaks in the Autumn (September, October, November and 

the Winter months (December and January) and attains its minimum at the end of Spring (May). 

Despite the fact that the two considered kinds of measurements differ, since satellite altimetry 

integrates sea level anomalies and tide gauges observe real time water level, it is obvious that these 

phenomena are strictly connected with each other. The obtained mean correlation coefficient between 

data sets from satellite altimetry and tide gauges is 0.92. 

 

Introduction 

The seasonality of sea level changes is a variable which occurs in sea level anomalies in relation to 

seasons, in which various phenomena that have an essential influence on the changes appear. Seasonal 

changeability of the sea is connected mainly with meteorological factors, water balance, evaporation 

and changes in sea topography, or changes in water density (Chen et al. 2005). Therefore, accurate 

estimation of the sea level change is important to evaluate and predict its impact on coastal regions.  

Since the early 1990s, sea level is routinely measured with quasi-global coverage and a few 

days/weeks revisit time (called “orbital cycle") by altimeter satellites. The global sea level change 

has also been measured from numerous networks of coastal tide gauges around the world since the 
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18th century (Douglas 2001). Tide gauge data is important for determining global or local sea level 

rise with respect to a global geocentric reference frame (Deo et al. 2013). Tide gauges measure 

relative sea level, which is directly affected by corresponding ground -land motions (Rocco 2016). In 

contrast to tide gauges, satellite altimetry measures sea level variations relative to the center of mass 

of the Earth. Coastal sea level variability is therefore the most challenging to measure and interpret 

(Passaro et al. 2015). Sea level change analysis are important factors used for coastal area. Moreover, 

sea level change modeling is used widely to evaluate and study shoreline and climate changes (Kaloop 

et al. 2016). 

In the analyses of seasonal variations changes in sea level one can apply the seasonal indicators 

method. In the method, the seasonal indicators for particular phases of cycles are determined. In the 

article the authors made the analysis of seasonal fluctuations in the Baltic Sea level in selected stations 

distributed in Polish coastal zone of the Baltic Sea.   

In this paper we used an additive model (Fase et al., 1973). In the additive model the seasonal, cyclical 

and random variations are absolute deviations from the trend (they do not depend on the level of the 

trend). The reasons for the occurrence of seasonal fluctuations are mostly natural. It means that their 

occurrence is closely connected with the course of the following seasons and also with changes in 

climate conditions. The choice of a given method for distinguishing seasonal fluctuations, depends 

first of all on the course of the general linear trend estimation (particularly on the type of function 

that describes the tendency), and on types of seasonal fluctuations (Australian Bureau of Statistics, 

2018).  

In the indicators method used in this paper, one can distinguish four two stages of work: 

 - the computation of the linear trend model, 

- the elimination of the linear trend estimation from the time series (in the case of the additive model, 

it is achieved by estimating the difference between the empirical value of the analyzed variable and 

the theoretical value gained from the linear trend estimation model; the gained values are independent 

from trends, but they contain seasonal and random fluctuations) (Ostasiewicz et al. 2008). 

In this paper, we estimated seasonal indicators for the investigation of the seasonal variations of the 

sea level in the Polish coastal zone. For the purpose of seasonal adjustment, the time series was were 

assumed to be observed monthly and consisted of distinct elements: the trend, the seasonal, cyclical 

and irregular components. The objective of seasonal adjustment was to identify and estimate the 

seasonal effects, and to remove them from the time series.  
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2 Observation data 

2.1. Satellite altimetry 

The global merged Maps of Sea Level Anomaly grid data from the Copernicus Marine and 

Environment Monitoring Service (CMEMS) were used. This product is processed by the SL-TAC 

multimission altimeter data processing system. It processes data from all altimeter missions: Jason-3, 

Sentinel-3A, HY-2A, Saral/AltiKa, Cryosat-2, Jason-2, Jason-1, T/P, ENVISAT, GFO, ERS1/2. The 

altimetric measurements have been corrected for atmospheric effects (ionospheric delay and dry/wet 

tropospheric effects) and geophysical processes (solid, ocean, and pole tides, loading effect of the 

ocean tides, sea state bias, and the Inverted Barometer response of the ocean). In order to investigate 

the seasonal variations of the sea level in the Polish coastal zone, the mean monthly satellite altimetry 

data set is obtained from the daily data at the closest points to the TG location.  

2.2. Tide gauge 

The tide gauge (TG) at the coast can measure relative sea level variations with respect to the Earth’s 

crust (Woodworth and Player, 2003; Kowalczyk, 2006). In the study, the 5 tide gauges stations data 

with the time span 23 years from 1993 to 1999 was acquired from the Permanent Service for Mean 

Sea Level (PSMSL) global network of tide gauges (Fig. 1) (PSMSL, see http://www.psmsl.org and 

Woodworth and Player 2003). The data for the period from 1999 to 2015 was received from the 

Institute of Meteorology and Water Management National Research Institute, Poland. The time series 

of monthly TG data are used to analyze the relative sea level changes (Piecuch, 2016). 

3. Results and discussion 

The sea level change time series were obtained from satellite altimetry and tide gauge data. Fig. 1 

shows the sea level variations at the all analyzed stations.  
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Fig 1.  The location of co-located tide gauge stations used in the study with the un-trended sea level 

change time series (with trend removed) from satellite altimetry  and tide gauge at all analyzed 

stations  

It is seen that the sea level change time series have a strong seasonal signal and long-term trend, 

which agree remarkably well for two independent techniques. The satellite altimetry time series and 

tide gauge water level data series have been analyzed at the same time period (Table 1). Additionally, 

at each station, the correlation coefficient and the coefficient of determination between the satellite 

altimetry and the tide gauge data were computed (Taylor 1982).) (Table 1).  It is seen (Figure 1) that 

the sea level change time series have a strong seasonal signal and long-term trend, which agree 

remarkably well for the two independent techniques.   

Table 1. Trends, correlations and coefficients of determination (R2) of sea level change from 

satellite altimetry and tide gauge data at the same observation period (1993-2015) 

 

Stations 

Trend (mm/yr) Correlation 

coefficient 
R2 

Satellite altimetry Tide gauge 

Swinoujscie (53.917ºN, 14.233ºE) 3.1 ± 0.9 3.3 ± 1.1 0.88 0.77 

Kolobrzeg (54.183 ºN, 15.550 ºE) 3.6 ± 1.0 3.2 ± 1.2 0.92 0.85 

Ustka (54.583 ºN, 16.867 ºE) 3.8 ± 1.1 3.7 ± 1.3 0.94 0.89 

Wladyslawowo (54.800 ºN, 18.417 ºE) 3.8 ± 1.2 1.3 ± 1.4 0.93 0.86 

Gdansk (54.400 ºN, 18.683 ºE) 3.8 ± 1.2 1.6 ± 1.4 0.93 0.87 
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Linear trends for satellite altimetry and tide gauge measurements were evaluated over the same period 

at each station. According to Table 1, the differences of linear trend between tide gauge and altimeter 

data were considered small. However, at Wladyslawowo and Gdansk stations these differences 

appear larger, which may be due to the larger movements of the Earth's crust. The mean correlation 

coefficient between satellite altimetry and tide gauges is 0.92. Consequently, it can be stated that there 

is a high positive correlation between satellite altimetry and tide gauge. 

In the aim of analysis of seasonal fluctuations, we used the seasonal indicators method. We computed 

the absolute fluctuations, as the fluctuation amplitudes in corresponding phases of a cycle were 

similar, by estimating the difference between the empirical value of the analyzed variable and the 

theoretical value obtained from the linear trend estimation model. The obtained values were 

independent of trends, but they contain seasonal and random fluctuations. The absolute indicators and 

the sum of all seasonal indicators were estimated for the tide gauge data and sea level anomaly. In 

the case of the absolute indicators, the sum coincided with the expected value (Ostasiewicz et al., 

2008), i.e. it was 0. Figure 2 presents the calculated seasonal indicators in relation to the estimated 

trend value. The indicators in the additive model show how much the level of the phenomenon is 

higher or lower in a given month than the estimated trend function. 
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In September, November and January the sea level changes (Fig. 2) are the highest (they are higher 

than the estimated trend function) as a result of seasonal indicators activity from the satellite altimetry 

data. Moreover, in July and January the sea level changes are the highest from the tide gauge data. 

The sea level changes from both data sets are the lowest in May in almost all studied stations  at the 

Polish coastal zone .   

The sea level change determined from satellite altimetry and the fitted seasonal variations are shown 

in Fig. 3, and the results are collected in Table 2. The correlations show successful fitting for both 
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data sets. The adjustment of the satellite altimetry time series yields the correlation value 0.41 

(seasonal curves with absolute indicators). The tide gauge time series and the fitted seasonal curves 

are shown in Figure 4 and summarized in Table 2. The adjustment of the tide gauge time series yields 

0.35 (seasonal curves with absolute indicators). 

Table 2. Results of the satellite altimetry and tide gauge time series fitting, determined for the 

period 1993-2015. 

 

 

Station 

Correlation coefficient 

Satellite altimetry Tide gauge 

Swinoujscie (53.917ºN, 14.233ºE) 0.42 0.33 

Kolobrzeg (54.183 ºN, 15.550 ºE) 0.43 0.35 

Ustka (54.583 ºN, 16.867 ºE) 0.43 0.38 

Wladyslawowo (54.800 ºN, 18.417 ºE) 0.40 0.35 

Gdansk (54.400 ºN, 18.683 ºE) 0.42 0.32 

 

Figure 3. Satellite altimetry data  and tide gauge data  and the best fitting seasonal variation curves 

Sformatowano: Do lewej
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(pink line) at the all analyzed stations. 

Moreover, we calculated the correlation coefficients between two independent time series (seasonal 

curves). Table 3 shows the correlations between the seasonal curves (absolute indicators) from 

satellite altimetry and from tide gauges data. The correlation of seasonal variations from two 

independent observation techniques was 0.93, which is a very high linear correlation between two 

time series.    

Table 3. Correlation coefficients between satellite altimetry and tide gauge; results for seasonal 

indicators. 

 

Station 

Indicators 
Correlation 

coefficient 
R2 Satellite altimetry 

Max           Min 

Tide gauge 

Max         Min 

Swinoujscie (53.917ºN, 14.233ºE) Sept May July May 0.81 0.66 

Kolobrzeg (54.183 ºN, 15.550 ºE) Sept May July May 0.95 0.90 

Ustka (54.583 ºN, 16.867 ºE) Nov May July May 0.96 0.92 

Wladyslawowo (54.800 ºN, 18.417 ºE) Nov May Jan May 0.96 0.92 

Gdansk (54.400 ºN, 18.683 ºE) Jan May July May 0.95 0.90 

We found that there is a high positive dependence between seasonal curves from satellite altimetry 

and seasonal curves from tide gauge. The mean R2 coefficient is 0.86.  

4. Summary 

In our paper we estimated the seasonal indicators to investigate the seasonal variations of the sea level 

change from satellite altimetry and tide gauge data. We removed the seasonal components from the 

time series. Many approaches for removing the seasonal variations can be taken. We used the seasonal 

indicators to estimate the dynamics of changes of sea level.  

One type of models, namely the additive model, have been used. In the additive model, the seasonal 

variation is independent of the absolute level of the time series, but it takes approximately the same 

magnitude each year.  

The observations of the graphs prove that the authors gained the good fitting from the linear trend 

function and the absolute seasonal indicators.  

Based on these the five analyzed5 stations, the obtained mean annual amplitude in the sea level 

anomalies time series at five stations is 4.02 cm, in the tide gauge level data the mean annual 

amplitude is 5.19 cm.  

The time series of satellite altimetry and tide gauge data present almost similar behaviour in the sea 
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level change. The differences of linear trend between tide gauge and altimeter data were considered 

small. However, at Wladyslawowo and Gdansk stations these differences appear larger, which may 

be due to the larger movements of the Earth's crust or due to reasons related to human activity. 
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Abstract: 

For management and planning valuable groundwater resources, it is very important 

to predict groundwater level and understand correctly the process of aquifer changes. 

In this paper for the first time, the wavelet Halt-Winters hybrid models (WHW) have 

been explored and tested for Groundwater forecasting. For this purpose, a 16-year 

dataset of monthly groundwater level (GWL) fluctuations was used in two observa-

tion wells (near and far from the lake) of Urmeih coastal aquifer. In the WHW model, 

the dataset were converted into several sub-dataset with different time scales. Then, 

the sub-series were used in the HW model as inputs. Subsequently, the performance 

of the WHW model was evaluated with ARIMA, HW and SARIMA as linear models 

and neural network models (ANN) and Support Vector Regression (SVR) as nonline-

ar models. Results showed that the WHW hybrid model could lead to a considerably 

increased accuracy of groundwater level monthly modeling in comparison of the line-

ar models. The Comparison of the two wells indicated that DWT has high impact on 

improving the HW model performance in the well2 which located far from the lake 

and has less periodicity variable in the GWL series. The results also showed that the 

WHW model has similar accuracy in comparison with single ANN and SVR and can 

be helped to outperform abilities of the linear models to improve the groundwater 

modeling results, particularly in costal aquifers. 

Keyword: Groundwater level; Holt–Winters model; Wavelet Transform; Hybrid 

model 
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1 Introduction: 

Several environmental problems such as seawater intrusion, ecosystem change, and 

land subsidence are due to excessive groundwater pumping (Konikow and Kendy, 

2005). Therefore, it is important to manage the groundwater sustainably and to plan 

thoroughly before the groundwater development. For effective management, Predic-

tion of the groundwater level which has a role of fundamental indicator to estimate 

the quantity of groundwater has been practiced (Daliakopoulos et al., 2005; Nayak et 

al., 2006). 

Groundwater level (GWL) can be predicted using data driven and knowledge- 

driven models. The performance of data driven models is based on identifying rela-

tions between input and output variables of a system without the need for experi-

mental apparatus and complex hydro-physical models based on physical principles 

and mathematical equations (Solomatine et al. 2008). Required inputs of data driven 

models in groundwater are the hydrological and meteorological variables which are 

closely related to the GWL fluctuation. 

The common used data driven models for simulating GWL include artificial intel-

ligent model (e.g. ANN, ANFIS, and SVR), time series model, and combination mod-

el. The groundwater time series consists of three principal components (autoregres-

sive, seasonality and stochastic) and the performance of the time series models are 

related to these components. 

 Based on factors influence the groundwater, time series models such as the Holt-

winters (HW) model, the autoregressive moving average (ARMA) model, the Auto-

regressive integrated moving average model (ARIMA), and the seasonal autoregres-

sive integrated moving average (SARIMA) model have been applied. These models 

are kinds of linear model, which considers linear regression or linear relationship 

between influence factors and the groundwater level. 

The Holt-Winters method is one of the many methods or algorithms that can be 

used to forecast the seasonal time series. The HW model, as an Exponential smooth-

ing method, is a univariate time series which simulates both trend and seasonal factors 

(Sudheer et al. 2015). The popularity of the HW model is due to the simplicity of 

model formulation and good forecasting results (Yang et al. 2017). 

Several studies focusing on HW, ARMA, ARIMA, and SARIMA models have 

shown their accuracy and reliability in forecasting. Dabrowska et al. (2015) predicted 

the chloride content for short-term in the mineral waters of the Ustron Health Resort 

using SARIMA and HW models. The results of analyses indicated that the good per-

formance of the HW model highlights its utility compared with complicated physical-

ly based numerical models. Yang et al. (2017) used three time series analysis meth-

ods, HW, integrated time series (ITS), and SARIMA to simulate the groundwater 

level in a coastal aquifer in China. The comparisons of three models show revealed 

that the HW model is more accurate in predicting the GWL than SARIMA and ITS 

models. 

Combination different methods to constitute a hybrid model have become a popu-

lar technique for improving the precision of prediction results where the matchless 

specifications of all the methods are incorporated to extract various models in the 
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data. Empirical findings and theoretical suggestions showed that hybrid techniques 

could be effective in improving modeling (Kisi and Cimen 2011). Wavelet transforms 

(WT), as a pre-processing effective tool, can be combined with data driven models to 

constitute a hybrid model. Wavelet transform (WT) is a useful tool which splits up the 

time series into subseries containing different frequencies. The obtained subseries are 

very beneficial for increasing the prediction ability of a model by extracting effective 

information at various levels (Adamowski 2008). Recently, there has been an increas-

ing interest in combination wavelet transform with artificial intelligence and time 

series models in groundwater modeling (Adamowski and Chan 2011; Moosavi et al. 

2013; Maheswaran and Khosa 2013; Suryanarayana et al. 2014; Raghavendra and 

Deka2014; Haijiao et al. 2017 ). 

Adamowski and Chan (2011) studied the prediction of fluctuation groundwater by 

a combination of wavelet transform and ANN models. They decomposed GWL and 

rainfall data by wavelet transform. Then, all efficient subseries of groundwater levels 

and rainfall were considered as inputs of the ANN model. The relative performance of 

the proposed coupled wavelet–neural network models (WA–ANN) was compared to 

regular artificial neural network (ANN) models and autoregressive integrated moving 

average (ARIMA) models for monthly groundwater level forecasting. The results 

indicated the potential of WA–ANN models in forecasting groundwater levels. Mahe-

swaran and Khosa (2013) investigated the dynamic wavelet-based nonlinear Volterra 

model for long-term forecasts of groundwater. Moosavi et al. (2013) compared differ-

ent data-driven techniques for predicting groundwater level for various forecasting 

horizons. They compared a number of model structures for ANN, ANFIS, Wavelet-

ANN, and Wavelet-ANFIS to assess their ability to predict groundwater level in 1, 2, 

3 and 4 months ahead under two case studies in two sub-basins. Results indicated that 

wavelet transform can improve the precision of groundwater level prediction. Surya-

narayana et al. (2014) compared WA-SVR with ANN, SVR and autoregressive inte-

grated moving average model (ARIMA) to show that the WA-SVR yielded better 

accuracy. Raghavendra and Deka (2014) applied Wavelet-Support Vector Regression 

(W-SVR) forecasting monthly groundwater level fluctuations observed in three shal-

low unconfined coastal aquifers in the southwestern part of Karnataka adjoining the 

Arabian Sea. To assess the accuracy efficiency of the model, The Sequential Minimal 

Optimization Algorithm-based SVR model was also used in the same data sets. The 

comparison was made with different statistical indices. Results demonstrated that 

WP–SVR model outperforms the classic SVR model in predicting GWL at all the 

three well locations. Haijiao et al. (2017) predicted GWL for lead times of 1, 2 and 3 

months for 3 observation wells in the Ejina Basin using the wavelet-artificial neural 

network (WA-ANN) and wavelet-support vector regression (WA-SVR). Results 

showed that WA-ANN and WA-SVR have better performance than ANN and SVR 

models. WA-SVR yielded better results than WA-ANN model for 1, 2 and 3-month 

lead times. 

It is obvious from the related literature that during the recent years, several data-

driven models (e.g. ARMA, ARIMA, ANN, SVR, and hybrid models with wavelet 

transform) have been examined for the forecasting of groundwater. To date, no work 

has reported the input-output mapping capability of Wavelet-Holt Winters (WHW) 
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hybrid model for groundwater level forecasting. This provided an impetus for the 

current research. However, for the first time, this research is applied a hybrid Wave-

let– Holt-Winters (WHW) technique to predict groundwater level. The main goal of 

this study is to examine five data driven models for the monthly forecasting of GWL 

in a coastal aquifer in northwest Iran, with a specific focus on new hybrid Wavelet– 

Holt-Winters (WHW) approach that has not been explored in the literature for 

groundwater level forecasting. This new hybrid model that employed wavelet trans-

forms to decompose the time series of groundwater level into different subseries. 

Then each component is predicted by using the HT models and predicted components 

are summed to predict the original time series. Finally, the performance of Wavelet- 

Holt-Winters (WHW) is compared with the efficiency of single data-driven methods 

(i.e., ARMA, SARIMA, ANN, and SVR) which were established using the original 

data without de-noising processing. 

2 Methodology: 

1.1. Case study 

 
The Urmeih plain is a coastal aquifer located at the east of Urmeih Lake, Iran 

which lies between the eastern longitude of 44°, 20′ and 45°, 20′ and northern latitude 

of 37°, 05′ and 38°, 05′ (Fig. 1). Urmeih Lake is a large natural reservoir, which pro-

vides water requirements for different uses such as agricultural, industrial, and domes-

tic. The total length of coastline is around 3000 m. It is influenced under the sub-

tropical marine monsoon climate. This plain covers an area of about 248.34 km2 and 

mean annual temperature and precipitation in the area are 16 °C and 304 mm, respec-

tively. In this aquifer, groundwater flows from areas of a high hydraulic head in the 

west to the areas of a low hydraulic head in the east. To monitor the GWL, 55 obser-

vation wells were installed in the Urmeih aquifer. In this study, for providing a hybrid 

Wavelet– Holt Winters (WHW) model to predict groundwater level two observation 

wells were used (Well 1 and Well 2, in Fig. 1). These observation wells depicted the 

variable impact of the hydrogeological system in the groundwater level fluctuation at 

the vicinity of the lake (Well 1) and the furthest place of the lake (Well 2). Groundwa-

ter level data used in the current study cover 16 years data (192 monthly levels) be-

tween 2000 and 2016. The data set from 2000–2011 is used for model establishment, 

and the data set from 2012–2016 is used for predicting the dynamic change. Descrip-

tive statistics for groundwater level at the two observation wells is shown in Table 1. 
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Fig. 1. The location of the study area and the spatial distributions of observation wells  

Table1. Descriptive statistics for observation wells. 

Mean Max Min StD

OW1 1277.01 1279.37 1274.91 1.11

OW2 1343.22 1362.41 1323.29 7.18

Obs. Well
Statistic Parameters (m)

 
 

1.2. Holt–Winters model 

Exponential smoothing is a pragmatic approach to forecasting whereby the prediction 

is constructed from an exponentially weighted average of past observation. The Holt–

Winters model, as an exponential smoothing method, is the one most commonly used 

(Sudheer et al.2014). The basic structures were provided by Holt and Winters (Holt 

1957). Its basic idea is to decompose a time series into a linear trend component, sea-

sonal variation component, and random change component, incorporating the expo-

nential smoothing algorithm; the long-term trend (St), trends incremental (bt), and 

seasonal changes (It) are estimated; and then, a predictive model is established to 

extrapolate the predicted value. It is an extended single exponential smoothing, which 

allows forecasting data with non-constant trends and seasonal variations. Thus, it is 

also capable for detecting trend in different time periods. That the Holt–Winters 

method is capable in tracking changes in the level, trend, and also seasonality; the 

influence of the random motion can be moderately filtered Kamruzzaman et al. 
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(2011). Therefore, it is particularly suitable for time series prediction containing the 

trend and seasonal variation. The Holt–Winters exponential smoothing approach in-

cludes methods for both additive and multiplicative seasonal patterns. The Holt–

Winters method works with the following recursive updating equations: 

    (1) 

     (2) 

    (3) 

     (4) 

 Here   ،  and   are the smoothing parameters associated with level, trend and 

seasonality, respectively, which are estimated by minimizing the sum of squares of 

errors or any suitable error function. These coefficient ranges between 0 and 1. While 

c is the length of the seasonal cycle,  is the time intervals from the moment to the 

predicted time, and  is the predicted value in HW model.  

1.3. Wavelet Transform 

The wavelet transform is the popular tool of the Fourier Transform because of its 

multi resolution in time and frequency domain. The function ψt presents a mother 

wavelet, which has shock characteristics and diminishes to zero quickly (Zhou et al. 

2008). Wavelet functions decompose the time series into subseries with various fre-

quency domains, and then considers each subseries with a resolution corresponding to 

its frequencies thus dominating the deficiencies of Fourier transform. In employing 

Discrete Wavelet Transform (DWT), a finite number of shifts and scale levels are 

considered. The wavelet coefficients are calculated using DWT and the simplest and 

most impressive approach, where scales (a) and shift (τ) are chosen on basis of the 

powers of 2, called dyadic scales and shifts (Mallat 1989). DWT functions are usually 

presented by 

     (5) 

   (6) 

The most common selection is a0 =2, τ0 =1, and then the DWT becomes binary. 

For a discrete lake level time series LL(t), in which LL(t) happens at a discrete integer 

time step t, the dyadic discrete wavelet transformation can be defined as: 

   (7) 

Here, Wf ( j,k) shows the specifications of the lake level time series in scale (a or j) 

and time domain (τ or k). When either a or j is small, the frequency resolution dimin-

ishes, but the time domain increases. When either a or j is large, the frequency resolu-

tion increases, but the time domain diminishes (Wang and Ding 2003). The input 

signal can be built using the equation: 
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    (8) 
In Eq. (8), Wf ( j,k) applies down-sampling to calculate an approximation coeffi-

cient (aI) at decomposition level I with a low pass filter L(ψi,k(t)), and detail coeffi-

cients (d1, d2, d3, . . ., dI) at various levels 1, 2, . . ., I with a high pass filter H(ψi,k(t)). 

aI presents identity of the time series and d1, d2, d3, . . ., dI show the detailed infor-

mation of the time series such as jump, period, break and so on. However, the coeffi-

cient aI and dI cannot be directly summed to generate the time series as they are pro-

duced by down-sampling and are only half the length of the time series. So, it is in-

dispensable to reconstruct the approximations (aI) and details (dI) before summing 

them (Wei et al. 2013). Then the time series can be explained as: 

  (9) 

     (10) 

1.4. Wavelet-Holt Winters (WHW) hybrid model 

The WHW model utilizes the wavelet transform and HW model to propose a hybrid 

method for Exponential smoothing. This hybrid method is based on the idea that dis-

crete wavelet transform, as a multiscale decomposition tool, is applied to decompose 

the original data into several other scales (sub series) with different levels of resolu-

tion. In fact, the DWT splits up the original data into one approximation series (A) 

and N detail series in the wavelet domain (D1, D2, …, DN) Where N implies to de-

composition levels. To determine the decomposition levels, Wang and Ding (2003) 

suggest a formula (I=int[log(N)], where I  is length of time series data used in train-

ing) for the maximum decomposition level. The historical groundwater level data (H) 

obtain using the relation . The best resolution level (N) is chosen 

based on the approximation signal’s ability to describe the general pattern of the load 

series. These sub series are very beneficial for increasing the prediction ability of a 

model by extracting effective information at various levels. Then, each sub- series is 

considered as inputs of the HW model to forecast. For HW model, assigning the ap-

propriate smooth coefficients , , and   is important. It should be noticed that Due 

to the influence of various factors, uncertainty and randomness exist in groundwater 

table depth. Hence, the different selection of smooth coefficients still inevitably leads 

to the unreliability of prediction. In this study, the optimal value of smooth coeffi-

cients was specified based on a trial and error approach. As the minimum value of the 

mean squared forecast error determines the optimum values of the parameters.  Final-

ly, results of sub series forecasting are Summarized and generated forecasted 

groundwater level (FH = FAH+ FD1+FD2+FD3). A schematic structure of the WHW hybrid 

model was shown in fig.2 .To establish DWT and HW modeling were done using 

MATLAB and MINITAB software, respectively. 
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Fig.2. schematic structure of the WHW hybrid model 

3 Results: 

In this paper, the new WHW hybrid model was applied for the first time to forecast 

monthly GWL for 2 observation wells in the Urmeih coastal aquifer. The performance 

of this hybrid model was compared with the efficiency of single data driven methods 

(i.e., ARMA, HW, SARIMA, ANN, and SVR) which were established using the orig-

inal data without de-noising processing. In the first step, the historical groundwater 

level data (H) was decomposed via the DWT into some levels of decomposition. 

When performing DWT, the wavelet mother and decomposition levels must be care-

fully selected (Haijiao et al. 2017). Three decomposition levels were applied by the 

suggestion of Wang and Ding (2003) in order to decomposition of time series. The 

monthly groundwater level data were decomposed using Daubechies (db4) mother 

wavelet. DWT breaks up original time series into four subseries containing three de-

tail components and one approximation component. Each component plays a particu-

lar role in time series and follows a special pattern about the original time series. For 

this reason, all the components were applied as inputs to the HW model. It is im-

portant in model development that the full data split to training and test data as a re-

quirement to avoid incorporating future information (Haijiao et al. 2017). Hence, the 

wavelet decomposition process was applied on each partition (i.e., training and test-

ing) independently. It should be emphasized that if the full dataset (i.e., training and 

testing) is decomposed, then future data (that is not available to the modeler) could be 

used in the calculation of wavelet coefficients and lead to introduce bias into the fore-

casts (Deo et al. 2016). 

 In the second step, various input combinations of subseries were tried for predict-

ing subseries, separately. The multiplicative method is selected in MINITAB software 

to establish the HW model and the optimal value of smooth coefficients was specified 
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based on a trial and error approach. Selection of optimal smooth coefficients and best 

prediction model are determined by the minimum of root mean square error (RMSE). 

After calculation, the RMSE was found to get the minimum; therefore, for each sub-

series, a combination of smoothing coefficient was considered as the optimal predic-

tion model.  The optimal smooth coefficients and fitting curve between observed sub-

series and the calculated subseries and for Well1 and Well2 were shown in Fig. 3 and 

4, respectively. Finally, the groundwater level was predicted by summation of each 

subseries’ forecasts obtained using the optimal HW models. 

The accuracy of the WHW hybrid models was evaluated with the performance of 

single data driven models (i.e., ARIMA, HW and SARIMA as linear models, ANN 

and SVR as nonlinear models) which were established using the original data without 

de-noising processing. In nonlinear models, the time series of groundwater level, 

Lake water level, precipitation, and hydrometric data were used as input data. In 

ARIMA and SARIMA models, the autocorrelation function (ACF) and the partial 

autocorrelation function (PACF) of the groundwater data were extracted. Then, pa-

rameters (p,d,q, P, D, Q) was defined considering the cutout and continuity features in 

the plot of ACF and PACF. In the ANN model, the weights were adapted using LM 

learning algorithm, the tansigmoid transfer function was used for the hidden nodes 

and the size of the hidden nodes was identified using a trial and error approach. The 

radial basis function (RBF) was used as the kernel function of the SVR model and it 

optimal parameters were determined based on a trial and error approach. The R, 

RMSE and NSE statistics of the optimal WHW model and single data driven models 

are given in Tables 2 for Well1 and Well2.  

With respect to R, RMSE and NSE criteria, The WHW model has better perfor-

mance than the HW model which shows the wavelet transformation abilities in the 

multiscale decomposition of time series and also HW model capabilities in simulating 

each subseries. It was concluded that the HW model with an autocorrelation structure 

cannot simulate a multiple seasonality time series such as coastal groundwater level 

fluctuation appropriately. In fact, DWT by separating of non-linear, long-time, and 

random terms in groundwater could be helpful to transform non-linear and non-

stationary time series to independent subseries which is useful to improve the HW 

model accuracy. 

Comparison of the two wells indicates that DWT has had a high impact on improv-

ing the HW model performance in the well OW2, so that the RMSE and NSE criteria 

in the optimal WHW in compare with WH model improve 66% and 30%, respective-

ly. While, in Well1 the RMSE and NSE criteria improve 14% and 8%, respectively. 

The main reason for this may be the fact that more periodicity exists in the groundwa-

ter level series at Well1, which located near the lake, in compare with Well2. The 

existence of more periodicity in Well1 leads to the good performance by original HW 

model. This result reflects that if there are multiple seasonal fluctuations and periodic-

ity in the groundwater time series, then the performance of the WHW model will be 

better. It should be noticed that the more periodicity is considerably affected by the 

seasonal fluctuations of Urmeih lake due to the direct influence of the natural factor 

of climate on the lake (Nourani et al. 2016).  
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Fig.3. The optimal smooth coefficients and fitting curve between observed subseries and the 

calculated subseries at Well1 
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Fig.3. The optimal smooth coefficients and fitting curve between observed subseries and the 

calculated subseries at Well2 

 

It can be observed from the statistical results in Table 2 that the WHW model was 

found to outperform ARIMA, SARIMA, and WH models. WHW model has higher R 

and smaller RMSE than ARIMA, SARIMA, and WH models in both wells. 
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The results of in Table 2 also shows that the nonlinear models, ANN and SVR 

models, provide slightly better performance than the WHW model due to using a 

suitable algorithm for prediction (Figs. 4 and 5). It can be concluded that a WHW 

model has similar accuracy in comparison with single ANN and SVR and can be 

helped to outperform abilities of the linear models to improve the groundwater model-

ing results, particularly in coastal aquifers.  

The All models in Well 1 consistently showed higher R and lower RMSE values 

compared to the Well 2. It is observed a worth note that there are more stochastic and 

unknown parameters in well 2 and data driven models are not able properly to predict 

this time series. 

 

Table 2. Performance of WHW, linear and nonlinear models for groundwater level forecast-

ing at Well 1 and Well 2 

R RMSE NSE R RMSE NSE

WHW db4 , i=3 0.87 0.67 0.67 0.78 0.75 0.74

HW(α,γ,β) (0.2,0.1,0.3) 0.81 0.64 0.79 0.69 0.86 0.68

ARIMA(p,d,q) (1,1,1) 0.67 1.28 0.61 0.72 1.60 0.55

SARIMA(p,d,q)(P,D,Q) (1,1,1)(2,1,1)12 0.73 0.82 0.66 0.80 1.20 0.63

ANN (4,3,1) 0.85 0.54 0.72 0.86 0.67 0.73

SVR(γ, ε, C) (10,0.1,15) 0.90 0.43 0.82 0.90 0.59 0.78

WHW db4 , i=3 0.88 1.12 0.73 0.83 3.13 0.53

HW(α,γ,β) (0.2,0.1,0.3) 0.94 1.44 0.89 0.78 5.20 0.45

ARIMA(p,d,q) (1,0,1) 0.84 2.77 0.77 0.75 6.20 0.34

SARIMA(p,d,q)(P,D,Q) (1,0,1)(2,1,1)12 0.96 1.89 0.94 0.69 5.77 0.63

ANN (4,2,1) 0.93 2.81 0.86 0.88 2.71 0.77

SVR(γ, ε, C) (1,0.1,20) 0.92 3.01 0.84 0.85 3.28 0.63

Testing Step

OW1

OW2

Obs. well Data-Driven models Structure
Trianing Step
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Fig.4. Results of training and testing steps for the WHW, ANN, and SVR models at Well 1 

 

 
Fig.5. Results of training and testing steps for the WHW, ANN, and SVR models at Well 2 
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4 Conclusions 

The Holt–Winters (WH) model, as an exponential smoothing method, is capable to 

predict the time series containing the trend and seasonal variation and is a more so-

phisticated method of forecasting than of moving average methods (Young et al. 

2017). This model has not an appropriate performance in multi-scale and multi-

frequency series time. In order to the solution this problem and improve the HW 

model, a new method based on the conjunction of discrete wavelet transform (DWT) 

and HW model was proposed. In the groundwater time series generally there are mul-

tiple seasonal fluctuations that this hybrid model proposed can be used to as an ef-

fective method for simulation. Unlike the HW model that directly uses the original 

data as input data, the WHW hybrid model use an approximate part associated with a 

low frequency and some detailed part associated with high frequencies as input data  

that was decomposed by the wavelet transform. In this study the WHW hybrid model 

was applied for the first time in GWL modeling. Also, a comparative study was per-

formed to investigate the feasibility of WHW model to simulate GWL at two observa-

tion wells (near and far from the lake) in the Urmeih coastal aquifer in northwest, 

Iran. The monitored observation monthly GWL data from 2000 to 2016 were used in 

model setup and prediction. The monthly GWL data were decomposed using 

Daubechies (db4) mother wavelet with three decomposition level.  Finally, the WHW 

model was compared to linear and nonlinear models (i.e., HW, ARMA, SARIMA, 

ANN, and SVR) which were established using the original data without de-noising 

processing.  In nonlinear models, the time series of groundwater level, Lake water 

level, precipitation, and hydrometric data were used as input data. Results showed that 

the DWT could lead to a considerably increased accuracy of GWL modeling by HW 

model. However, the WHW hybrid model is more accurate in predicting the GWL 

than HW, ARIMA, and SARIMA models. The WHW hybrid model also has the same 

performance compared to nonlinear models. By comparison two wells, this research 

reflects that if there are multiple seasonal fluctuations in the groundwater time series, 

the performance of the WHW model will be better. 
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Tipping point analysis techniques developed in the past few years help anticipate, 

detect and forecast tipping points in a dynamical system. The methodology combines 

monitoring short- and long-term memory in a time series with potential analysis that 

analyses and extrapolates the system states.  

For anticipating tipping points, early warning signal (EWS) indicators include dy-

namically derived lag-1 autocorrelation (ACF), power-law scaling exponent of 

Detrended Fluctuation Analysis (DFA, [2]), and recently developed power-spectrum-

based EWS indicator, which similarly monitors dynamical changes memory in a record 

[3]. When such values rise monotonically, this indicates an upcoming transition or bi-

furcation in a series and can be used as early warning signals for tipping.  

The basis of the early warning signals is that the system potential 𝑈(𝑡) described in 

general form by a polynomial equation (see [4]) of the state equation 

 �̇�(𝑡) = −𝑈′(𝑧) + 𝜎𝜂 

start experiencing shallowing of an existing or growing of a new potential well. This 

causes the decay rate of the system fluctuation to slow down, which is often accompa-

nied by increasing memory in the time series. This can be detected and quantified by 

various scaling analysis techniques, such as DFA [2] or power spectrum [3]. Even the 

simple lag-1 autocorrelation function can be used to detect this effect [1], however it 

may be affected by trends that autocorrelation function cannot account for, which is a 

shortcoming of the ACF-indicator.  

By combining several EWS indicators, it is possible to identify and distinguish dif-

ferent types of tipping, such as forced transitions (when the underlying trend increases 

autocorrelations, but the detrended fluctuations remain unchanged) and genuine bifur-

cations (when the structure of the system potential changes, i.e. a new potential well 

appears, or an existing well disappears). Quantification of the scaling properties of the 

fluctuations also indicates the proximity of the tipping point in gradually varying sys-

tems; in the case of an abrupt tipping point, however, EWS techniques are often capable 

only to detect the change rather than anticipate it, due to the high speed of the system 

dynamics, with a very short forewarning time interval.  

The potential analysis detects a transition or bifurcation in a series at the time when 

it happens, which is illustrated in a special colour plot mapping the potential dynamics 

of the system [4-8]. This technique provides a 2D “portrait” of a time series with mul-

tiscale mapping of the number of detected system states marked by different colours, 
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so that a system bifurcation is visible, similar to how variable periodicities are illus-

trated by wavelet analysis plots. 

Potential analysis is also used in forecasting time series by extrapolation of Cheby-

shev approximation coefficients of the kernel distribution, with reconstruction of cor-

relations in the data. First, coefficients of the Chebyshev approximation of probability 

density are collected in sliding windows; second, the series of these coefficients are 

extrapolated and used to reconstruct the forecast probability density; third, a time series 

is simulated from the obtained probability density using rejection sampling; fourth, the 

time series is sorted according to historic data, with reconstruction of temporal correla-

tions, taking into account seasonality if necessary (this is important in geophysical and 

environmental series, where there is seasonal trend). For further details of the algo-

rithm, see [8]. 

The methodology has been extensively tested on artificial data and on various ob-

served datasets [2-14], and proved to be applicable to trajectories of dynamical systems 

of arbitrary origin [15]. We will demonstrate the methodology on diverse examples of 

synthetic and observed time series, in particular, from climatology [3,4,7,14], ecology 

[11], structural health monitoring [10,13], and acoustics [14]. 
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 8 

Abstract. Predicting suspended sediment load in river is an important task in order 9 

to manage and solve water resources problems. Neural network models have been 10 

developed to predict daily suspended sediment load (Qs) for Eel river at Scotia, 11 

California, USA. A 21 years daily time series data were used in the present study, the 12 

time series of flow load (Ql) and suspended sediment load (Qs) are affected by 13 

seasonal irregularity and non-stationarity flow. The present study analyzes the effect 14 

of data clustering and wavelet transform on neural network models. The results 15 

showed that wavelet transform combined with neural network (WANN) with one 16 

cluster has higher performance than artificial neural network with either one cluster or 17 

three clusters.         18 

Keywords: Artificial Neural Network, Wavelet, Suspended Sediment Load, 19 
Clustering. 20 

1 Introduction  21 

The prediction of the volume of sediment carried out by river is required for 22 

planning and management of water resources projects. It’s an important task in 23 

terms of rivers navigability, reservoir capacity, pollution and water quality, and life 24 

of hydroelectric equipment [Ozgur Kisi et al. 2012].   25 

Several studies in recent decades have been conducted to estimate the daily 26 

suspended load Qs using a combination of Wavelet and Artificial Neural Network 27 

(WANN), Taher Rajaee [2011] applied two models ANN and WANN to estimate 28 

the suspended sediments load and found that WANN has superior performance than 29 

ANN. Daubechies Wavelets have been used by many authors for its effectiveness in 30 

modeling hydrology time series [Vahid Nourani et al. 2015].   31 

The present study investigates two models, ANN and WANN, applied to the time 32 

series of daily flow discharge Ql and Qs by using one cluster and three clusters. The 33 

time series of the Ql and Qs were arranged only in one cluster in the first case, and 34 

in the second case the data were arranged in three clusters from low values, medium 35 

values, and high values of the times series Ql and Qs. Multi-layer perceptron 36 
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(MLPs) is used for ANN, Daubechies wavelet is used to filter the input signal 37 

discharge Ql. 38 

2 Methods or Materials  39 

    2.1 wavelet analysis 40 

The wavelet transform of a signal is capable of providing time and frequency 41 

information simultaneously. In order to complete this task, the time series are 42 

broken down by the transformation into wavelets that are scaled and shifted version 43 

of the mother wavelet (Nason et al. 1999). When applying wavelet transform, the 44 

choice of the mother wavelet is a crucial task. For the Ql and Qs time series in this 45 

study, Daubechies wavelet of order 8 (Db8) has been applied following 46 

recommendations given by Rajaee et al. (2009). An automatic denoising was 47 

performed to eliminate any existing noise in the signal Ql, by using soft Donoho 48 

and Johnstone's universal threshold with level-dependent estimation of the noise. 49 

After denoising the flow discharge Ql, the time series will be subject to ANN model 50 

for prediction. 51 

 52 

2.2 Artificial neural network 53 

 54 

The feed-forward multi-layer perceptron is the most popular of ANN models for its 55 

wide applications, which usually uses the technique of error back-propagation to 56 

train the network (Ehsan O. et al. 2015).The neural network used in this study has 57 

three layers, an input layer, a hidden layer, and an output layer. For the network 58 

training, the Bayesian Regularization back-propagation algorithm was adopted 59 

(Raveendra K et al. 2008). Also, the transfer functions consist of Elliot sigmoid 60 

function for the hidden layer and linear function for the output layer. To compute 61 

the number of neuron in the hidden layer of the ANN model, the common trial and 62 

error method was adopted (Qian-Jin Linet al. 2013). The ANN network was trained 63 

up to thirty neurons to optimize its performance. The number of neurons was not 64 

kept the same for ANN and WANN models. The input layer has only one input 65 

which the flow discharge Ql at the time current t, the output layer has only one 66 

output which is Qs at the time t.   67 

 68 

2.3 Gauging station and model performance evaluation 69 

 70 

The river discharge Ql and the suspended sediment load Qs data from the Eel river 71 

at Scotia, California, USA (USGS station N° 11477000, basin area of 72 

approximately 3600 square miles, Latitude  40°29'30", Longitude 124°05'55"), 73 

were employed to train and test all the models developed in this study. The time 74 

series data are from October 1959 to September 1980, which represent a total of 75 

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1092



3 

7670 days. The data were divided in three parts, training data, validation data, and 76 

testing data.  77 

Model The performance of the model is based on two criteria, the goodness-of-fit, 78 

where R2 and NSE were used, and the error, where RSR and PBIAS were used.   79 

3  Results  80 

Two models ANN and WANN were employed with one cluster and three clusters, 81 

to model the relationship between the flow discharge Ql and the suspended 82 

sediment discharge Qs. Fig.1 and Fig 2 display, respectively, ANN and WANN 83 

models. 84 

  
                    One cluster Three clusters 

  

Fig. 1 Observed and simulated Qs of the ANN model for the test phase 

 

  
                   One cluster                    Three clusters 

Fig. 2 Observed and simulated Qs of the WANN model for the test phase 

 85 

All statistical analyses are presented in table 1. The bold numbers relatively to high 86 

values of R2 and NSE and relatively to low values for RSR and absolute value of PBIAS  87 

 88 
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Table 1 Statistical analysis of ANN and WANN models by using one cluster and three clusters 90 

Models ANN WANN  ANN WANN  

Clustering 1 cluster 1 cluster 3 clusters  3 clusters 

Number of neurons 

in hidden layer 

27 29 21-27-2     3-30-24 

R2 0.81 0.93 0.81     0.87 

RSR 0.52 0.46 0.70 0.82 

NSE 0.72 0.79 0.51 0.32 

PBIAS 40 41 -53 -65 

4 Discussion  91 

Both ANN with one cluster model and ANN with 3 clusters have the same value of 92 

coefficient of determination (R2 =0.81); in contrast, Nash-Sutcliffe efficiency 93 

coefficient had net higher value (NSE=0.72) for ANN with one cluster than ANN 94 

with 3 clusters model (NSE=0.51), which implies that the fit line of ANN-1 cluster 95 

model estimate is closer to the observed data than the one from ANN-3 clusters 96 

model. Also, ANN-1 cluster model had less error, with lower values of RSR and 97 

PBIAS than ANN-3 clusters model. 98 

The aim of the wavelet is to improve the performance of the ANN model. Table 1 99 

revealed that WANN-1 cluster model, over all, has superior performance (R2=0.93, 100 

RSR=0.46, NSE=0.79, PBIAS=41) than ANN-3clusters (R2=0.87, RSR=0.82, 101 

NSE=0.32, PBIAS=-65). Therefore, WANN with one cluster estimates the sediment 102 

load better than ANN. In contrast, WANN with 3 clusters model performed poorly 103 

against ANN with 3 clusters.  104 

5 Conclusions  105 

In this study, two different neural network models (ANN and WANN) were trained to 106 

predict sediments load in Eel river, located in Scotia, California (USA). The neural 107 

network input was processed through discrete wavelet transforms and data clustering, 108 

to take in consideration the non-stationarity and the seasonal irregularity in the flow 109 

discharge and sediment load time series. Results show that the wavelet transform 110 

improved the estimation of the sediment load when using one cluster for the time 111 

series.   112 
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Abstract.    In this paper the average monthly river discharge and mean annual sea level in the 

coastal zones are discussed because of the great importance of this indicators in the production 

activity of people. These indicators form non-stationary nonlinear time series, therefore their 

investigation are performed with help of singular spectrum analysis (SSA) technique. SSA is 

powerful model-free method for time series analysis and forecasting. It allows to decompose the 

non-stationary time series into trend (slowly varying components), periodic or seasonal 

components (sum of elementary harmonic), noise (random components) and to forecast 

subsequent behavior of system, if separability condition of time series and possibility of reverse 

synthesis of individual elements are fulfilled.  

 

Keywords: Nonstationary time series, Mean sea level, River discharge, 

Singular spectrum analysis, Trend, Periodical components, Forecasting 

1  Introduction 

As soon as the water is the primary factor of the survival of mankind, water objects 

observations are performed and data are stored from old times, but the analysis of this 

supervision results began only in recent years. For this purpose various methods may 

be used, among them model–free SSA technique of time series analysis is very 

convenient tool  because of the possibility of trend, seasonal periodical components and 

noise extraction and also forecasting series behaviour and all its components separately 

[3], [4], [5]. Any hydrological time series may be investigated with help of this 

approach for different objects - sea, river, underground water, etc. In addition to natural 

periods (equal to or a multiple of a year, a day, a lunar month) the others not so obvious 

periods may be detected. These periods may be associated with different complicated 

processes such as anthropogenic factors. SSA method helps to select carefully periods 

and amplitudes of the oscillations and predict the behavior of the time series.  
In this study SSA method is applied for river monthly streamflow investigation and 

forecasting and for sea level changing near the continents coastline. For purpose of 

average annual sea level analysis data was taken from Permanent Service for Mean Sea 

Level (PSMSL) data base [6]. Established in 1933, the PSMSL has been responsible 

for the collection, publication, analysis and interpretation of sea level data from the 

global network of tide gauges. It is based in Liverpool at the National Oceanography 
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Centre (NOC), which is a component of the UK National Environmental Research 

Council (NERC). PSMSL is the global data bank for long term sea level change 

information from tide gauges and bottom pressure recorders. 

In PSMSL a monthly average sea level data is also available. PSMSL data base is 

available online: http://www.psmsl.org/data/. Change in mean annual level of seas, 

surrounding the European part of the Eurasian continent is mainly considered in this 

work, because the Baltic Sea water level time series data is the oldest, longest and most 

reliable data in the world [6]. The data of long-term observations, received from the 

most complete and reliable data base, are proceeded and analyzed. 

For river monthly streamflow studying data from station on Timpton River, which is 

644 km long and situated in Siberia (Russian Federation) was used. Data of 36-year 

series continuous observation of monthly average river water discharge for given 

analysis was collected in the line gouge of the designed Nizne-Timpton hydroelectric 

power station. The purpose is to extracts the trend component, periodical components 

and noise, as well as the forecasting of trend and each components. 
Analysis and forecasting of hydrology indicators - sea water level and river water 

discharge - are presented as examples of SSA technical application. By the same way 

various hydrological time series may be investigated, such as water temperature, water 

flow, underground water level, precipitations, etc.  

2 Mathematical methods  

The objective of this work is the processing of hydrological time series: smoothing, 

trends and periodical components extracting, the behavior of each components 

prediction. Due to SSA method developing many computer programs are created for 

time series analysis during last years: “Caterpillar”- SSA and RSSA package in St-

Petersburg University [3], SSA-MTM Toolkit for Spectral Analysis, kSpectra Toolkit 

[11], different MATLAB applications.  

In this work Mathcad 15.0 programs are applied as easy-to-use environment for 

engineering and scientific research [8], [9]. Mathcad has a large number of built-in 

functions, including matrix, and programming tools. The program for time series 

processing by SSA method in Mathcad media was developed according to SSA 

algorithm described in Golyandina et al. [5]. Three methods of time series smoothing 

was used and results were compared: singular spectrum analysis (SSA), simple moving 

average method and using supsmooth function built in Mathcad program. 

Singular spectrum analysis method of time series processing 

The algorithm of SSA method consists of transformation of one-dimensional series into 

multi-dimensional by one-parametric translation procedure, research of received 

multidimensional trajectory by means of principal components analysis (Singular 

Value Decomposition) and reconstruction of the series in accordance with the chosen 

principal components. The result of application of this method is the expansion of the 

time series into sum of simple components: slow trends, periodic or oscillating 

components and components of noises. The decomposition received by SSA serve as 
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basis of correct forecasting. SSA procedure is described in [5], application of SSA 

method to the hydrological time series processing is given in [7].  

Moving average method 

A moving average is commonly used with time series data to smooth out short-term 

fluctuations and highlight longer-term trends or cycles. The threshold between short-

term and long-term depends on the application, and the parameters of the moving 

average will be set accordingly. Mathematically, a moving average is a type of 

convolution and so it can be viewed as an example of a low-pass filter used in signal 

processing. When used with non-time series data, a moving average filters higher 

frequency components without any specific connection to time, although typically 

some kind of ordering is implied. Viewed simplistically it can be regarded as smoothing 

the data. In Mathcad there is built-in function movavg(v,n), which the smoothed version 

of the data in vector v created by taking a moving average with a window of width n. 

“Supsmooth” function method 

Built-in Mathcad function for smoothing X-Y data supsmooth(vy, vx) returns a vector 

created by the piecewise use of a symmetric nearest neighbor linear least-squares fitting 

on each element in vy, in which the number of nearest neighbors is adaptively chosen. 

Arguments in this function vx is a vector of real numbers with elements in ascending 

order, vy is a vector of real numbers the same length as vx. In our case vy is the vector 

of the number of observations [1, 2, ...i,…N]T, vx is the vector of average annual sea 

level time series [X1, X2,...Xi,….XN]T.  

3 Examples of analysis of sea water level changing in coastal  

For sea level analysis data were taken from Permanent Service for Mean Sea Level 

(PSMSL). PSMSL database forms the revised local reference (or RLR) dataset, RLR 

datum at each station is defined to be approximately 7000 mm below mean sea level. 

This conventional choice was made many years ago in order to avoid negative numbers 

in the resulting RLR monthly and annual mean values. 
Three examples of time series is presented: with sea level increasing (Cuxhaven-2 in 

Germany on the North Sea coast), with constant sea level (Kungholms Fort in Sweden 

on the Baltic Sea) and with sea level decreasing (Stockholm in Sweden on the Baltic 

Sea coast). The results of time series processing are presented below in Fig. 1-11. For 

the graphs in these figures the agreed notations are: Xi - initial series, SSA_tr - its trend 

calculated in accordance with SSA method, mv_avi – trend in accordance with moving 

average method, Supsmi – in accordance with supsmooth function. 

Annual mean sea level in Cuxhaven-2 (Germany) from 1843 till 2016  

Cuxhaven-2 tide gauge (station ID:7) is situated on the coast the North Sea, near the 

port of Hamburg; it is one of the oldest station in the world. Period of the observation 

is from 1843 till 2016. The completeness of report of Cuxhaven-2 tide gauge is equal 

100%, series length N=174. Sea level changing during 174 years is 340 mm.                     

In Fig.1 the initial series and its smoothing is given for SSA trend (window length 

L=87) with two eigentripples and also with help of moving average method and with 
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“Supsmooth” function method. Range of smoothing interval for moving average 

method is equal n=10. As it is seen from the graphs, a good coincidence of two methods 

of time series processing is observed: singular spectrum analysis and supsmooth 

function method. Moving average method strongly depends on range of smoothing 

interval.  

 
Fig. 1. Cuxhaven-2: initial series and its smoothing (SSA trend with two eigentripples) 

Plot in Fig. 2 shows the initial series of annual average sea water level and its trend 

(with one eigentripple) with trend forecasting for 16 years (shaded area). In Fig. 3 the 

initial series and its forecasting for 16 years period are presented. Fig. 4 shows the 

logarithm of eigenvalues in decreasing order; logarithm was introduced because of very 

large figures. It is clear that the first eigenvalue have the largest value and are able to 

explain the main part of variance. To determine the size of informative basis the next 

features of eigenvalue are used: the larger share of eqenvalue in the sum of elements of 

the eigenvalues vector, the more background information includes a projection on the 

corresponding eigenvector. It may be supposed that there is noise after second 

eigenvalue. In Fig. 5 one-dimensional plots of the first, second, third and forth 

eigenvectors are shown as the example. Analysis of eigenvectors confirm that the first 

eigenvectors is a trend components (slowly changing component), the last eigenvectors 

may be regard as noise. 

 
Fig. 2. Cuxhaven-2: initial series and its trend (with one eigentripple) and forecasting to 16 years 
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Fig. 3. Cuxhaven-2: initial series and its forecasting for 16 years 

 
Fig. 4. Singular value spectrum: plot of logarithms of 87 eigenvalues 

 

 
Fig. 5. One-dimensional plots of the first, second, third and fourth eigenvectors  

Fig. 6 shows the examples of two-dimensional projection of the eigenvectors. 

 

Fig. 6. Two-dimensional plots of eigenvectors  
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In Fig.6 vectors number is indicated in superscript of function and argument. Analysis 

of plots in Fig. 6 shows that there are no periodical components.  

As it is seen from the plot water level tends to increase. A similar phenomenon of annual 

average sea level increasing is observed in Tallinn (Estonia), Riga and Liepaja (Latvia), 

Klaipeda(Lithuania), Swinoujsce (Poland), located on the southern coast of the Baltic 

Sea.  

Annual mean sea level in Kungholms Fort (Sweden) from 1887 till 2017 

Kungholms Fort (station ID:70) is situated in the northern coast of the Baltic Sea. 

Period of observation from 1887 till 2017, .the completeness of report of is equal 100%, 

series length is N = 131, window length L = 66. Fig. 7 shows the initial series and its 

smoothing results. Range of smoothing interval for moving average method is equal     

n =10. In Fig. 8 the initial series and its trend with forecasting to 16 years are presented. 

 
Fig. 7.. Kungholms Fort: initial series and its smoothing  (SSA with one eigentripple) 

 
Fig. 8. Kungholms Fort: initial series and its trend (SSA trend with one eigentripple) 

Annual mean sea level in Stockholm (Sweden) from 1889 till 2017  

Stockholm in (station ID:78) is situated on the northern coast of the Baltic Sea. Series 

length is N = 129, window length L= 65. Plots in Fig. 9 - 11 show the initial series of 

annual average sea water level, its smoothing, SSA trend (with one eigentripple) and 

trend forecasting to 10 years (shaded area). Range of smoothing interval  is equal n =10. 
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Fig. 9. Stockholm: initial series (line with dot) and its smoothing (SSA trend with one eigentripple) 

  

Fig. 10. Stockholm: initial series and its trend (one eigentripple) with forecast on 10 years 

  
Fig. 11. Stockholm: initial series and its with forecasting to 10 years 

The decrease in water level is observed in Ratan (Sweden) and Helsinki (Finland).  

Results of sea water levels in costal zones investigation 

In table 1 the results of processing of the sea level time series from selected station is 

given. Data of thirty three stations are presented, the completeness of the most data on 
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North and Baltic Seas is equal 100%. Baltic Sea water level time series data are the 

oldest, longest and most reliable data in the world. The completeness of the last data 

vary between 96-99%. In this work missing data of time series was restored using the 

MSSA method. Sea level change is calculated as the difference between values of the 

initial and final points of the trend. 

Table 1. Sea level changing 

N

o 

Station 

 

Sta- 

tion 

ID 

Sea coast, 

country 

 

Years  of 

observation 

Sea level change, 

mm 

period nu

mb 

in pe-

riod 

per 

year 

1 2 3 4 5 6 7 8 

Baltic Sea and Gulf of Bothnia 

1 Kungsholms 

Fort 

70 Sweden 1887-2017 131 +35 +0.267 

2 Olands Norra 

Udde 

69 Sweden 1887-2017 131 -13 -0.099 

3 Stockholm 78 Sweden 1889-2017 129 -457 -3.543 

4 Ratan 88 Sweden 1892-2017 126 -955 -7.579 

5 Helsinki  14 Finland 1879-2016 138 -342 -2.515 

7 Kronstadt  Russia 1835-1993 159 +100 +0.629 

8 Klaipeda 118 Lithuania 1898-2011 114 +200 +1.754 

9 Swinoujsce 2 Polish 1811-1999 189 +140 +0.741 

10 Warnemunde  11 Germany 1856-2016 161 +199 +1.236 

11 Wismar 2 8 Germany 1849-2016 168 +197 +1.171 

12 Copenhagen 82 Denmark 1889-2012 124 +73 +0.606 

North Sea 

13 Cuxhaven-2 7 Germany 1843-2016 174 +340 +1.954 

14 Delfzijl 24 Netherland 1865-2016 152 +231 +1.510 

15 Ijmuiden 32 Netherland 1872-2016 145 +186 +1.283 

16 Maassulis 9 Netherland 1848-2016 169 +293 +1.734 

17 Vlissingen 20 Netherland 1862-2016 155 +200 +1.290 

18 Oslo 62 Norway 1940-2017 78 -28 -0.359 

Norvegian Sea 

19 Kabelvag 45 Norway 1948-2017 70 -93 -0.547 

Barenc Sea 

20 Murmansk 684 Russia 1952-2017 63 0 0 

North Atlantic Ocean, Bay of Biscay 

21 Brest 1 France 1807-2017 211 +200 +0.962 

22 Bilbao                1806 Spain 1993-2016 24 +81 +3.376 

Balearic Sea 

23 L'Estarti              1764   Spain 1990-2016 27 +82 +3.037 

24 Marseille 61 France 1885-2016 133 +212 +1.571 

Adriatic Sea 
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1 2 3 4 5 6 7 8 

25 Venezia 168 Italy 1923-2000 78 +210 +2.692 

26 Trieste 154 Italy 1927-2017 91 +124 +1.363 

27 Split 352 Croatia 1955-2014 60 +71 +1.182 

28 Dubrovnik 760 Croatia 1956-2014 59 +130 +2.203 

                                    Gulf of Mexico 

29 Galevston 161 US 1909-2017 109 +620 +5.636 

Nord Pacific Ocean 

30 Seattle 127 US 1899-2017 119 +220 +1.849 

Gulf of Farallones 

31 San 

Francisco 

10 United 

States 

1855-2017 163 +280 +1.718 

Nord Atlantic Ocean 

32 Boston 235 US 1921-2017 97 +320 +3.229 

Tasman Sea 

33 Sydney 65 Australia 1866-1993 108 +50 +0.463 

As it is seen from the table 1, there is an overall tendency of the increasing of the mean 

annual water level up to 1.5-2.0 mm/year. This fact is confirmed by the researchers that 

reseived data from the another sourses [1], [2], [10]. 

4 Example of analysis of monthly average water discharge  

As the examples of SSA method application the Timpon River discharge were 

investigated. Timpton River is situated in Saha – Jakutia (Eastern Siberia, Russia), it is 

644 km long and watershed area of 44400 km2. Data of 36-year series continuous 

observation (from 05.1961 till 05. 1997) was collected in the line gouge of the designed 

Nizne-Timpton hydroelectric power station. Data of monthly average river water 

discharge for given analysis was obtained from St.-Petersburg Vedeneeva Scientific 

Research Institute of hydraulic engineering (Russia). Series length is N = 432, window 

length L=216. Plots in Fig. 12 shows the initial series of monthly average water 

discharge, its trend (with one eigentripple) and trend forecasting for 12 month (shaded 

area).  

 
Fig. 12. Monthly average water discharge: initial series and its trend with forecasting for 12 month  
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Plots in Fig. 13 show the logarithm of eigenvalues in decreasing order; the first nine 

eigenvalues have the largest value. In Fig. 14 one-dimensional plots of the first, second, 

third and tenth eigenvectors are shown; Fig. 15 shows the examples of two-dimensional 

projection of the eigenvectors. 

  
Fig. 13. Singular value spectrum: plot of logarithms of 216 eigenvalues  

  

Fig. 14. One-dimensional plots of the 1,2,10 eigenvectors 

Analysis of the plots in Fig. 13 – 15 shows that the first eigenvectors is the trend 

component, the 2-nd and 3-rd eigenvector are periodical with the period 12 month, 4-

th and 5-th – periodical with the period 6 month, 6-th and 7-th - with the period 4 month, 

8-th and 9-th - with the period 3 month, the last may be refer as noise.  

 

 
Fig.15. Two-dimensional plots of eigenvectors 
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Plots of the separated periodical components and their prognosis are presented in 

Fig.13: with12-month period (b) and with 6-month period (b). 

 
(a) 

 
(b) 

.Fig.16. Plots of the separated periodical components and their prognosis: with12-month period (a) 

and with 6-month period (b) 

5  Conclusion 

In given work analysis and forecasting of hydrological indicators - sea water level and 

river water discharge - are presented as examples of SSA technique application. 

Detailed analysis of Timpton River discharge is fulfilled with graphic illustrations. The 

important indicators – the contribution flow of each component into the total (in 

percent) and seasonal components – may be observed from investigation. 

The change in mean annual level of the seas surrounding the continents is considered . 

Tide gauge data obtained from PSMSL database for the most completeness and long-

term observations are proceeded and analyzed. 

In general, there is an overall tendency of the increasing of the mean annual water level 

up to 1.5-2.0 mm per year. Change of average annual sea levels vary for various 

stations. This irregularity is caused by many factors: wind-induced setup, melting of 

snow and glaciers, production activities of people, groundwater motion in the coast 

zone, rivers flows.  
However, there is a general tendency of the sea level to increase, associated with 

climate change. The rate of increasing of the water level rises over the past 20 years, 

which is associated with climate change – general warming. Besides of that, there are 

trends that cannot be explained by climate change – lowering the water level on the 

northern coast of the Baltic Sea and the Gulf of Bothnia (Sweden and Finland) up to 7 

mm per year. This is probably occurring due to the movement of continents or other 

geological processes. If current trends will continue over the next 50 years, the raising 

the water level up to 120-150 mm may occur, which leads to the disfunction of the 

system of port facilities. Additionally, it is possibly to study the monthly average water 

level changing over the long term in order to know the seasonal variation of sea level; 

mean high and mean low sea water level may be estimated by the same way.  
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By the same way may various hydrological time series can be investigated, such as 

water temperature, water flow, underground water level, precipitations, etc. 
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Abstract 

The blooms of the toxic dinoflagellate Alexandrium minutum can be predicted with accuracy derived from 

knowledge of the main forcing variables. A naive Bayes classifier modeling framework, a member of the Bayesian 

network family, was used to identify the phytoplankton community, the physical and meteorological parameters 

involving Alexandrium minutum blooms in various sampling sites of the national phytoplankton monitoring 

program. The proposed model took into account the physical environment effects (salinity, temperature and tide 

amplitude), meteorological constraints (evaporation, air temperature, insolation, rainfall, atmospheric pressure and 

humidity), phytoplankton groups (diatoms, dinoflagellates, Cyanobacteria and Euglenophyceae), sampling months 

and sites on Alexandrium minutum blooms. The shift to the highest salinity and water temperature associated with 

reduced tide and atmospheric pressure were the most favorable conditions regarding the species blooms. The 

model shows that the species proliferate exclusively in spring and almost in Boughrara lagoon and Djerba Island. 

It was demonstrated that some diatoms and dinoflagellate appeared during the bloom whereas some others 

decreased such us Euglenophyceae and Cyanophyceae. This study shows that naive Bayes classifiers can support 

the management of this ecosystem as they are visually appealing, transparent models that facilitate integration of 

monitoring data so as to plan for the best disposal options in the treatment of urban and industrial wastes in the 

Gulf coast. 
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SUMMARY 

Two stochastic models that capture the main features of daily exposure of global radiation in Kuwait are proposed. 

The development of these models is based on removing the annual periodicity and seasonal variation of solar radiation. 

Thus the daily radiation is decomposed as the sum of trend component and a stochastic component. In many situations, 

there are dramatic changes in the radiation series through the year due to the condition of the weather as the case of 

the data from Kuwait. This would affect the accuracy of the model, therefore the series is divided into two regimes: 

one corresponds to clear days where the value of the global radiation would be normal and the other to non-clear days 

where the value of global radiation would be very low. Then the trend component is expressed as a Fourier series 

considering into account such apparent breaks in the series. The stochastic component is first tested for linearity and 

Gaussianity and found that it does not satisfy these assumptions. Therefore, linear time series model (ARMA 

modeling) may not be adequate and to overcome this problem, a bilinear time series is used to model the stochastic 

component of daily global radiation in Kuwait. The method is proposed to consider first fitting a best AR model to 

the realization and then seeing whether a further reduction in the mean sum of squares can be achieved by introducing 

extra bilinear terms. The Akaike’s Information Criterion (AIC) is used in selecting the best model. 

 

KEY WORDS:  Fourier series, ARMA model, bilinear model, stochastic component, MSE, AIC 
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Abstract. Heat-warning systems are used in many countries to alert the public 

of elevated health concerns associated with extreme heat, in order to reduce 

possible impacts on morbidity and mortality. Improved understanding of rela-

tionships between meteorological factors and negative health effects can help to 

refine these measures. The aim of this study is to compare various thermal indi-

ces in their ability to predict heat-related mortality in Prague, Czech Republic 

during the extraordinary summer 2015, based on the temperature-mortality as-

sociation over 1994–2014. Relatively novel thermal indices – Universal Ther-

mal Climate Index (UTCI) and Excess Heat Factor (EHF) – are compared with 

more traditional ones (Apparent Temperature (AT), Wet-Bulb Globe Tempera-

ture (WBGT), and Physiologically Equivalent Temperature (PET)) to evaluate 

their suitability for a heat-warning system. After adjusting mortality for long-

term trend and seasonality, the relationships between thermal indices and all-

cause mortality deviations were estimated by generalized additive models for 

extended summer seasons (May–September) during 1994–2014, and the result-

ing models were applied to predict mortality deviations in 2015 based on ob-

served meteorology. The predictions of excess mortality are evaluated in terms 

of the Critical Success Index. 

Although all predictors showed a clear and strong association between thermal 

conditions and mortality deviations, we found some diversity in their perform-

ance. The EHF formula performed best in estimating the intensity of heat waves 

and magnitude of heat-impacts on excess mortality on the most extreme days, 

while WBGT14 was most precise in the selection of heat-alert days during the 

extended summer season, mainly due to a relatively small number of ‘false 

alerts’ compared to other predictors. The human-heat-budget based thermal 

comfort indices (PET and UTCI) were generally less consistent than air tem-

perature and simple indices (WBGT and AT) in predictions of mortality devia-
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tions as well as in identification of heat-alert days. Air temperature was compa-

rable with or even better than some other (more complex) predictors, possibly 

also because it requires no additional approximations of input variables enhanc-

ing the final model’s uncertainty. 

Since the main purpose of heat-warning systems is identification of days with 

an increased risk of heat-related death rather than prediction of exact magnitude 

of the mortality deviations, WBGT seemed to be a slightly favourable predictor 

for such a system. Our findings suggest that combination of more techniques 

within a potential heat-warning system could be useful for a proper understand-

ing of the heat-impact risks on human health. 

 

Keywords: excess mortality; heat stress; thermal indices; warning system; 

Critical Success Index; Central Europe 
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Abstract. In this study the current research evidence about the role of
power laws and fractals in stock market data is being reviewed. Then
the fractal complexity of stock indexes in US (S&P 500) and Germany
(DAX) is estimated. Daily closing prices from 1950 to 2017 are used for
calculations.
The results indicate a slightly downward trend in Hurst exponent during
the investigated decades, meaning modest decrease in the spectral power-
law exponent and increase in the fractal complexity of the indices.
Possible links between the financial crises and changes in complexity are
also discussed and questioned.

Keywords: power law, fractal dimension, Hurst exponent, S&P 500,
DAX

1 Introduction

Complexity can be generated in a variety of ways. In chaos theory, irregular,
hardly predictable behaviour can arise from a few nonlinear differential equa-
tions. In agent based models, large number of individual objects governed by a
few simple rules are capable of generating remarkably complicated formations.
Moreover, complexity may be spatial or temporal - it may involve complicated
patterns that do not change over time, or may appear as a surprising time vary-
ing behaviour.

In terms of complexity, the stock market is a great place to look at. It is
composed of many decision-making individuals with similar motivations. The
market is open to the environment, and its dynamics has interesting features.
Moreover, the development of this remarkable system is well documented. In the
form of stock indexes and price series, we have decades of data to study.

However, if we see the stock market as a system of complex behaviour, then
we must call into question the standard random walk model with step sizes that
vary according to a normal distribution. However, questioning the normal or
log-normal distributions in economics, or in any real-world data, is not easy.
Gaussians seem to be all around us. Frequently mentioned examples are distri-
butions of height, weight, measurement errors. We even have the central limit
theorem that explains why normal distributions are so common. The theorem
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2 Power laws in stock market and fractal complexity of S&P500 and DAX

states that the normal distribution arises whenever a large number of indepen-
dent and identically distributed random variables with finite variances are added
together.

In economics, Gaussian distribution of stock returns and the correspond-
ing random walk model are the essence of the efficient market hypothesis [1].
According to this idea, the investors have all information about the expected
earnings of the stocks. They should always agree about the right price. The
prices can change a little bit after the companies release new estimates of the
future earnings. But no such things as bubbles and crises should happen.

Nevertheless, normal distribution may not be as typical as it has long been
thought of. Already in 1960 Benoit Mandelbrot pointed out that large move-
ments in prices are much more common than would be predicted from a normal
distribution [2]. As an alternative, he suggested the heavy tailed Lévy distribu-
tions. The importance of this result was under-valued by the economists until
the appearance of modern risk management methods around the 1990s. At that
time, the quantitative estimation of the heavy tailed distributions started to be
taken much more seriously. Mantegna and Stanley have shown that for the S&P
500 the central part of the distribution corresponds to the Lévy stable process
[3]. Scaling behaviour has been observed for time intervals spanning from min-
utes to weeks. The tails of the distribution deviated from that for a Lévy process
and were approximately exponential, ensuring - as one would expect for the price
returns - the finite variance of the distribution.

Although heavy-tailed distributions are already accepted in finance, discus-
sions about their origins are still actively going on. For proponents of complex
systems, the heavy tails, implying occasional market crashes, and also the for-
mation of bubbles appear as a natural and inherent feature of the system. The
first artificial models that confirm this, were designed in the nineties [4]. In the
models - computer simulated markets - adaptive learning agents (traders) are
trying to predict price movements and buy or sell based on their forecasts. The
subsequent change in the price then gets fed back to the traders and is used
for further decision about buying or selling. The feedback makes the market a
specific dynamic system. Every emergence of obvious predictability and thus the
vision of profit opportunity is immediately revealed by a huge number of traders.
The massive attempt to use the new discovery immediately leads to canceling
or even reversing the pattern. But it is remarkable that in models (and also in
reality) sometimes the exact opposite occurs - market participants keep a certain
pattern alive. Usually it is a sustained rise in stock prices, known as a bubble.
Bubbles are accompanied by an unreasonable increase in the price-earning (P/E)
ratio of the shares concerned. The bubbles inevitably crash after some time, but
the height of peaks are hard to predict.

Excessive increase in P/E ratio can be caused by unrealistic expectations of
future earnings. However, it can also be triggered by herding behaviour. Nate
Silver emphasizes in his book [5] that, in the 1960s, only about 15 percent of
stocks were held by institutions rather than individuals. By 2007, the percentage
had risen to 68 percent. When a trader does not risk his own money, then it may
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be quite rational for him to stay with the herd when the market goes up. When
the trouble comes, the investor can blame the unpredictability of the market or,
at best, admit collective guilt.

Herding behaviour, along with fat tailed distributions, volatility persistence,
uncorrelated returns and other stylized facts were replicated by a plethora of
agent-based models to date (see e.g. [6] and references therein). What is inter-
esting is that the systems often converge to reality-like complex behavior, even
though they have started with very simple initial condition of huge number of
agents and a couple of trivial rules. Bak et al. have argued that under rather gen-
eral conditions the preferred state is the one for which there is no characteristic
spatial or temporal scale size [7]. Objects with no spatial scale are fractals (term
coined by Mandelbrot in 1970s), and fluctuations with no temporal scale are gov-
erned by power laws. For the above phenomenon, in 1980s Bak et al. introduced
the term self-organized criticality. In finance it immediately attracted increased
attention to the power-law process as to the next candidate for modeling the
distribution of returns.

Our variable of interest x has a so called power-law distribution if

p(x) ∝ 1/xα.

Power-law distributions are long-tailed, giving a relatively large probability
p(x) to extreme events. They diverge at zero, so there must be a minimum value
xmin > 0 for which the power-law behaviour holds. If α > 1, then the median
can be computed as 21/(α−1)xmin [8]. A power-law process has a well-defined
mean only if α > 2, and it has a finite variance only if α > 3.

Power laws are very common in nature. For example both the gravitational
and electrical force decrease inversely with the square of the distance from the
mass or charge and thus have no characteristic length scale (until the size of the
molecules). Let us also mention the Zipf’s law from 1929, valid for the frequency
of words in different languages, and for many other phenomena [9]. Another
similar law emerged in the 1930s from seismological research of Gutenberg and
Richter [10]. Power laws are also ubiquitous in economics. Just remember the
Pareto principle from 1896, concerning the income distribution [11].

It is unclear why power laws should be so common. They do not emerge
from the generalized central limit theorem as easily as the normal distribution.
A generalization of the central limit theorem due to Kolmogorov and Gnedenko
states that the sum of a number of random variables with power-law tails tends
to a stable distribution only for 1 < α ≤ 3 [12]. If α > 3 then the sum converges
to the Gaussian distribution. However, most identified power laws in nature are
below 3 and they are so common that, sometimes, it would seem that power
laws are ”the new normal”.

Self-organized criticality has been one of the first major attempt to explain
the abundance of power laws. Bak et al. declared discovery of a robust mech-
anism of spontaneous emergence of complexity from simple local interactions
- a promising source of ubiquitous complexity. However, the idea has finally
shown serious weaknesses and considerable efforts have been made to find new
candidates for universal mechanisms for generating power laws [13], [14].
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4 Power laws in stock market and fractal complexity of S&P500 and DAX

The attraction of power laws probably lies in the fact that processes with
power-law distribution are fractals. It means that they are self-similar or self
affine and hence scale-free. For example, graphs of share prices over minutes,
days, or weeks have a very similar overall form, displaying statistical self-affinity,
which means that a rescaled version of a small part of the graph has the same
statistical distribution as the larger part. Power-law distributions are accompa-
nying signs of fractals and vice versa. Evidence of inevitable ubiquity of fractals
would be impressive.

However, not just the search for a universal mechanism is unsuccessful. We
often fail even with a seemingly less ambitious goal of demonstrating that some
data follows a power law. The natural procedure is to take the histogram and plot
it on a log-log scale. If it looks linear then the estimate of the slope is considered
the exponent α. Unfortunately, the data may be well-fitted by a power law, and
another function might be an even better fit.

One of the latest studies on this topic comes from Broido and Clauset [15].
The authors compare the fitted power-law distributions to alternative heavy-
tailed distributions, like the log-normal or the stretched-exponential. The ap-
proximations are compared using a likelihood ratio test. The findings of the
authors are clear right from the title of the article - Scale-free networks are rare.
The provocative title has prompted an immediate response from Albert-László
Barabási, one of the advocates of ubiquitous scale-free networks [16]. He argues
that the fitting difficulties are not a reason to dismiss the idea of the scale-free
networks. Pure power law only emerges in idealized models. In real networks, we
have to admit additional effects. Then, the power law tends to coexist with some
corrective function, leading to power laws with exponential cutoffs, stretched ex-
ponentials, and so on.

The idea behind the Barabási–Albert networks driven by only growth and the
so called preferential attachment is that nodes with higher degree receive more
new links than nodes with lower degree [17]. Intuitively this makes sense. Web
pages with many incoming links are easier to find, so even more new Web pages
will link to them. In networks, this ”the rich get richer” principle of preferential
attachment leads to scale-free degree distributions. From this point of view the
stock market can be seen as a network of traded companies (nodes, vertices).
In the network, pairs of vertices are linked by edges, if the level of correlation
between the corresponding two price series is above a specified threshold.

Is the preferential attachment, resulting in power-law distributions, the right
model for the price returns? Or should we prefer one of many other proposed
models and mechanisms? It is not obvious how to decide.

Also, it is still not even clear whether it is appropriate to see the price series
and indexes as power-law processes and fractals. On the one hand, price returns
certainly have some kind of fat-tailed distributions, but verifying the specific
power-law distribution could prove to be be infeasible. On the other hand, we
have the remarkable indicators given by Mandelbrot: the apparent statistical
self-affinity in data and also the volatility persistence that is strongly supportive
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of a long memory property. These are typical features of fractal (power-law)
processes.

After this relatively extensive introductory review, the rest of the article is
organized as follows. In the next two sections we introduce the data sets and
the methods used for estimation of the fractal complexity. The fourth section
presents and discusses the results. Finally, the findings are summarized in Con-
clusion.

2 Methods

Although the idea of a power-law distribution in stock prices is still not justified,
use of fractal characteristics such as the Hurst exponent [18], has been quite
common for some time.

The Hurst exponent H is usually referred to as a measure of persistence
but in fact it is also one of the fractal complexity measures. H can be derived
directly from the best-known fractal characteristic, which is the fractal dimension
D. Fractal dimension determines the irregularity of the signal. It tells us how
smooth or rough the trace of the graph is. D can take values between 1 and 2.
The more the graph fills the plane the closer it approaches the value of 2.

Let us also mention the possibility of spectral representation of the investi-
gated scale-free process:

S(f) ∝ 1/fβ ,

where S(f) is the power spectral density for the frequency components of the
signal. Processes with this power-law relationship are called 1/f noises.

When we have self-affine time series, some of the properties as D, decay of au-
tocorrelation or power spectrum, persistence, etc. are elegantly connected. Above
all, the next relation between the fractal dimension D, decay of autocorrelation
γ, Hurst exponent, and spectral decay β holds:

D =
2 + γ

2
= 2−H =

5− β
2

(1)

for 1 ≤ β ≤ 3 [19], [20].
The consequence of (1) is that if you estimate one of the characteristics, you

also get the others. For example, in this study, we estimated D and used it to
get the estimate of the Hurst exponent and spectral decay.

For computation of D, we chose the Higuchi method, introduced in [21].
The method stood out from our earlier comparison of four different estimation
techniques [22].

The Higuchi’s method scans fluctuations of the signal by investigating the
defined length of the curve for different magnifications of the time axis of the
signal. We take time-series X(1), X(2), ..., X(N), and make k lagged time series
that start from m-th place (m = 1, 2, ..., k) with gap of the size k:

Xm
k = X(m), X(m+ k), ..., X

(
m+

[
N −m
k

]
k

)

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1117



6 Power laws in stock market and fractal complexity of S&P500 and DAX

Then Higuchi defines a length of the curve of Xm
k as follows:

Lmk =

[N−m)
k ]∑
i=1

|X(m+ ik)−X(m+ (i− 1)k| N − 1[
N−m
k

]
k2

When the length of the curve is calculated (and normalized) for every m and k,
we get an L(k) as the mean of all lengths Lmk . If L(k) ∼ k−D, then the curve is
a fractal with dimension D.

To estimate the Higuchi dimension, we used a Matlab code shared by J.
Monge-Álvarez [23].

Real data, however, can only be investigated over a restricted range of scales.
We have to determine how high should the value k go. The recommendation is
to compute the estimates for increasing k and use the value where the estimates
reach a plateau. For the indexes analyzed in this study, the optimal choice was
found to be k = 4.

After estimating the Higuchi fractal dimension D, we use Eq. (1) to get the
corresponding Hurst exponent: H = 2−D.

When we estimate H or other fractal characteristics from the financial series,
we actually work with a hypothesis that the given series is a power-law process
and thus a fractal.

Finding H > 0.5 indicates that the increments of the process are positively
correlated, meaning that a high value in the series will probably be followed by
another high value (persistence). Variation increases at a faster rate than what
is expected for the Gaussian case, so that large jumps are possible, and the series
may travel a larger distance than a random walk would imply.

On the other hand, H < 0.5 means negative correlation and long-term ten-
dency to switch between high and low values (anti-persistence).

A value of H = 0.5 means that the investigated process has independent
increments (e.g. ordinary Brownian motion), or the absolute values of the auto-
correlations decay exponentially quickly to zero, unlike the above-mentioned case
of typically power-law decay. In stock returns data, H = 0.5 can be considered
to support the efficient market hypothesis.

3 Data

In this study, the daily closing values of S&P 500 and DAX indexes are examined.
The S&P 500 is an American stock market index based on 500 large compa-

nies listed on the New York Stock Exchange or the Nasdaq Stock Market. Daily
closing values (17110) of S&P 500 from January 3, 1950 to December 29, 2017
were downloaded from https://finance.yahoo.com.

The DAX is a German stock market index consisting of the 30 major com-
panies trading on the Frankfurt Stock Exchange. Daily closing values (14578)
of DAX from January 4, 1960 to December 29, 2017 were downloaded from
https://stooq.com.
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For the computation of the fractal characteristics, the daily closing values of
the indexes were used. For the plot of a histogram and the corresponding fit of a
normal density function, ordinary returns expressed as a percentage were used.

4 Results and Discussion

Fig. 1 shows the empirical distribution of the returns of S&P 500 for years 1950–
2017. The estimated σ is 0.9608. We can see, that the distribution has fatter tails
than predicted by the Gaussian. Events that should theoretically be extremely
rare, such as price changes by more than 3 percent (above 3σ), are actually quite
common. The result suggests that the market does not follow a random walk.
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Fig. 1. Histogram for the daily returns of the S&P 500 during the period 1950–2017
compared to the Gaussian normal distribution. In order to amplify the heavy tails of
the distributions, semilogarithmic plot is used.

Fig. 2 shows estimates of Hurst exponent for the S&P 500 during the period
1950–2017. Each value of H is estimated from 250 previous daily closing values
of the index. Most of the time, the H > 0.5 indicates significantly persistent
behaviour. However, H shows a slightly downward trend over the years and
during the last two decades it oscillates quite close to the value of 0.5 typical for
the ordinary random walk. Similar decreasing pattern has been observed when
high frequency (1-minute) data were used for S&P 500 index for the period
1983–2009 [24]. The similarity of the results obtained from daily and minute
data supports the possible presence of scale-free processes.
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Fig. 2. Hurst exponent for the S&P 500 during the period 1950–2017. Each value of
H is estimated from the previous year of daily closing values.

Fig. 3 shows estimates of Hurst exponent for the German DAX during the
period 1960–2017. Again, each value of H is estimated from 250 previous daily
closing values of the index. Also in this case the Hurst exponent shows a moderate
downward trend over the investigated years.
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Fig. 3. Hurst exponent for the DAX during the period 1960–2017. Each value of H is
estimated from the previous year of daily closing values.

In case of S&P 500, the highest values of H were found for the years 1971–
1972. Left part of the Fig. 5 shows a closer look at these years. The index is
relatively smooth and persistent. The estimation of the Higuchi dimension is
D ≈ 1.3, so based on Eq. (1), H ≈ 0.7 and the signal resembles 1/f noise with
an exponent β ≈ 2.4.

The lowest values of H were found for the turbulent years of 2008–2009.
Right part of the Fig. 6 shows S&P 500 and H for these two years. The index
here is mostly anti-persistent and it looks more rough and space-filling than
in the previous case of 1971–1972. The corresponding estimates of the fractal
complexity measures are D ≈ 1.6, H ≈ 0.4, β ≈ 1.8.
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Can we learn more from the course of the Hurst exponent?
The most important question is, of course, whether H can help to predict the

coming crash. By stock market crash we understand panic selling and double-
digit percentage losses in a stock market index over a period of few days. Al-
though long-term market predictions are undoubtedly illusory, some authors
believe that limited short-term trend predictions are possible [25], [26].

To discuss this topic, let us look closer at the Hurst exponent’s course over
some specific 2-year periods.
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Fig. 4. Hurst exponent (blue) and the S&P 500 (red) during the period 1960–1961 (on
the left) and during 1962–1963 (on the right). Each value of H is estimated from 50
previous days.
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Fig. 5. Hurst exponent (blue) and the S&P 500 (red) during the period 1971–1972 (on
the left) and during 1987–1988 (on the right). Each value of H is estimated from 50
previous days.

The right part of Fig. 6 shows estimates of Hurst exponent for the S&P
500 around the financial crisis in September 2008. In the first half of 2008, the
stock market was at its peak with H > 0.5 suggesting a slight persistence in
the data. In such situation, the short-term predictability of the market can be
increased, traders may become confident about their strategies and the liquidity,
but also the vulnerability of the market grows. What seems to be interesting is
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Fig. 6. Hurst exponent (blue) and the S&P 500 (red) during the period 1989–1990 (on
the left) and during 2008–2009 (on the right). Each value of H is estimated from 50
previous days.

that well before the crash H began to fall sharply. Unusually low values of the
exponent (H < 0.3), shortly before the crash, could be interpreted as the onset
of strong anti-persistence and therefore extreme nervousness in the market. Do
we see a useful prognostic pattern here? Unfortunately, analysis of other similar
situations does not confirm this.

Let us see, for example, the strong market decline in 1987. On Black Monday
(October 19, 1987), the S&P 500 dropped more than 20%. The crash came
after years of strong economic optimism and unprecedented market increase.
Estimates of the Hurst exponent for period 1987–1988 can be seen on the right
graph of Fig. 5. Similarly, as in 2008, we can see the stock market at its peak
with H > 0.5 suggesting persistence in data. However, this time, no warning
sign of nervousness in the form of a falling Hurst exponent is present.

In other situations, on the contrary, the market looks nervous in the sense
that it is anti-persistent, but it still rises. See for example Fig. 4, with periods
of rising market, accompanied by H well below 0.5. Another significant example
is the rapid market growth in 2017 with S&P 500 booming and anti-persistent
at the same time.

5 Conclusion

In this study, we estimated fractal complexity characteristics from daily closing
values of US and German stock market indexes. Estimates were mostly found in
the following ranges:

1.3− 1.6 for the fractal dimension D,
0.4− 0.7 for the Hurst exponent H,
1.8− 2.4 for the spectral decay β.
In case of S&P 500, the results showed change from the strongly persistent

behaviour until 1970s to mostly anti-persistent behaviour of the last two decades.
Then we looked for patterns that are potentially useful for predicting forth-

coming danger of stock collapses. However, the prognostic value of the measures
of fractal complexity was not confirmed.
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We also discussed the role of the power-law processes in stock market mod-
eling. If we accepted power-law processes as inevitable consequences of the evo-
lution of the market as a large complex system, then we would have to accept
that:

• The market is very susceptible to any disturbance. Minor shocks can lead to
fluctuations of all large sizes, just as it is with earthquakes and avalanches.
Catastrophes can occur for no obvious reason, either due to the internal
dynamics of the system or triggered by sudden external events like terrorist
attacks. But collapses are fundamentally due to the unstable position and
they are unavoidable.

• It is not possible to predict the long-term course of the market.
• It is not possible to get rid of the fluctuations through some sort of economic

regulations.

Nevertheless, the most robust and efficient state of the economy could be the
one with occasional fluctuations of extreme sizes and durations. It is probably
not the best imaginable state, but it might be the best achievable state.

The questions that we continue to ask are: Are power laws and fractals typ-
ical for the stock market dynamics? If so, is there a universal mechanism that
inevitably leads to these power laws?

An overview of current literature shows that we do not have definitive an-
swers. It seems that there are many different ways that fractals and power laws
can arise, and that the long sought universal mechanism may not exist. And we
still can not rule out the possibility that ubiquitous power laws (fractals) are
just mere idealization. As we mentioned above, many published claims for the
existence of power laws are almost surely wrong. Maybe what we see are mostly
just heavy-tailed distributions. They still indicate a very different phenomenon
from Gaussian or exponential, and force us to look at the rare events in a new
way. However, there is no doubt that they are not nearly as exciting as power
laws and fractals.
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Abstract. This study was conducted to establish reasonable forest management 
plan by developing site index curves about Pinus densiflora stands that is major 
species growing in Jeolla-do in Republic of Korea. A total of 613 Pinus densi-
flora plots and 20m×20m sampling plot was installed for each stand. The altitude 
height, slope, orientation bearing, soil type, the height and diameter at breast 
height (1.2m from the ground) of a dominant tree, and the age of trees were meas-
ured. After developing site index curves using Chapman-Richards, Schumacher 
and Gompertz models, top 3 geographical factors were added to asymptote and 
shape parameters. In results, Gompertz model for Pinus densiflora stands was 
chosen for best model of height and site index model. Also, soil type, parent rock 
and topography were added in to Gompertz model for Pinus densiflora stand as 
the independent variables, using the random forest analysis method. As result of 
adding geographical factors to asymptote and shape of Gompertz model for Pinus 
densiflora stand, the precision of the model has increased with decreasing MSE. 
As hybrid site index model including geographical factors indicated influence 
growth of Pinus densiflora, reasonable forest management plan is determined. 

Keywords: hybrid site index, site index model, the random forest analysis 
method, geographical factors, Pinus densiflora 

1 Introduction 

It is difficult to manage the forest in Republic of Korea due to diverse environmental 
factors including steep and mountainous terrains. Therefore, it is essential to establish 
a reasonable forest management plan for managing a forest successfully. Moreover, the 
judgment of site quality is a critical decision factor for establishing a reasonable forest 
management plan.  
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Fast-growing stands need thinning mainly at the beginning of management. On the 
other hand, tending and fertilization are implemented at the beginning of management 
for slow-growing stands. Therefore, site quality is an essential element to establish the 
overall forest management plan and select a silvicultural system [14]. Site index is a 
direct evaluation method of site quality. 

Site index is defined as the height of the dominant tree or co-dominant tree at the 
base age [6,11,15,1,8]. The most important application of site index is to evaluate the 
production capacity of a stand by examining the possibility of future height growth 
[2,3,7,5].  

A guide curve method and an algebraic difference equation are commonly used to 
estimate a site index [13]. A guide curve method is a way to estimate a site index by 
using the height of a dominant tree at one point in a real stand when a permanent sample 
point and a stem analysis are not available. An algebraic difference equation is a way 
to estimate a site index from measurements at fixed interval (generally 5-10 years) of a 
permanent sample point or at least two measurements of a stem analysis [10]. 

The growth of trees is highly affected by environmental and geographical factors. 
Therefore, various studies have been conducted to improve the fitness of the model by 
applying various environmental and geographical factors to the model. Previous studies 
selected geographical factors suitable for developing site index prediction model by 
using correlation analysis between a site index and the geographical factors. 

The recent development of information power has increased the number of environ-
mental factors and meteorological factors associated with the site index. Therefore, fac-
tors affecting the prediction of site index are increasing. It is very important to select 
the most influential and predictive variable among these numerous independent varia-
bles for estimating the site index. Consequently, the random forest analysis 
method(RFAM), which is one of the ways to determine the priority of independent 
variables affecting a dependent variable, has been highlighted in many fields. It is one 
of data mining and machine learning techniques and it reduces the prediction error by 
maximizing the randomness based on decision tree. Particularly, it has been shown that 
RFAM has high predictive power for multidimensional data, which have a large num-
ber of explanatory variables. RFAM has, recently, been used widely in the forest ecol-
ogy field because it can avoid the overfitting problem of the single decision analysis 
using multiple decision trees [4]. 

This study selected geographical factors suitable for developing a site index predic-
tive equation by applying RFAM, which is one of data mining techniques, to Pinus 
densiflora stands, which is major species in Jeolla-do region in Republic of Korea. 
Moreover, the selected geographical factors, which were selected through RFAM, were 
used to develop the site index model. It was judged that it would be possible to conduct 
an analysis that could cope with diverse conditions through this geographical factors 
selection and develop a more accurate site index model. This study was conducted to 
establish a reasonable forest management plan based on findings. 
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2 Materials and Methods 

2.1 Materials 

This study utilized the 2016 survey data of Pinus densiflora stands growing in Jeolla-
do in Republic of Korea. The study selected 613 Pinus densiflora plots and one 
20m×20m sampling plot was installed for each stand. Altitude height, slope, oriensta-
tion bearing, soil type, the height and diameter at breast height (1.2m from the ground) 
of a dominant tree, and age of trees were measured (Table 1). Ages of the low data 
ranged from 10-60 and 61 for the Pinus densiflora stands. Accordingly, this age limits 
the site index model for those species stands were developed age ranges from 10-60 
years and the average age is 39.8 years. Also, height of the low data, ranged from 3.9-
21.6m, represents the average height that is 13.2m. The extent of DBH low data is 6.6 
to 47.4cm and it appears 25.0cm average value.  

Table 1. Status of Species stands. 

Species Number of plots Age (years) Height (m) DBH (cm) 

Pinus densiflora 613 
39.8

10 − 60
 

13.2

3.9 − 21.6
 

25.0

6.6 − 47.4
 

 
2.2 Methods 

1. Selection of Priority independent variables 

RFAM was used to determine the priority of independent variables affecting a site 
index and RFAM was conducted using R-Studio. An analysis should be carried out by 
dividing a variable group using a data set. The data set for RFAM in composed of two 
species and one variable group (11 geographical factors). The independent variables 
used in the analysis are shown in Table 2. 

Table 2. Independent variables used in analysis. 

Variable Factor Note 

X1 altitude height measurement value 

X2 slope measurement value 

X3 orienstation bearing measurement value 

X4 parent rocks categorical data 

X5 topography categorical data 

X6 location of a slope categorical data 

X7 form of an inclination categorical data 

X8 soil depth categorical data 

X9 dry/wet condition categorical data 

X10 soil class categorical data 

X11 soil type categorical data 
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It can be hard to interpret the results of RFAM since it cannot derive an intuitive 
graph, like the decision tree. Therefore, other indices such as variable of importance 
index and partial dependence plots are provided to understand the importance (influ-
ence) of an explanatory variable to a response variable in number or graphs [16]. This 
study also used these indices. 

This study extracted the importance of independent variables affecting the de-
pendent variables (site index) in Pinus densiflora stands using RFAM. It was to select 
geographical factors used as independent variables and develop a hybrid type site index 
curve with a high degree of fitness.  

X1 (altitude height), X2 (slope), and X3 (orienstation bearing), among geograph-
ical factors, have a great influence on the extraction of variable importance and they 
are already known as important variables. They were excluded from the analysis and 
sued as default variables. The importance of variables from X4 to X11 was analyzed. 

2. Dependent variable 

This study used Chapman-Richards, Schumacher, Gompertz models based on the 
assumption that the stem density does not influence the height growth. Moreover, 30-
year was used as a base age, which is an important factor for estimating a site index. 
Forest stands in Republic of Korea were mostly immature so 20-year was used as a base 
age. However, currently Ⅳ age class is the most dominant class in Republic of Korea 
[9]. Therefore, this study estimated a site index using 30-year, which is the currently 
used base age in Republic of Korea. 

Table 3. General forms of projection models applied to data. 

Model name Model Form* 

Chapman-Richards H = α[1 − exp (−𝛽 ∙ 𝐴𝑔𝑒) ] 

Schumacher H = α ∙ 𝐴𝑔𝑒 ∙ exp (
𝛾

𝐴𝑔𝑒
) 

Gompertz H = α ∙ exp[−𝛽 ∙ exp (−𝛾 ∙ 𝐴𝑔𝑒)] 

* H is dominant tree height, exp is exponential function, α, β, γ are coefficients to be estimated. 

3. Statistical method of analysis 
a. Mean square errors 

The Mean square errors (MSE) is the sum of squared errors (MSE) divided by the 
degree of freedom. It is calculated by considering the estimation offset and the degree 
of the model.  

b. Patterns of residuals 

Residuals should be distributed randomly on the X-axis when the developed re-
gression model is valid. Therefore, this study examined if residuals’ distribution meat 
the homoscedasticity assumption.  

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1128



5 

3 Results and Discussion 

1. Selection of priority independent variables 
a. Analysis result 

The importance of each geographical factors affecting the site index (the 
mean height of dominant trees at the age of 30 years) was analyzed. The results 
showed that soil type (26.1801) had the highest influence, followed by parent 
rock (11.0121) and topography (10.0496) (Fig. 1). 

Conclusion of regression analysis to analyze the relatively important geo-
graphical factors included in the site index prediction models for Pinus densi-
flora stand living in the central temperate zone. It showed that factors are parent 
rocks, soil drainage, soil type, B soil depth and dry/wet condition of A soil, 
which were similar with the results of this study [12].  

 

 
Fig. 1. Variable importance of geographical factors of Pinus densiflora. 

2. Developing site index 

The analysis results showed that the MSE of Chapman-Richards, that of 
Schumacher and that of Gompertz were 7.1576, 7.1565 and 7.1624, respectively. 
The MSE of Schumacher model was the smallest. However, it was analyzed 
that Chapman-Richards and Schumacher models were not statistically reason-
able because the 95% confidence limits interval of parameter estimates in-
cluded “0” range. Therefore, this study developed the site index model by us-
ing Gompertz model, which had the MSE value of 7.1624 and the 95% confi-
dence limits interval did not include “0”. The developed site index curve 
agreed with the height of the dominant tree in the corresponding the site index. 
Moreover, it has the same shape with different magnitudes for the site index 
ranging between 6 and 18.  
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Table 4. Non-linear squares summary statistics for 3 models fitted to site index of Pinus densi-
flora stand.  

Model 
name Source 

Degree 
of free-

dom 

Sum 
squares 

Mean 
square F value Approx 

Pr>F 

Chapman-
Richards 

Model 3 107823.0 35940.9 5021.35 <.0001 
Error 610 4366.1 7.1576   

Uncorected 
total 613 112189.0    

Schu-
macher 

Model 3 107823.0 35941.1 5022.13 <.0001 
Error 610 4365.5 7.1565   

Uncorected 
total 613 112189.0    

Gompertz 

Model 3 107820.0 35939.9 5017.83 <.0001 
Error 610 4369.1 7.1624   

Uncorected 
total 613 112189.0    

 
Fig. 2. Site index classification curves for Pinus densiflora stand. 

3. Developing site index including geographical factors 

This study applied the top 3 geographical factors identified from RFAM 
to the developed site index model for developing a site index model consider-
ing geographical factors. The model was divided into the asymptote part and 
the shape part and the coefficient of each part was controlled. Adding order 1, 
adding order 1 and 2, adding order 1, 2 and 3 models were divided per asymp-
tote and shape parts and 6 additional models were developed for each species. 

a. Adjusting asymptote of Gompertz model 

Statistical analyses were conducted by applying geographical factors to 
the asymptote of the developed Gompertz model. The results showed that the 
MSE of the basic model was 7.1624, while that with the adding order 1 model, 
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that with the adding order 1 and 2 model, and that with the adding order 1, 2 
and 3 model were 6.1633, 6.0373 and 5.9319. The results indicated that more 
additional geographical factors decreased MSE value, indicating an improved 
precision. Moreover, the decrease rate of the error of sum squares compared to 
the basic equation was 14.0921%, 15.9850% and 17.5871% for the adding order 
1 model, that with the adding order 1 and 2 model, and that with the adding 
order 1, 2 and 3 model, respectively. Additionally, the decrease rate of mean 
square error was 13.9492%, 15.7084% and 17.1800% for the adding order 1 
model, that with the adding order 1 and 2 model, and that with the adding 
order 1, 2 and 3 model, respectively. The analysis results revealed that it was a 
good model with high precision because the 95% confidence limits interval of 
the parameter estimates did not include “0”. 

Consequently, the results indicated that the asymptote of the site index 
changed according to the soil type and parent rock. Moreover, tree height 
growth of a dominant tree varied by the topography (flat land, gentle hill, 
mountain land). Therefore, the asymptote of the height growth of a dominant 
tree changed in the model with soil type, parent rock and topography and it 
was determined that geographical factors affected the precise site index devel-
oping. 

Table 5. Adjusting asymptote of dominant height model for Pinus densiflora stand considering 
geographical factors. 

Model name Model Forms 
Basic H = α ∙ exp[−𝛽 ∙ exp (−𝛾 ∙ 𝐴𝑔𝑒)] 
Adding order 1 (X11) H = (𝛼 + 𝛼 X11) ∙ exp[−𝛽 ∙ exp (−𝛾 ∙ 𝐴𝑔𝑒)] 
Adding order 1 and 2 (X11, X4) H = (𝛼 + 𝛼 X11 + 𝛼 X4) ∙ exp[−𝛽 ∙ exp (−𝛾 ∙ 𝐴𝑔𝑒)] 

Adding order 1, 2 and 3 (X11, X4, X5 ) H = (𝛼 + 𝛼 X11 + 𝛼 X4 + 𝛼 X5)
∙ exp[−𝛽 ∙ exp (−𝛾 ∙ 𝐴𝑔𝑒)] 

Table 6. Reduction summary statisics for adjusting asymptote of dominant height model for Pi-
nus densiflora stand considering geographical factors. 

Input variables ESS Reduciton 
ESS (%) 

MSE Reduction 
MSE (%) 

Basic 4369.1 - 7.1624 - 
Adding order 1 (X11) 3753.4 ▼ 14.0921 6.1633 ▼ 13.9492 
Adding order 1 and 2 
(X11, X4) 3670.7 ▼ 15.9850 6.0373 ▼ 15.7084 

Adding order 1, 2 and 3 
(X11, X4, X5) 3600.7 ▼ 17.5871 5.9319 ▼ 17.1800 

b. Adjusting shape of Gompertz model 
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Statistical analyses were conducted by applying geographical factors to 
the shape of the developed Gompertz model. The results showed that MSE 
7.1624, 6.2497, 6.1376 and 6.0523 for the basic model the adding order 1 model, 
that with the adding order 1 and 2 model, and that with the adding order 1, 2 
and 3 model, respectively, indicating that MSE decreased with more geograph-
ical factors. Moreover, the decreased rate of the error of sum squares compared 
to the basic model was 12.8882%, 14.5888% and 15.9163% for the adding order 
1 model, that with the adding order 1 and 2 model, and that with the adding 
order 1, 2 and 3 model, respectively. Additionally, the decrease rate of mean 
square error was 12.7429%, 14.3081% and 15.4990% for the adding order 1 
model, that with the adding order 1 and 2 model, and that with the adding 
order 1, 2 and 3 model, respectively. The analysis results revealed that it was a 
good model with high precision because the 95% confidence limits interval of 
the parameter estimates did not include “0”. 

Consequently, the results indicated that the shape of the site index 
changed according to the soil type, parent rock and topography, which were 
high priority variables, change the shape of the model and they were geograph-
ical factors influencing the growth pattern of a dominant tree. Therefore, it was 
determined that the site index model reflecting the soil type, parent rock and 
topography would improve the precision of the site index model.  

Table 7. Reduction summary statisics for adjusting shape of dominant height model for Pinus 
densiflora stand considering geographical factors. 

Input variables ESS Reduciton 
ESS (%) 

MSE Reduction 
MSE (%) 

Basic 4369.1 - 7.1624 - 
Adding order 1 (X11) 3806.0 ▼ 12.8882 6.2497 ▼ 12.7429 
Adding order 1 and 2 
(X11, X4) 3731.7 ▼ 14.5888 6.1376 ▼ 14.3081 

Adding order 1, 2 and 3 
(X11, X4, X5) 3673.7 ▼ 15.9163 6.0523 ▼ 15.4990 

4 Conclusions 

This study prioritized the independent variables affecting the site index 
using RFAM scientifically and logically. The results of the analysis showed that 
these variables were in the order of soil type, parent rock and topography for 
Pinus densiflora stands. Conclusion of regression analysis to analyze the rela-
tively important geographical factors included in the site index prediction 
models for Pinus densiflora stand living in the central temperate zone. It showed 
that factors are parent rocks, soil drainage, soil type, B soil depth and dry/wet 
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condition of A soil [14], which were similar with the results of this study and it 
implied that the growth of Pinus densiflora in the central temperate zone was 
highly affected by soil type, parent rock and topography.  

Based on these results, this study developed a site index model for Pinus 
densiflora stand growing in Jeolla-do and deduced that Gompertz model pro-
vide the most suitable model. Moreover, it was deduced that adding more ge-
ographical factors identified by RFAM to the asymptote and shape of the model 
decreased the MSE value and improved the precision of the model. As a result, 
it was determined that soil type, parent rock and topography, which had high 
priority, changed the asymptote and slope of height growth and they were var-
iables effective for estimating the site index more precisely. The result of this 
study implied that the site index model with additional geographical factors 
could improve the precision of it for Pinus densiflora stands.  

This study analyzed the effects of geographical factors on the growth of 
Pinus densiflora growing in Jeolla-do in Republic of Korea. It is determined that 
reasonable forest management plan can be established using the result of this 
study. Additionally, it will be necessary to improve the precision of the site 
index model by prioritizing the meteorological factors affecting the site index 
as well as geographical factors. 
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Abstract. It is challenging to analyze non-stationary unconstrained bi-
variate integer-valued autoregressive time series process of order 1 (BI-
NAR(1)) due to the complex cross-correlation structure between the
series. This paper considers a novel non-stationary unconstrained BI-
NAR(1) with Geometric marginals where the counting series are com-
monly influenced by some time-dependent covariates. The Generalized
Quasi-Likelihood (GQL) approach is used to estimate the regression and
dependence parameters. Monte Carlo simulations are also presented.

Keywords: Non-Stationary; Unconstrained; BINAR(1); GQL; Geomet-
ric

1 Introduction

In the recent years, several models for analyzing bivariate integer-valued time
series of counts have been developed. Originally, Pedeli and Karlis [9, 10] pro-
posed BINAR(1) processes by extending the two classical INAR(1) processes
with Poisson (SBINAR(1)P) and Negative Binomial (NB) (SBINAR(1)NB) in-
novations respectively under stationary moments. In these models, the cross-
relation between the counting series was induced by the correlated pair of bi-
variate Poisson and bivariate NB respectively, making the bivariate series con-
strained. In a later research, these authors extended the BINAR(1)s to a full or
unconstrained BINAR(1) under same condition of stationarity (FSBINAR(1)P)
where the cross-relation was formed by the correlated pair of bivariate Pois-
son innovations and by the relation between observations from one series with
previous-lagged observations of the other series via the binomial thinning mech-
anism [17, 22]. However, under this correlation set-up, the counting series were
proved to be marginally Hermite. Notably, SBINAR(1)NB and FSBINAR(1)P
could cater for over-dispersion which is a common phenomenon in real-life time
series data.
In addition to these two over-dispersed series models, Ristic et al. [15] and Nastic
et al. [8] constructed the stationary BINAR(1) with Geometric marginals (FSBI-
NAR(1)GEOM) where the cross-correlation between the series was borne by the
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relation between current series observations with previous-lagged series obser-
vations via the NB thinning operator while assuming the innovation series that
were mixed Geometrics to be independently distributed. FSBINAR(1)GEOM
has a simpler structure than SBINAR(1)NB and FSBINAR(1)P and interest-
ingly, Nastic et al. [8] demonstrated that FSBINAR(1)GEOM yield better AICs
than the other corresponding over-dispersed BINAR(1) models. However, FSBI-
NAR(1)GEOM was only built under stationary moment assumptions which de-
fies its purpose in analyzing real-life over-dispersed series that are non-stationary
due to time-dependent covariate effects.
As far as the non-stationarity is concerned, Mamode Khan et al. [5] has proposed
a BINAR(1) with Poisson innovations (NSBINAR(1)P) where the counting se-
ries were under the influence of some common time-varying covariates. In a
similar trend, Sunecher et al. [19] constructed the BINAR(1) with NB innova-
tions to model the over-dispersed counting series (NSBINAR(1)NB). Notably,
under both model developments, the inter-relation between the series was borne
by the correlated pair of bivariate Poisson and bivariate NB innovations respec-
tively. However, there is not yet any paper treating the unconstrained correlation
structure specification in the non-stationary BINAR(1)s and in particular in the
over-dispersed cases.
Following Nastic et al. [8], we propose in this paper to construct a non-stationary
BINAR(1) model with Geometric innovations (FNSBINAR(1)GEOM) where we
assume a two-way cross-correlation structure as in Pedeli and Karlis [11] and
more importantly under different cross-correlation thinning parameters. In this
way, FSBINAR(1)GEOM may be proved as a special case of this new proposed
BINAR(1). In fact, in Nastic et al. [7], the authors illustrated that under non-
stationary environmental states, it is difficult to specify the joint generating
function even though using the decomposability property described by Steutel
and Van Harn [18]. Such model construction indeed poses some computational
challenges, in particular, in estimating the unknown model parameters.
Firstly, under stationary moment conditions, Pedeli and Karlis [10, 11] developed
the Conditional Maximum Likelihood (CML) estimating equations but reported
some significant numerical and convergence difficulties (See Pedeli and Karlis
[12]), especially in the evaluation of the hessian entries. Note importantly, that
in Pedeli and Karlis [10, 11], the authors also compared the efficiency of the
CML estimates with the Method of Moments (MoM) and conclude that CML
yields far more efficient estimates than MoM. On the other hand, with reference
to the FSBINAR(1)GEOM, Nastic et al. [8] showed through some Monte-Carlo
experiments that CML is very time-consuming and suggest an alternative Least-
Square (LS) technique that omits the specification of the likelihood function. In
the same context, Nastic et al. [7] noted that the LS estimates are asymptot-
ically equally efficient as CML while the LS technique yields significant lesser
non-convergent simulations than CML.
Under NSBINAR(1)P, Mamode Khan et al. [5] demonstrated that the construc-
tion of the conditional likelihood equation is very cumbersome as also stated
by Nastic et al. [7]. Thence, for the non-stationary bivariate time series models,
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Mamode Khan et al. [5] and Sunecher et al. [19] proposed a generalized quasi-
likelihood (GQL) approach that depends only on the correct specification of the
mean score and the auto-covariance structure. In Mamode Khan et al. [5], the
authors showed that GQL yields asymptotically equally efficient estimates as
CML with significantly lesser non-convergent simulations. Thus, based on these
research findings, it is worth considering solving the unknown parameters of
FNSBINAR(1)GEOM via the GQL and check the efficiency of the estimators.
The organization of the paper is as follows: In the next Section, the new model
is constructed. In Section 3, the GQL approach for estimating the unknown
parameters of the model is implemented. Section 4 focuses on the simulation
part where BINAR(1) data with Geometric marginals are generated and the
GQL approach is applied to analyze them. The conclusion is provided in the
last Section.

2 Developing the Unconstrained Non-Stationary

BINAR(1) with Geometric Marginals

The BINAR(1) model in matrix form is specified as:

Y t = A ∗ Y t−1 +Rt (1)

with Yt = [Y
[1]

t , Y
[2]

t ]
′
, Rt = [R

[1]

t , R
[2]

t ]
′
, A =

(
ρ11 ρ12
ρ21 ρ22

)
, where [.]

′
indicates

the transpose of the vector.

In the above Y
[k]
t is Geometric, Y

[k]
t ∼ Geom(

µ
[k]

t

1+µ
[k]

t

), that is Pr(Y
[k]
t = y) =

µ
[k]

t

y

(1+µ
[k]

t )y+1
, y ≥ 0. The entries of the thinning operation A ∗ Y t−1 consists

of terms of the form ρij ∗ Y [j]
t−1 where ρij ∗ Y [j]

t−1 =
∑Y

[j]
t−1

m=1 Zm with Zm ∼
Geom(

ρij
1+ρij

).

The moments of R
[k]
t are yet to be determined. In the above,

Corr(R
[1]

t , R
[2]

t′
) =

{
κ12,t t = t

′
,

0 t ̸= t
′
.

(2)

Referring to Ristic et al. [14] and Silva and Oliveira [16], the following Lemma
may be proved easily.
Lemma 1 :

1. E(ρij ∗ Y [j]
t−1) = ρijE(Y

[j]
t−1).

2. Var(ρij ∗ Y [j]
t−1) = ρij(1 + ρij)E(Y

[j]
t−1) + ρ2ijVar(Y

[j]
t−1).

In deriving the moments of R
[k]
t , the following corollaries are proved as well:
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Corollary 1 :

The pair < Y
[k]
t , R

[k]
t′ > are pairwise independent for t ̸= t′ such that

Cov(Y
[k]
t , R

[k]
t′ ) =

{
Var(R

[k]
t ) t = t

′
,

0 t ̸= t
′
.

(3)

Corollary 2 :

< Y
[k]
t , R

[k′]
t′ > are also mutually independent for t ̸= t′ and k ̸= k′ with

Cov(Y
[k]
t , R

[k′]
t′ ) =

{
Cov(R

[k]
t , R

[k′]
t ) t = t

′
,

0 t ̸= t
′
, k, k′ = 1, 2.

(4)

Hence, E(R
[1]

t ) = λ
[1]

t = µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1 and E(R
[2]

t ) = λ
[2]

t = µ
[2]

t −
ρ21µ

[1]

t−1 − ρ22µ
[2]

t−1 and using Lemma 1,

Var(R
[1]

t ) = µ
[1]

t (1 + µ
[1]

t )− ρ11(1 + ρ11)µ
[1]

t−1 − ρ211µ
[1]

t−1(1 + µ
[1]

t−1)− ρ12(1 + ρ12)µ
[2]

t−1

− ρ212µ
[2]

t−1(1 + µ
[2]

t−1)− 2ρ11ρ12Cov(Y
[1]

t−1, Y
[2]

t−1) (5)

and

Var(R
[2]

t ) = µ
[2]

t (1 + µ
[2]

t )− ρ21(1 + ρ21)µ
[1]

t−1 − ρ221µ
[1]

t−1(1 + µ
[1]

t−1)− ρ22(1 + ρ22)µ
[2]

t−1

− ρ222µ
[2]

t−1(1 + µ
[2]

t−1)− 2ρ21ρ22Cov(Y
[1]

t−1, Y
[2]

t−1). (6)

which may be re-expressed as:

Var(R
[1]

t ) = E(R
[1]

t ) + {µ[1]

t

2

− ρ211µ
[1]

t−1 − ρ211µ
[1]

t−1(1 + µ
[1]

t−1)− ρ212µ
[2]

t−1

− ρ212µ
[2]

t−1(1 + µ
[2]

t−1)− 2ρ11ρ12Cov(Y
[1]

t−1, Y
[2]

t−1)} (7)

and

Var(R
[2]

t ) = E(R
[2]

t ) + {µ[2]

t

2

− ρ221µ
[1]

t−1 − ρ221µ
[1]

t−1(1 + µ
[1]

t−1)− ρ222µ
[2]

t−1

− ρ222µ
[2]

t−1(1 + µ
[2]

t−1)− 2ρ21ρ22Cov(Y
[1]

t−1, Y
[2]

t−1)}. (8)

These moments are sufficient to conclude that the marginal distribution of R
[k]
t

has a rather complex probability function structure.

Let us define Σh,t =

[
Cov(Y

[1]

t , Y
[1]

t+h) Cov(Y
[1]

t+h, Y
[2]

t )

Cov(Y
[1]

t , Y
[2]

t+h) Cov(Y
[2]

t , Y
[2]

t+h)

]
. From Pedeli and Karlis

[11] and Ristic et al. [15], it was shown that Σh,t = A
hΣ0,t and hence

Cov(Y
[1]

t , Y
[2]

t ) = Cov(ρ11 ∗ Y [1]

t−1 + ρ12 ∗ Y [2]

t−1 +R
[1]

t , ρ21 ∗ Y
[1]

t−1 + ρ22 ∗ Y [2]

t−1 +R
[2]

t )

= (ρ11ρ22 + ρ12ρ21)Cov(Y
[1]

t−1, Y
[2]

t−1) + ρ11ρ21Var(Y
[1]

t−1) + ρ22ρ12Var(Y
[2]

t−1) + Cov(R
[1]

t , R
[2]

t )

= (ρ11ρ22 + ρ12ρ21)Cov(Y
[1]

t−1, Y
[2]

t−1) + ρ11ρ21(µ
[1]

t−1 + µ
[1]

t−1

2

) + ρ22ρ12(µ
[2]

t−1 + µ
[2]

t−1

2

)

+ [κ12,t

√
Var(R

[1]

t )

√
Var(R

[2]

t )] (9)
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Note that under stationary assumptions and with α = ρ11 = ρ12, β = ρ21 = ρ22,

µ = µ
[1]

t−1 = µ
[2]

t−1 and κ12,t = 0, equation (9) simply reduces to the covariance

formula in Ristic et al. [15], that is Cov(Y
[1]

t , Y
[2]

t ) = 2αβ
1−2αβµ(1 + µ).

Under ρ12 = ρ21 = 0, the BINAR(1) model (1) reduces to the constrained non-
stationary BINAR(1) (NSBINAR(1)GEOM). The moments and cross-covariance
expressions (equations (5)-(9)) follow from these substitution.

3 Estimation Method:Generalized Quasi-Likelihood

Technique

We consider here the GQL estimating function to estimate the regression and
dependence parameters. This approach requires only the correct specification
of the score, its corresponding mean function and the exact auto-covariance
structure. In general, the GQL function is expressed as

Dϕ
′
Σϕ

−1(yϕ − µϕ) = 0 (10)

where E(yϕ) = µϕ and Dϕ is the derivative matrix consisting of the entries

{∂µϕ

∂ϕ }, Σϕ is the exact or robust auto-covariance representation. Note here that
some special cases such as in estimating the mean and over-dispersion parameters
where the underlying model is NB [2] or COM-Poisson [6], the implementation
of a single GQL may not be sufficient and hence requires more than one GQL
equation. In Jowaheer and Sutradhar [3], the score function was altered in such
a way that the auto-covariance function Σϕ constitute of covariance of higher-
order entries that necessitates the usage of the multivariate normality working
structure of Prentice and Zhao [13]. In general, Sutradhar [20] and Sutradhar
et al. [21] established the asymptotic properties of the GQL equation in (10)
and showed that the GQL estimators are asymptotically normal and consistent
irrespective of the working or exact covariance structure specification.
We firstly describe the GQL to estimate the regression parameters as:

Dβ
′
Σβ

−1(f − µ) = 0 (11)

with score vector f = [f1,f2, . . . ,f t, . . . ,f t+h, . . . ,fT ] withf t = [Y
[1]

t , Y
[2]

t ]
′

and µ = [µ1,µ2, . . . ,µt, . . . ,µT ] with µt = [µ
[1]

t , µ
[2]

t ]
′
for t = 1, 2, . . . , T . Σβ
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represents the (2T × 2T ) auto-covariance matrix of the form





Σ0,1 Σ′
1,1 Σ′

2,1 . . . Σ′
t−1,1 . . . Σ′

t+h−1,1 . . . Σ′
T−1,1

Σ1,1 Σ0,2 Σ′
1,2 . . . Σ′

t−2,2 . . . Σ′
t+h−2,2 . . . Σ′

T−2,2

Σ2,1 Σ1,2 Σ0,3 . . . Σ′
t−3,3 . . . Σ′

t+h−3,3 . . . Σ′
T−3,3

...
...

...
. . .

...
...

...
...

...

Σt−1,1 Σt−2,2 Σt−3,3 . . . Σ0,t . . . Σ′
t+h−t,t . . . Σ′

T−t,t

...
...

...
...

...
. . .

...
...

...

Σt+h−1,1 Σt+h−2,2 Σt+h−3,3 . . . Σt+h−t,t . . . Σ0,t+h . . . Σ′
T−t,t

...
...

...
...

...
...

...
. . .

...

ΣT−1,1 ΣT−2,2 ΣT−3,3 . . . ΣT−t,t . . . ΣT−t+h,t . . . Σ0,T





(2T×2T )

(12)
where Σh,t is specified as in Section 2.

The derivative matrixDβ = [D1,D2, . . . ,Dt, . . . ,DT ]
′ withDt =




∂µ

[1]

t

∂β[1]
0

0
∂µ

[2]

t

∂β[2]





2p×2

and
∂µ

[k]

t

∂β[k]
= [

∂µ
[k]

t

∂β
[k]

j

]j=1:p where
∂µ

[k]

t

∂β
[k]

j

= µ
[k]
t x

′
tj .

As for the dependence parameter κ12,t, they are estimated using the method of
moments as follows:

κ12,t =
C̃ov(Y

[1]

t , Y
[2]

t )− (ρ̂11ρ̂22 + ρ̂12ρ̂21)C̃ov(Y
[1]

t−1, Y
[2]

t−1)− ρ̂11ρ̂21(µ̂
[1]

t−1 +
ˆ

µ
[1]

t−1

2

)− ρ̂22ρ̂12(µ̂
[2]

t−1 +
ˆ

µ
[2]

t−1

2

)
√
Var(R

[1]

t )

√
Var(R

[2]

t )

(13)

where µ̂
[k]
0 = µ̂

[k]
1 , C̃ov(Y

[1]

t , Y
[2]

t )= 1

T

∑T
t=1

(y
[1]

t −µ̂[1]

t )(y
[2]

t −µ̂[2]

t ) and C̃ov(Y
[1]

t−1, Y
[2]

t−1)=
1

T−1

∑T
t=2

(y
[1]

t−1−
µ̂
[1]

t−1)(y
[2]

t−1 − µ̂
[2]

t−1).

Assuming β = [β[1],β[2]]
′
with each β[k] a vector of (p×1) covariates [β

[k]
1 , . . . , β

[k]
j , . . . , β

[k]
p ]

′
,

the Newton-Raphson (NR) is employed to estimate
(
β̂
[1]

r+1

β̂
[2]

r+1

)
=

(
β̂
[1]

r

β̂
[2]

r

)
+ [Dβ

′
Σβ

−1Dβ]
−1
r [Dβ

′
Σβ

−1(f − µ)]r (14)

Thus, for a given [ρ̂11, ρ̂12, ρ̂21, ρ̂22,κ̂12,t] and initial β, the iterative equation

(14) is solved until convergence. (β̂ − β)
′
is shown to follow asymptotically

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1140



BINAR(1) 7

the normal distribution with mean 0 and covariance matrix matrix specified by

[Dβ
′
Σβ

−1Dβ]
−1. The derivation of the above asymptotic formula can be seen

in Sutradhar et al. [21], Mamode Khan et al. [5] and Sunecher et al. [19].
Using the updated vector for each series, another GQL for the dependence pa-
rameter ψ = [ρ11, ρ12, ρ21, ρ22] is constructed as:

Dψ
′
Σψ

−1(Yψ − µψ) = 0, (15)

with Yψ = [Y
[1]

1 Y
[2]

1 |Y [1]

0 , Y
[2]

0 , Y
[1]

2 Y
[2]

2 |Y [1]

1 , Y
[2]

1 , . . . , Y
[1]

t Y
[2]

t |Y [1]

t−1, Y
[2]

t−1, . . . , Y
[1]

T Y
[2]

T |Y [1]

T−1
, Y

[2]

T−1
]
′

T×1

with µψ = [E(Y
[1]

1
Y

[2]

1
|Y [1]

0
, Y

[2]

0
), E(Y

[1]

2
Y

[2]

2
|Y [1]

1
, Y

[2]

1
), . . . , E(Y

[1]

t Y
[2]

t |Y
[1]

t−1
, Y

[2]

t−1
), . . .

, E(Y
[1]

T Y
[2]

T |Y
[1]

T−1
, Y

[2]

T−1
)]

′
T×1. The T×T covariance matrixΣψ constitute of Var(Y

[1]

t Y
[2]

t |
Y

[1]

t−1, Y
[2]

t−1) along the diagonal and the off-diagonal entries are given by Cov(Y
[1]

t Y
[2]

t Y
[1]

t+hY
[2]

t+h |
Y

[1]

t−1, Y
[2]

t−1, Y
[1]

t+h−1
, Y

[2]

t+h−1
). Since the entries are of high-ordered moments, the

’working’ multivariate normality assumption structure [1, 3, 4, 13] is used to ap-

proximate these expressions. Specifically, the entries Var(Y
[1]

t Y
[2]

t | Y [1]

t−1, Y
[2]

t−1)

and Cov(Y
[1]

t Y
[2]

t Y
[1]

t+hY
[2]

t+h | Y [1]

t−1, Y
[2]

t−1, Y
[1]

t+h−1
, Y

[2]

t+h−1
) are derived in similar

steps as outlined in Sunecher et al. [19] and Jowaheer et al. [2], using the condi-
tional expressions in the Appendix section of this paper.

Var(Y
[1]

t Y
[2]

t | Y [1]

t−1, Y
[2]

t−1)

= [ρ11(1 + ρ11)[Y
[1]

t−1 − µ
[1]

t−1] + ρ12(1 + ρ12)[Y
[2]

t−1 − µ
[2]

t−1] + µ
[1]

t (1 + µ
[1]

t )− ρ211µ
[1]

t−1(1 + µ
[1]

t−1)

− ρ212µ
[2]

t−1(1 + µ
[2]

t−1)]× [ρ21(1 + ρ21)[Y
[1]

t−1 − µ
[1]

t−1] + ρ22(1 + ρ22)[Y
[2]

t−1 − µ
[2]

t−1] + µ
[2]

t (1 + µ
[2]

t )

− ρ221µ
[1]

t−1(1 + µ
[1]

t−1)− ρ222µ
[2]

t−1(1 + µ
[2]

t−1)] + 2ϕ212,t + µ
[2]

t

2

[ρ11(1 + ρ11)[Y
[1]

t−1 − µ
[1]

t−1]

+ ρ12(1 + ρ12)[Y
[2]

t−1 − µ
[2]

t−1] + µ
[1]

t (1 + µ
[1]

t − ρ211µ
[1]

t−1(1 + µ
[1]

t−1)− ρ212µ
[2]

t−1(1 + µ
[2]

t−1)]

+ µ
[2]

t

2

[ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1]
2 + 4µ

[1]

t

2

µ
[2]

t

2

[ϕ12,t

+ (ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1)× (ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1)]

+ µ
[1]

t

2

[ρ21(1 + ρ21)[Y
[1]

t−1 − µ
[1]

t−1] + ρ22(1 + ρ22)[Y
[2]

t−1 − µ
[2]

t−1] + µ
[2]

t (1 + µ
[2]

t )− ρ221µ
[1]

t−1(1 + µ
[1]

t−1)

− ρ222µ
[2]

t−1(1 + µ
[2]

t−1)] + µ
[1]

t

2

[ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1]
2

− [ϕ12,t + (ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1)

× (ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1)]
2 − 5µ

[1]

t

2

µ
[2]

t

2

(16)
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and
Cov(Y

[1]

t Y
[2]

t , Y
[1]

t+hY
[2]

t+h | Y [1]

t−1, Y
[2]

t−1, Y
[1]

t+h−1
, Y

[2]

t+h−1
)

= ϕ12,tϕ12,t+h + µ
[1]

t+hµ
[2]

t+h[ϕ12,t + (ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1)

× (ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1) + µ
[2]

t µ
[2]

t+h[(ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t

− ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1)× (ρ11Y
[1]

t+h−1
+ ρ12Y

[2]

t+h−1
+ µ

[1]

t+h − ρ11µ
[1]

t+h−1
− ρ12µ

[2]

t+h−1
)]

+ µ
[1]

t+hµ
[2]

t [(ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1)× (ρ21Y
[1]

t+h−1
+ ρ22Y

[2]

t+h−1
+ µ

[2]

t+h − ρ21µ
[1]

t+h−1

− ρ22µ
[2]

t+h−1
)] + µ

[1]

t µ
[2]

t+h[(ρ11Y
[1]

t+h−1
+ ρ12Y

[2]

t+h−1
+ µ

[1]

t+h − ρ11µ
[1]

t+h−1
− ρ12µ

[2]

t+h−1
)× (ρ21Y

[1]

t−1 + ρ22Y
[2]

t−1

+ µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1)] + µ
[1]

t µ
[1]

t+h[(ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1)

× (ρ21Y
[1]

t+h−1
+ ρ22Y

[2]

t+h−1
+ µ

[2]

t+h − ρ21µ
[1]

t+h−1
− ρ22µ

[2]

t+h−1
)] + µ

[1]

t µ
[2]

t [(ρ11Y
[1]

t+h−1
+ ρ12Y

[2]

t+h−1

+ µ
[1]

t+h − ρ11µ
[1]

t+h−1
− ρ12µ

[2]

t+h−1
)× (ρ21Y

[1]

t+h−1
+ ρ22Y

[2]

t+h−1
+ µ

[2]

t+h − ρ21µ
[1]

t+h−1
− ρ22µ

[2]

t+h−1
)]

− [ϕ12,t + (ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1)

× (ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1)]

× [ϕ12,t+h + (ρ11Y
[1]

t+h−1
+ ρ12Y

[2]

t+h−1
+ µ

[1]

t+h − ρ11µ
[1]

t+h−1
− ρ12µ

[2]

t+h−1
)

× (ρ21Y
[1]

t+h−1
+ ρ22Y

[2]

t+h−1
+ µ

[2]

t+h − ρ21µ
[1]

t+h−1
− ρ22µ

[2]

t+h−1
)]− 5µ

[1]

t µ
[2]

t µ
[1]

t+hµ
[2]

t+h

(17)

where Cov(R
[1]

t+h, R
[2]

t+h) = ϕ12,t+h.
Dψ is a (T × 4) derivative matrix where

E(Y
[1]

t Y
[2]

t | Y [1]

t−1, Y
[2]

t−1) = [κ12,t[µ
[1]

t (1 + µ
[1]

t )− ρ11(1 + ρ11)µ
[1]

t−1 − ρ211µ
[1]

t−1(1 + µ
[1]

t−1)− ρ12(1 + ρ12)µ
[2]

t−1

− ρ212µ
[2]

t−1(1 + µ
[2]

t−1)]
1

2 [µ
[2]

t (1 + µ
[2]

t )− ρ21(1 + ρ21)µ
[1]

t−1 − ρ221µ
[1]

t−1(1 + µ
[1]

t−1)

− ρ22(1 + ρ22)µ
[2]

t−1 − ρ222µ
[2]

t−1(1 + µ
[2]

t−1)]
1

2 + (ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1

− ρ12µ
[2]

t−1)× (ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1)]
(18)

Thus, the entries of the derivative matrix Dψ are computed as:

1.
∂E(Y

[1]

t Y
[2]

t |Y [1]

t−1
,Y

[2]

t−1
)

∂ρ11
= 1

2
κ12,t[µ

[1]

t (1 + µ
[1]

t )− ρ11(1 + ρ11)µ
[1]

t−1 − ρ211µ
[1]

t−1(1 +

µ
[1]

t−1)−ρ12(1+ρ12)µ
[2]

t−1−ρ212µ
[2]

t−1(1+µ
[2]

t−1)]
− 1

2 [−(1+2ρ11)µ
[1]

t−1−2ρ11µ
[1]

t−1(1+

µ
[1]

t−1)][µ
[2]

t (1+µ
[2]

t )−ρ21(1+ρ21)µ[1]

t−1−ρ221µ
[1]

t−1(1+µ
[1]

t−1)−ρ22(1+ρ22)µ
[2]

t−1−
ρ222µ

[2]

t−1(1 + µ
[2]

t−1)]
1

2 + (Y
[1]

t−1 − µ
[1]

t−1)(ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 −
ρ22µ

[2]

t−1)

2.
∂E(Y

[1]

t Y
[2]

t |Y [1]

t−1
,Y

[2]

t−1
)

∂ρ12
= 1

2
κ12,t[µ

[1]

t (1 + µ
[1]

t )− ρ11(1 + ρ11)µ
[1]

t−1 − ρ211µ
[1]

t−1(1 +

µ
[1]

t−1)−ρ12(1+ρ12)µ
[2]

t−1−ρ212µ
[2]

t−1(1+µ
[2]

t−1)]
− 1

2 [−(1+2ρ12)µ
[2]

t−1−2ρ12µ
[2]

t−1(1+

µ
[2]

t−1)][µ
[2]

t (1+µ
[2]

t )−ρ21(1+ρ21)µ[1]

t−1−ρ221µ
[1]

t−1(1+µ
[1]

t−1)−ρ22(1+ρ22)µ
[2]

t−1−
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ρ222µ
[2]

t−1(1 + µ
[2]

t−1)]
1

2 + (Y
[2]

t−1 − µ
[2]

t−1)(ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 −
ρ22µ

[2]

t−1)

3.
∂E(Y

[1]

t Y
[2]

t |Y [1]

t−1
,Y

[2]

t−1
)

∂ρ21
= 1

2
κ12,t[µ

[1]

t (1 + µ
[1]

t )− ρ11(1 + ρ11)µ
[1]

t−1 − ρ211µ
[1]

t−1(1 +

µ
[1]

t−1)−ρ12(1+ρ12)µ
[2]

t−1−ρ212µ
[2]

t−1(1+µ
[2]

t−1)]
1

2 [−(1+2ρ21)µ
[1]

t−1−2ρ21µ
[1]

t−1(1+

µ
[1]

t−1)][µ
[2]

t (1+µ
[2]

t )−ρ21(1+ρ21)µ[1]

t−1−ρ221µ
[1]

t−1(1+µ
[1]

t−1)−ρ22(1+ρ22)µ
[2]

t−1−
ρ222µ

[2]

t−1(1 + µ
[2]

t−1)]
− 1

2 + (Y
[1]

t−1 − µ
[1]

t−1)(ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 −
ρ12µ

[2]

t−1)

4.
∂E(Y

[1]

t Y
[2]

t |Y [1]

t−1
,Y

[2]

t−1
)

∂ρ22
= 1

2
κ12,t[µ

[1]

t (1 + µ
[1]

t )− ρ11(1 + ρ11)µ
[1]

t−1 − ρ211µ
[1]

t−1(1 +

µ
[1]

t−1)−ρ12(1+ρ12)µ
[2]

t−1−ρ212µ
[2]

t−1(1+µ
[2]

t−1)]
1

2 [−(1+2ρ22)µ
[2]

t−1−2ρ22µ
[2]

t−1(1+

µ
[2]

t−1)][µ
[2]

t (1+µ
[2]

t )−ρ21(1+ρ21)µ[1]

t−1−ρ221µ
[1]

t−1(1+µ
[1]

t−1)−ρ22(1+ρ22)µ
[2]

t−1−
ρ222µ

[2]

t−1(1 + µ
[2]

t−1)]
− 1

2 + (Y
[2]

t−1 − µ
[2]

t−1)(ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 −
ρ12µ

[2]

t−1)

Thus, the iterative scheme for the second GQL is written as

(
ψ̂r+1

)
=
(
ψ̂r
)
+ [Dψ

′
Σ̂ψ

−1
Dψ]

−1
r [Dψ

′
Σ̂ψ

−1
(Yψ − µψ)]r (19)

Using the updated values of β̂ from equation (14), we solved equation (19) until

convergence. (ψ̂−ψ)′ is shown to follow asymptotically the normal distribution

with mean 0 and covariance matrix matrix specified by [Dψ
′
Σψ

−1Dψ]
−1.

4 Simulation Study

This section focuses on simulating BINAR(1) time series data with Geometric
marginals under a time-varying covariate design of the form

xt1 =






−cos(2πt) + 0.01 (t = 1, . . . , T/4)
sin(2πt) + 0.05 (t = (T/4) + 1, . . . , 3T/4)
cos(2πt) + 0.10 (t = (3T/4) + 1, . . . , T )

xt2 =






(1/t) (t = 1, . . . , T/4)
(−1/t) (t = (T/4) + 1, . . . , 3T/4)
t (t = (3T/4) + 1, . . . , T )

such that µ
[k]
t = exp(xt1β

[k]
1 + xt2β

[k]
2 ) and assuming that the inter-relation

between Y
[1]

t and Y
[2]

t is induced by the same innovation series which imply
κ12,t = 1 and ρ12 = ρ21 = 0, [ρ11, ρ22] = [0.9, 0.9], [0.3, 0.9], [0.3, 0.3], β[1] =

0.5 and β[2] = 0.9 for t = 1, 2, . . . , T = 100, 500, 1000. We then simulate R
[k]
t

under the assumed values of µ
[k]
t and (ρ11, ρ22) using the inverse transformation

method as in Ristic et al. [14]. 5000 Monte Carlo replications are made for each
combination of [ρ11, ρ22] = [0.9, 0.9], [0.3, 0.9], [0.3, 0.3] and the simulated mean
estimates are shown below:
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ρ11 ρ22 T Method β̂
[1]

1
β̂
[1]

2
β̂
[2]

1
β̂
[2]

2
ρ̂11 ρ̂22 ρ̂12 ρ̂21 κ̂12,1

0.9 0.9 100 GQL 0.4823 0.4870 0.8876 0.8840 0.8819 0.8847 0.0059 0.0047 0.9815

(0.0910) (0.0931) (0.0977) (0.0946) (0.1163) (0.1115) (0.1125) (0.1153) (0.1236)

500 GQL 0.4923 0.4914 0.8950 0.8917 0.8942 0.8920 0.0017 0.0020 0.9909

(0.0517) (0.0512) (0.0547) (0.0585) (0.0649) (0.0625) (0.0623) (0.0630) (0.0754)

1000 GQL 0.4991 0.4988 0.8960 0.8981 0.8984 0.8994 0.0004 0.0006 0.9979

(0.0122) (0.0171) (0.0194) (0.0146) (0.0271) (0.0224) (0.0209) (0.0237) (0.0360)

0.3 0.9 100 GQL 0.4894 0.4891 0.8870 0.8840 0.2856 0.8868 0.0099 0.0088 0.9826

(0.0969) (0.0977) (0.0915) (0.0959) (0.1133) (0.1172) (0.1128) (0.1119) (0.1214)

500 GQL 0.4926 0.4927 0.8944 0.8959 0.2915 0.8928 0.0065 0.0040 0.9918

(0.0526) (0.0556) (0.0507) (0.0512) (0.0681) (0.0694) (0.0671) (0.0631) (0.0728)

1000 GQL 0.4995 0.4975 0.8969 0.8994 0.2988 0.8963 0.0008 0.0011 0.9995

(0.0137) (0.0175) (0.0111) (0.0141) (0.0213) (0.0293) (0.0251) (0.0221) (0.0332)

0.3 0.3 100 GQL 0.4823 0.4870 0.8804 0.8896 0.2812 0.2834 0.0054 0.0035 0.9819

(0.0981) (0.0911) (0.0931) (0.0928) (0.1169) (0.1160) (0.1135) (0.1197) (0.1274)

500 GQL 0.4929 0.4942 0.8910 0.8935 0.2964 0.2931 0.0020 0.0015 0.9913

(0.0594) (0.0589) (0.0562) (0.0580) (0.0614) (0.0621) (0.0677) (0.0681) (0.0717)

1000 GQL 0.4956 0.4992 0.8987 0.8990 0.2988 0.2980 0.0004 0.0001 0.9966

(0.0152) (0.0125) (0.0135) (0.0133) (0.0241) (0.0208) (0.0219) (0.0211) (0.0375)

Table 1. GQL estimates of the parameters and standard errors under non-stationary
BINAR(1) process based on 5000 Monte-Carlo replications.

From Table 1, we note that the estimates at the different size points and under
the different serial parameters yield consistent estimates. The cross-correlation,
κ12,1 is close to unity. With increasing time points, the standard errors for the
different estimates decreases irrespective of low or high serial-correlation. Some
details on the number of non-convergent simulations are: For ρ11 = ρ22 = 0.9
under GQL, around 360 simulations failed for T = 100, 300 for T = 500 and
220 for T = 1000. For ρ11 = 0.3 and ρ22 = 0.9, around 340 GQL simulations
failed for T = 100, 275 for T = 500 and 190 for T = 1000. However, when
ρ11 = ρ22 = 0.3, the GQL algorithms flopped in 315 simulations for T = 100,
215 for T = 500 and 170 for T=1000. The failure were mainly due to either the
ill-conditioned covariance matrix (12) or the Hessian structure in equation (14).

5 Conclusion

This paper addresses the modelling of the full non-stationary BINAR(1) process
with marginal Geometric counting series. In this process, it is noticed that the
joint probability function of the innovation series is unknown and this limits
the construction of the conditional likelihood function to ultimately estimate
the unknown parameters of the model. Alternatively, the paper proposes the
GQL approach that requires only the correct specification of the score function
and its corresponding moment vectors. As for the auto-covariance components of
the GQL technique, these were derived using the modelling assumptions and the
multivariate normality structure. We also note that under the re-parametrization
of some coefficients, the proposed BINAR(1) process reduces to the models pro-
posed by Ristic et al. [15] and Nastic et al. [8]. In the numerical experiments,
the GQL approach was shown to provide consistent parameter estimates.
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A

The conditional expectations, variances, covariances:

1. E(Y
[1]

t |Y [1]

t−1, Y
[2]

t−1) = ρ11Y
[1]

t−1 + ρ12Y
[2]

t−1 + µ
[1]

t − ρ11µ
[1]

t−1 − ρ12µ
[2]

t−1

2. E(Y
[2]

t |Y [1]

t−1, Y
[2]

t−1) = ρ21Y
[1]

t−1 + ρ22Y
[2]

t−1 + µ
[2]

t − ρ21µ
[1]

t−1 − ρ22µ
[2]

t−1

3. Var(Y
[1]

t |Y [1]

t−1, Y
[2]

t−1) = ρ11(1+ρ11)[Y
[1]

t−1−µ
[1]

t−1]+ρ12(1+ρ12)[Y
[2]

t−1−µ
[2]

t−1]+

µ
[1]

t (1 + µ
[1]

t )

− ρ211µ
[1]

t−1(1 + µ
[1]

t−1)− ρ212µ
[2]

t−1(1 + µ
[2]

t−1)

4. Var(Y
[2]

t |Y [1]

t−1, Y
[2]

t−1) = ρ21(1+ρ21)[Y
[1]

t−1−µ
[1]

t−1]+ρ22(1+ρ22)[Y
[2]

t−1−µ
[2]

t−1]+

µ
[2]

t (1 + µ
[2]

t )

− ρ221µ
[1]

t−1(1 + µ
[1]

t−1)− ρ222µ
[2]

t−1(1 + µ
[2]

t−1)

5. Cov(Y
[k]
t , Y

[k]
t+h|Y

[1]

t−1, Y
[2]

t−1, Y
[1]

t+h−1
, Y

[2]

t+h−1
) = 0, for h ̸= 0

6. Cov(Y
[1]

t , Y
[2]

t |Y [1]

t−1, Y
[2]

t−1) = Cov(R
[1]

t , R
[2]

t )

7. Cov(Y
[1]

t Y
[2]

t+h|Y
[1]

t−1, Y
[2]

t−1, Y
[1]

t+h−1
, Y

[2]

t+h−1
) = 0, for h ̸= 0

8. Cov(Y
[1]

t+hY
[2]

t |Y [1]

t−1, Y
[2]

t−1, Y
[1]

t+h−1
, Y

[2]

t+h−1
) = 0, for h ̸= 0
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Abstract. The quantification of normal and anomalous traffic flows
across computer networks is a topic of pervasive interest in network se-
curity, and requires the timely application of time-series methods. The
transmission or reception of packets passing between computers can be
represented in terms of time-stamped events and the resulting activity
understood in terms of point-processes. Interestingly, in the disparate do-
main of neuroscience, models for describing dependent point-processes
are well developed. In particular, spectral methods which decompose
second-order dependency across different frequencies allow for a rich
characterisation of point-processes. In this paper, we investigate using
the spectral coherence statistic to characterise computer network activ-
ity, and determine if, and how, device messaging may be dependent. We
demonstrate on real data, that for many devices there appears to be very
little dependency between device messaging channels. However, when sig-
nificant coherence is detected it appears highly structured, a result which
suggests coherence may prove useful for discriminating between types of
activity at the network level.

1 Introduction

Understanding how devices on computer networks communicate is a challenging
task. While it is possible to gather vast quantities of data from such networks,
for instance via packet monitoring, it is difficult to store, let alone process. As a
result, protocols such as NetFlow which sample and summarise packet level data
are now very popular (Duffield, 2004). Even still, regular monitoring protocols
can produce hundreds of gigabytes of summary statistics on a network per day
which need to be converted into actionable insights for network administrators.
In the context of anomaly detection, one may be interested in either detecting
anomalies online, or in a forensic context.

Network defenders should be at a theoretical advantage over attackers, in that
they can attempt to model and understand the day-to-day activity of their net-
work. From such models they can then define what anomalous, and/or malicious
events may look like. Additionally, in order to enhance detection performance,
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one may desire to use prior knowledge of what benign network activity should
look like in order to define anomalies. For example, and relevant to the approach
developed here, one may expect that communication between pairs of devices
are not correlated such that their activity should be broadly independent when
monitored at a network level. However, if traffic is dependent across pairs then
this may indicate potentially malicious behaviour such as lateral movement or
tunnelling (Neil et al., 2013).

As summarised in Ahmed et al. (2016), anomaly detection methods may
generally be broken down into classification, statistical, or clustering based ap-
proaches. However, in any of these guises, anomaly detection will fail if the fea-
tures extracted from the data fail to appropriately quantify network behaviour.
In the context of modelling dependency between data streams, there are a great
variety of measures and methods that can be used, for instance through mea-
sures such as covariance (Jin et al., 2007), correlation (Neil et al., 2013), par-
tial correlation (Gibberd et al., 2017), or higher-order measures such as cross-
cumulants (Brillinger, 1993). A traditional approach to network traffic modelling
is to assume it is generated according to a Poisson point process (Duffield, 2004;
Murdoch and Zieliński, 2007). While such models may be generalised to a mul-
tivariate setting (Baurele and Grubel, 2005), they do not allow for us to encode
auto-correlation structure within a point-process. As a result, we may be able to
describe processes which are dependent on each other across data-streams, but
they do not allow for dependency within a data-stream itself. When considering
computer network traffic, it is not hard to imagine that events from a device will
be somehow dependent on previous events from that same device. Spectral ap-
proaches, based on either Fourier (Brillinger, 1981) or time-scale wavelet analysis
(Riedi et al., 1999; Scherrer and Larrieu, 2007) of processes provide a valuable
tool in this situation as they allow for both a rich description of auto-correlation
and cross-channel dependency (Cohen, 2014).

In this paper, we propose to utilise a measure known as spectral coher-
ence (Carter, 1987) to characterise dependency between network communica-
tion channels. We are not aware of any previous application of such a measure
to network traffic analysis, although the method has received great attention in
neuroscience for modelling neuron dependency (Jarvis and Mitra, 2001).

2 Dataset and Preprocessing

Consider network connected devices A,B,C and their associated users, for ex-
ample, these may be personal computers, DNS servers, authentication servers,
or even printers. Typically, we would expect these devices to go about their work
as fairly independent actors, i.e. they may browse websites, download material
etc., but not in any particularly coordinated manner. Device communication is
typically performed through packet transmission. However, given network mon-
itoring limitations, the events that we analyse need not necessarily be packets
themselves. More likely, they are aggregates or summaries of communication, for
example NetFlow sessions.

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1148



Spectral Coherence for Computer Traffic Analysis 3

In our case, we analyse a subset of NetFlow session data from the Los Alamos
National Laboratory (LANL) multi-source cyber-security events data (Kent,
2015a,b). More specifically, we create a subset of events (NetFlow session start
times) relating to the top Ntriple = 500 busiest edge-pairs in the network over
a single day’s (Thursday) worth of data. We assess dependency in a pair-wise
manner such that data-streams correspond to directed edge-communication be-
tween devices A→ B and B → C for i = 1, . . . , Ntriple device triples (A,B,C)i.
For each triple, the activity for each edge corresponds to the same time frame.
The protocol monitored is the same for all edge pairs. To avoid confusion, we
exclude all flows from the triple (C,B,A) when the triple (A,B,C) is included.
One should note that our selection criteria for data-set construction does not
explicitly specify devices which have a particular function on the network. How-
ever, if we look at the graph of communication edges in Figure 1 it appears that
many of our triples have repetitive edges, there are only 95 unique devices in our
data-set and 96 unique edges. Looking at the topology of the network it appears
that most of the devices are communicating through the device C5721, while we
do not have labelled data relating to the function of devices, it would appear
that this node acts as some form of server.

We note that in our recordings it is possible to observe two events which have
the same start time. This means that the events cannot reasonably be treated
as being observed in continuous time, and indeed the timestamps provided with
our data are only accurate to the second. As such, the raw events are aggregated
into bins of width ∆ = 1s. The binned bivariate process will be denoted {X[k] =
[XAB [k], XBC [k]]T ; k ∈ Z}, for which we observe a portion X[1],X[2], ...,X[K].
As a pre-processing step, we subtract the empirical mean of the data-streams,
relabelingX[k] := X[k]−X̄ so that they can be well approximated as zero-mean
processes.

3 Spectral Coherence as a Measure of Association

In this section, we will define the spectral coherence as a property relating to
the cross-spectrum of a bivariate process. The discussion here will be devel-
oped based on the understanding that we are with observations relating to a
discrete-time process. However, it is also possible to perform such analysis at
the individual event level, for examples, see the work of Cohen (2014); Jarvis
and Mitra (2001); Brillinger (1972).

To simplify the notation, let us use X1[k] ≡ XAB [k] and X2[k] ≡ XBC [k].
Furthermore, we will assume that {X1[k], X2[k]} represent a jointly second-order
stationary process, i.e. the covariance Σij [τ ] ≡ Cov(Xi[k + τ ], Xj [k]) only de-
pends on τ for i, j = 1, 2. Provided

∑
τ |Σij [τ ]| < ∞, then for all frequencies

|ω| ≤ π/∆, the function Sij(ω) = ∆
∑∞
τ=−∞Σij [τ ]e−iωτ∆, i, j = 1, 2, is termed

the spectum of {Xi[k]} when i = j, and the cross-spectrum between {X1[k]}
and {X2[k]} when i 6= j. These spectra can be conveniently represented with the
spectral matrix S(ω) = (Sij(ω)). The argument we present in this paper, is that
the cross-spectrum provides a rich framework within which we may characterise
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Fig. 1. Graph of messaging channels under analysis. Size of text and node are respec-
tively proportional to the out-going and in-going degree. The weight of the edges (and
colour) is proportional to the rate measured on that edge.

computer network messaging processes. In particular, since we are interested in
dependency between data-streams, we will concern ourselves with the squared
coherencey, or ordinary coherence, defined as the real-valued quantity

R(ω) =
|S12(ω)|2

S11(ω)S22(ω)
. (1)

The coherence provides a useful statistic for assessing dependency between point-
processes; not only does it permit a decomposition over frequencies allowing one
to highlight periodicities associated with dependence, but is also invariant to
scaling of the marginal auto-covariance as the measure is normalised by the
on-diagonal spectra.

Proceedings ITISE 2018. Granada, 19-21 September, 2018. 1150



Spectral Coherence for Computer Traffic Analysis 5

3.1 Estimating the Spectra of Point-Processes

Since the true values of the spectra, cross-spectra and coherence are unknown
to us, we are required to estimate them from data. The approach that we utilise
here is based on the work of Thomson (1982). Specifically, we will construct our
estimators from the tapered discrete-time Fourier transform (tDFT) defined as

F̂j;l(ω) ≡ ∆1/2
K∑
k=1

hl[k]Xj [k]e−iωk∆ j = 1, 2, (2)

for frequencies −π/∆ < ω < π/∆ where {hl[k]; k = 1, ..., N} for l = 1, . . . , L are
a set of taper sequences. The tapers in the above construction are important,
in that they enable us to selectively transform data-points prior to taking the
Fourier transform.

If we temporarily assume that hl[k] = 1 for all l, k, then taking the conjugate
outer-product leads to the periodogram Îij;l(ω) ≡ F̂i;l(ω)F̂ ∗j;l(ω). Unfortunately,
while the periodogram is an asymptotically unbiased estimator of the spectrum
E[Îij;l(ω)] → Sij(ω) as T → ∞, it is not consistent, in that Var[Îij;l(ω)] 6→ 0.
Principally, this is due to us attempting to estimate the spectra at an infinite
number of frequencies ω ∈ R with only a finite portion of data (Brillinger, 1972;
Jarvis and Mitra, 2001).

There are several approaches which can be used to sculpt asymptotically
consistent estimators of the spectra (Nuttall and Carter, 1982; Thomson, 1982;
Walden, 2000). A general strategy (Walden, 2000), is to adapt the direct spectral
estimate (where hl[k] = 1) such that the tapers take different shapes, for example
they may be supported in disjoint regions (Brillinger, 1981), or constitute a set
of overlapping windows (Nuttall and Carter, 1982). From the Fourier transform

of the tapered data, we may then construct vectors F̂ l(ω) = [F̂1;l, F̂2;l]
T and

compute what is known as a multi-taper spectral estimator by averaging:

Ŝ(ω) =
1

L

L∑
l=1

F̂ l(ω)F̂
H

l (ω) i, j = 1, 2,

where H denotes the complex conjugate transpose. From the multi-taper spec-
tral estimate we may then obtain an estimate for the coherence R̂12(ω) via (1)
replacing the true spectra S11(ω), S22(ω) and S12(ω) with the estimates Ŝ11(ω),
Ŝ22(ω) and Ŝ12(ω), respectively.

3.2 Taper Specification

If we consider choosing orthogonal taper sequences whereby
∑
k hl[k]hl′ [k] = 0

for l 6= l′ then the resultant Fourier transforms will be asymptotically indepen-
dent (Brillinger, 1981). Averaging over these independent sequences can then
reduce the variation in the estimate, the reduction will be related to the number
of tapers we average over. It has been demonstrated, c.f. Brillinger (1981), that
in the case of asymptotically orthogonal tapers, the sampling distribution of the
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Fig. 2. Example of estimates for the spectral density. Top: estimation with L = 5
tapers. Bottom: estimation with L = 40 tapers. The red and blue lines respectively
illustrate the on-diagonal spectral density ŜAB,AB(ω) and ŜBC,BC(ω). The grey line
indicates the resultant coherence R̂(ω).

spectral matrix Ŝ(ω) = (Ŝij(ω)) is given by a 2D complex Wishart distribution

Ŝ(ω) ∼WC
2 (L,S(ω)) with L degrees of freedom and scale matrix S(ω).

In our application, we utilise a form of taper first demonstrated for spectral
estimation by Thomson (1982). Often referred to as the Slepian tapers, these
sequences have the beneficial properties that they are mutually orthogonal while
maximising energy concentration in a small frequency interval [−ωW , ωW ]. If
two frequencies are separated by more than this bandwidth, then the bias due
to tapering is in some sense minimised. However, as the number of tapers L
increases, the width of the side-lobe associated with the Fourier transform of
hL[k] necessarily increases. As such, there is a classic bias-variance trade-off,
increasing L reduces the variance, but increases bias. The appropriate number
of tapers to use is highly dependent on application and something we will shortly
revisit in the context of the network traffic dataset.

4 Dependency in Network Traffic

Applying coherence estimation to edge pairs results in a set of estimates

{R̂(n)(ω1, . . . , ωNf
)} for n = 1, . . . , Ntriple .

As may be expected there is significant variation of the spectra across the set
of edge-pairs. In this analysis, we consider fixing the window of frequencies such
that ωq = 2πfmax(q/Nf ) for q = 1, . . . , Nf = 500 and fmax = 0.05Hz. As
the length of the edge-pair recordings differ, one may desire to increase L as
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Fig. 3. The coherence as plotted in the bottom of Fig. 2 with two-sided 95% confidence
intervals. Frequencies where the confidence interval excludes zero are highlighted in red.

a function of length T . Potentially, this would lead to increased confidence in
our spectral estimate as the Wishart degrees of freedom are increased. However,
such an adaptive tapering scheme where L depends on T creates challenges when
comparing across coherence estimates as it may be hard to disentangle differences
due to the tapering treatment from underlying differences in the process spectra.
As such, in these experiments we decide to fix the number of tapers at a moderate
level L = 40 for all edge-pairs. The difference between tapering with L = 5 and
L = 40 is demonstrated in Figure 2. Note, that while the cross-spectra for
different edge-pairs may be of a different scale, the coherence (plotted in grey)
provides an intuitive measure on [0, 1] allowing comparison across many data-
stream pairs. As an aside, the individual spectra appear non-Poisson, exhibiting
shapes that are characteristic of self-exciting behaviour (Hawkes, 1971).

Acknowledging that there will be some error in our spectral estimates, it is
desirable to assign some measure of confidence to estimates. A useful corollary
of the Wishart asymptotic result for multi-taper estimates is that the coherence
is distributed (asymptotically) according to the Goodman distribution (Carter,
1987; Goodman, 1963). Based on this distribution, there are a variety of tests
that one may perform to assess the significance of a coherence estimate. For ex-
ample, one may test the null hypothesis that states R(ωq) = 0 for each frequency
ωq, q = 1, . . . , Nf . Rather than test explicitly against a null of zero coherence,
in this work we construct two sided confidence intervals in a similar manner to
Wang and Tang (2004). Examples of such intervals for α = 0.05 are reported
in Fig. 3. Alongside these intervals denoted [âα/2, â1−α/2], we declare that the
coherence at a frequency is significant if the interval excludes zero. For this par-
ticular triple, we note what appears to be significant coherent beaconing across
the devices at multiples of approx. 0.0017Hz (a periodicity of 10 minutes).

To assess variation in coherence estimates across the Ntriple = 500 edge-pairs
under study we attempt to cluster the resultant coherence estimates. Prior to
performing clustering, we threshold coherence estimates according to the confi-
dence intervals such that R̂∗(ωq) = 0 if 0 ∈ [âα/2, â1−α/2] and R̂∗(ωq) = R̂(ωq)
otherwise. The resultant coherence estimates are then modelled as a Gaussian
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Fig. 4. GMM clustering of the significance thresholded coherence estimates with C = 4.
Shaded regions indicate points within one standard-deviation from the cluster mean.
Bottom: graph of edges relating to each cluster c = 1, 2, 3, 4 from left to right.

mixture model (GMM), such that [R̂∗(ω1), . . . , R̂∗(ωNf
)] ∼ GMM({µc,Σc}Cc=1)

where µc ∈ RNf represent cluster means and Σc the cluster covariances.

While the Gaussian assumption of the above model contrasts with the Good-
man asymptotic distribution for the coherence, the approximation may still
hold relevance. For instance, Enochson and Goodman (1965) demonstrated that
a Gaussian approximation may be effective when calculating confidence inter-
vals. In this example we use the MATLAB implementation of the expectation-
maximisation with covariance regularisation set at λ = 0.001. Due to the many
local-minima that may be obtained when fitting a GMM, we perform one thou-
sand replications with random initialisation and report the clustering with the
largest likelihood. Figure 4 presents the resulting mean profiles of C = 4 clus-
ters alongside the standard-deviation obtained from the estimated covariance
matrices.
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5 Discussion

The clustering results are insightful in that the emergence of clusters c = 3, 4
partially confirm our initial hypothesis that many device pairs exhibit little de-
pendency. Out of the initial 500 edge-pairs 90 are placed into clusters with non-
negliable coherence, for reference, the example demonstrated in Fig. 2 is placed
into cluster c = 1. These active coherent clusters exhibit pronounced structure
across multiple frequencies, once again providing evidence that modelling auto-
covariance within network traffic is important. Of some note, is the clear peak at
f = 0.018Hz corresponding to periodicity of around 57s . Without a more inti-
mate knowledge of device functionality on the network we can only hypothesise
the cause of such a feature, but it is possible this is due to beaconing activities.
Interestingly, Heard et al. (2014) demonstrate strong periodicity at this same
frequency for devices connecting with dropbox.com.

The results obtained here suggest that coherence may be considered a valu-
able feature when analysing dependency in network traffic flows. For instance,
while previous methods of analysis (Gibberd et al., 2017; Ahmed et al., 2016)
rely on detecting direct correlation between data-streams, they do not allow for
us to decompose this dependency over frequency dimension. Our analysis here,
demonstrates that in practice there is much structure in this frequency dimen-
sion, for example, as seen in Fig. 4. We posit that most of this structure is
actually due to benign beaconing activity, for example, synchronising with ex-
ternal services. However, scanning techniques used by intruders may also create
similar strongly periodic activity and it is thus of interest to administrators to
detect such patterns. The coherence feature should thus be of significant interest
to those developing forensic, or online anomaly detection systems.

As a direction for future work, it is possible the methods developed here to
detect association between event driven data-streams in a defensive context, may
also be used as a form of correlation attack, for example to break anonymisation
protocols when traffic is transmitted via mixing devices (Murdoch and Zieliński,
2007). Alternatively, one may investigate the use of the coherence statistic in
other forms of anomaly detection methodology, for instance to enhance the clus-
tering and classification approaches described in Ahmed et al. (2016). On a
methodological level, it may also be of interest to relax the stationarity assump-
tions of this work, for instance within a wavelet framework. Indeed an algorithm
that could derive the coherence in a streaming manner would be an important
step towards building a practical anomaly detector.
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Bueno López, Maximiliano 519
Burchard, Bernd 952

Caicedo Acosta, Julian Camilo 1291
Canals, Vicente 883
Cando, Paul 1693
Cao, Hong-Xin 1013, 1026
Capewell, Simon 318
Cardenas Peña, David 499
Cardenas, David 1344
Cardenas-Peña, David 1291
Carlini, Federico 753
Carretero-Peña, Selena 1017
Castellanos Dominguez, Cesar German 1308
Castellanos Dominguez, German 489, 499, 509
Castellanos, German 1316, 1344
Castellanos, Germán 1728
Castellanos-Dominguez, German 1281, 1291
Castillo Valdivieso, Pedro 1495
Cerrato Alvarez, Maŕıa 1022
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